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ABSTRACT OF DISSERTATION

ESTIMATION FOR LEVY-DRIVEN CARMA PROCESSES

This thesis explores parameter estimation for Lévy-driven continuous-time
autoregressive moving average (CARMA) processes, using uniformly and closely
spaced discrete-time observations.

Specifically, we focus on developing estimation techniques and asymptotic
properties of the estimators for three particular families of Lévy-driven CARMA
processes. Estimation for the first family, Gaussian autoregressive processes, was
developed by deriving exact conditional maximum likelihood estimators of the pa-
rameters under the assumption that the process is observed continuously. The
resulting estimates are expressed in terms of stochastic integrals which are then ap-
proximated using the available closely-spaced discrete-time observations. We apply
the results to both linear and non-linear autoregressive processes. For the second
family, non-negative Lévy-driven Ornestein-Uhlenbeck processes, we take advantage
of the non-negativity of the increments of the driving Lévy process to derive a highly
efficient estimation procedure for the autoregressive coefficient when observations
are available at uniformly spaced times. Asymptotic properties of the estimator
are also studied and a procedure for obtaining estimates of the increments of the
driving Lévy process is developed. These estimated increments are important for
identifying the nature of the driving Lévy process and for estimating its parameters.
For the third family, non-negative Lévy-driven CARMA processes, we estimate the
coefficients by maximizing the Gaussian likelihood of the observations and discuss

the asymptotic properties of the estimators. We again show how to estimate the

1l



increments of the background driving Lévy process and hence to estimate the pa-
rameters of the Lévy process itsclf. We assess the performance of our estimation
procedures by simulations and use them to fit models to real data sets in order to

determine how the theory applies in practice.

Yu Yang

Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Summer 2008
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Chapter 1

INTRODUCTION
1.1 Motivation

Today, in the world’s economies and financial markets, one major challenge is
to form realistic models to represent the economy and those markets. In response
to this challenge, researchers have been doing a great deal of work in econometrics
using continuous-time models during the past few decades, partly motivated by the
very successful use of continuous-time models in option pricing following the seminal
work of Black, Scholes and Merton.

An obvious argument that favors the use of continuous-time models over tradi-
tional discrete-time models is that most economic processes are inherently continu-
ous in time. More convenience and flexibility in handling irregularly spaced data also
make continuous-time models better candidates. Besides, due to rapidly developing
technologies, data are more frequently available at higher frequency, for example,
the currently available tick-by-tick transaction data. It is then more natural to
deal with fast sampled data using continuous-time models rather than discrete-time
models.

However, a major problem faced in continuous-time modeling is that wé do
not have a continuous-time record of observations. Thus, parameter estimation of
continuous-time models using available discrete-time data has become an important

subject, which is also the motivating factor behind much of the thesis.



1.2 Lévy Processes

Among all the continuous-time models, we will focus on continuous-time autore-
gressive moving average (CARMA) processes driven by second-order Lévy processes.
Before proceeding any further, we first record a few essential facts concerning Lévy

processes, named after the great French mathematician Paul Lévy.

1.2.1 Definition

Suppose we are given a filtered probability space (2, F, (F;)o<i<oo, P), wWhere

Fo contains all the P-null sets of F and (F;) is right-continuous.
Definition 1.2.1 (Lévy Process). {L(t),t > 0} is an (F;)-adapted Lévy process
if L(t) € F; for all t > 0 and

(1) L(0) =0 as.

(2) L(t) has independent increments, i.e., L(t) — L(s) is independent of F,, for

any 0 <s <t < 0.

(3) L(t) has stationary increments, i.e., L(t + s) — L(s) has the same distribution

as L(t), for any s,t > 0.
(4) L(t) is stochastically continuous, i.e., for all € > 0 and all ¢ > 0,

lim P (|L(¢t) — L(s)| > ¢) = 0.

s—t

Every Lévy process has a unique modification which is cadlag (right continuous
with left limits) and which is also a Lévy process. We shall therefore assume that

our Lévy process has these properties. For further properties of Lévy processes, see
the books of Protter (2004), Applebaum (2004) and Sato (1999). The characteristic
function of L(t), ¢4(0) := E (exp(i6L(t))), has the form

¢(0) = exp(t(0)), 0 € R,
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where £(8) is often called characteristic exponent and satisfies the following Lévy-
Khinchin formula,
£(0) =ifm — %92772 + / (e — 1 —ifzl_11)(z)) v(dz),
Ro
for some m € R, n > 0, and measure v on the Borel subsets of Ry = R\ {0}. The
measure v is called the Lévy measure of the process L and has the property,
min(|ul?, Dy (du) < co.
Ro

From the Lévy-Khinchin formula, we see that, in general, a Lévy process can be
decomposed into three parts: a constant drift part, a Brownian motion part, and
a pure jump part. If A is a Borel subset of {z : |z| > ¢} for some ¢ > 0, then the
number of jumps with sizes in A, occurring in any time interval of length t > 0,
has the Poisson distribution with mean tv(A). If v is a finite measure, i.e. v(Rg) =
fRO v(dz) < oo, then almost all paths of L have a finite number of jumps on every
compact interval and the process is said to have finite activity. Otherwise, if v(Rg) =
00, then an infinite number of jumps occur in any interval of positive length with
probability one and the process is said to have infinite activity. As we shall see
later in Section 1.2.2, Poisson processes and compound Poisson processes have finite

activity, while gamma processes and inverse (Gaussian processes have infinite activity.
1.2.2 Examples of Lévy Processes

The triplet (m,n,v) in the characteristic exponent is called the Lévy triplet,
which describes each Lévy process completely. A wealth of distributions for L(t) is
attainable by suitable choices of Lévy triplets.

In the following we list a few frequently-used Lévy processes.

Brownian Motion. If v is the zero measure, then {L(t)} is a Brownian motion
with F(L(t)) = mt and Var(L(t)) = n*t. A sample path of a Brownian motion

with m = —1 and 7 = 1 is shown in Figure 1.1.
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Figure 1.1: A sample path of a Brownian motion.

Poisson Process. A Poisson process with intensity parameter A > 0 starts at 0,
with L(s) following a Poisson(As) distribution. The Lévy triplet of a Poisson
process is given by (0,0,A(1)), where §(1) denotes the Dirac measure with

total mass 1 concentrated at the point 1.

Compound Poisson Process. The compound Poisson process is a Lévy process
with triplet (m,0,\F) where A € (0,00) is the mean rate of occurrence
of jumps per unit time, F' is the distribution of the jump-sizes and m =
f}x|<1 zAdF (z). Figure 1.2 shows a sample path of a compound Poisson process

with A = 1 and jump-sizes following standard normal distribution.

In the special case, when L is a non-decrcasing Lévy process (also called a subordi-

nator), its Lévy exponent £(#) can be written in the form

£(0) = ifm” +/ (ew’” - 1) v(dz), (1.1)

Ro
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Figure 1.2: A sample path of a compound Poisson process.
where m* = m — f|I|<];rdu(z) and we shall refer to m* as the drift. Non-

decreasing Lévy processes are widely used for financial modeling. See, for example,
Barndorfl-Nielsen and Shephard (2001), and Schoutens (2003). Three frequently-

used subordinators are defined below.

Gamma Process. If m* = 0 and v(du) = aule?[sndu, L(t) is a
gamma process. L(s) has a Gamma(as,3) distribution. Since v(Ry) =
JoS auTle P du = oo, gamma processes have an infinite number of jumps

on every interval with positive length. Figure 1.3 shows a sample path of a

gamma process with a = 6 and = /6.

Inverse Gaussian Process. If m* = 0 and v(du) = (2m)"V2eul-3/2
exp (—v*u/2){u>oydu with § > 0 and v > 0, we obtain an inverse Gaussian
pfocess L(t). Like the gamma process, the inverse Gaussian process has infi-
nite activity. A sample path of L(t) with § = 3 and v = 2 is shown in Figure
1.4.
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Stable Subordinator. When m* = 0 and v(du) = aBu~'"Pdu, where o > 0 and
0 < B < 1, we obtain the stable subordinator with exponent 3 and scale
parameter o'/?. In this case L(t) has the positive stable distribution with

Laplace transform

Elexp (=AL(t))] = exp [—ta)?/T(1 - B)], A > 0.

1.2.3 Second-order Lévy Processes

For the second-order Lévy processes, F/(L(1))? < co and there exist real con-

stants pu and o such that
E(L(t)) = put and Var(L(t)) = o°t, for t > 0.

To avoid problems of parameter identifiability in the CARMA process defined in the
next section, we assume throughout that L is scaled so that Var(L(1)) = 1. Then
Var(L(t)) = t for t > 0 and we shall refer to the process L as a standardized second-
order Lévy process. Throughout Chapter 3 and Chapter 4, we shall be concerned

with CARMA processes driven by standardized second-order Lévy processes.
1.3 Lévy-driven CARMA Processes

1.3.1 Definition and Properties

Definition 1.3.1 (Lévy-driven CARMA Process). A second-order Lévy-
driven continuous-time ARMA(p, ¢) process is defined (see Brockwell, 2001b) via
the state-space representation of the formal stochastic differential equation

a(D)Y (t) = ob(D)DL(t), t > 0, (1.2)
where o is a strictly positive scale parameter, D denotes differentiation with respect
to t, {L(t),t > 0} is a second-order Lévy process,

a(z) =22 +a;2" '+ -+ a,,

b(z) = by + byz+ -+ b1 2P7



and the coeflicients b; satisfy b, = 1 and b; = 0 for ¢ < j < p. The
behavior of the process is determined by the process L and the coefficients
{a;,1 <j<pb;,0<j<q,o0} To avoid trivial and easily eliminated complica-
tions, we shall assume that a(z) and b(z) have no common factors. The state-space

representation includes the observation and state equations,
Y (t) = ob'X(t), (1.3)

and

dX(t) — AX(t)dt = edL(t), (1.4)

where the superscript ’ denotes taking transpose,

Xo(t) 0 bo
X (%) 0 b
X(t) = : e=1| 1] b= : ,
Xp*?(t) bP—2
| Xpa(t) ] | 1 =u

where X (t) is the j™ mean-square and pathwise derivative D Xo(t), j = 0,...,p—1,

and _ -
0 1 0 0
0 0 1 0
A= : : : L
0 0 0 e 1
| —a, —Gp —app - 0y

In the special case when {L(t)} is a standard Brownian motion, (1.4) is an [t6

equation with solution {X(¢),¢ > 0} satisfying
t
X(t) = e*X(0) + / e*=edL(u), (1.5)
0

where the integral is defined under the framework of It6 integrals as the L? limit of
approximating Riemann-Stieltjes sums. For any second-order driving Lévy process,
{L(t)}, the integral can be defined in the same way. If, in addition, {L(¢)} is a non-

decreasing Lévy process (and hence has bounded variation on compact intervals) as



is the case in Chapter 3 and Chapter 4, {X(¢)} can be defined as a Riemann-Stieltjes
integral by (1.5) for each sample path, which really makes things a lot easier. From

(1.5), we can also write

t
X@):em“”X@)+/n&“”%dLm%ﬁHaHt>SZO, (1.6)

S

showing, by independence of the increments of {L(t)}, that {X(¢)} is Markov. The
following proposition gives necessary and sufficient conditions for stationarity of

{X(¢)}. For a proof, see Brockwell and Marquardt (2005).

Proposition 1.3.1 If {X(0)} is independent of {L(t),t > 0} and E(L(1)?) < oo,
then {X(t)} is strictly stationary if and only if the eigenvalues of matriz A all have

strictly negative real parts and {X(t)} has the distribution of [° e e dL(u).

Remark 1.3.1 It is easy to check that the eigenvalues of matrix A, which we shall
denote by Ay,..., A, are the same as the zeroes of the autoregressive polynomial

a(z). The corresponding right eigenvectors are
_ ! .
[T x4 A2 o A ] =1, p

Remark 1.3.2 If we introduce a second Lévy process {M(t),0 < ¢ < oo}, indepen-
dent of L and with the same distribution, the stationary CARMA process defined
over non-negative ¢ can be extended so that it is a stationary process over all real

t. Define the following extension of L:
L*(t) = L(t) 1o, 00)(t) — M(—t—)I(—,(t), —o00 <1< 00,
Then, provided the eigenvalues of A all have negative real parts, i.e.,
Re(N\) <0,5=1,...,p, (1.7)

the process‘ {X(t)} defined by
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is a strictly stationary process satisfying equation (1.6) (with L replaced by L*) for

all t > s and s € (—o0, 00) with the corresponding CARMA process given by
Y(t) = ob’X(t) = / g(t —w)dL*(u), (1.9)
-0
where the function g(t) = ob'e* el .)(t), is referred to as the kernel of the
CARMA process {Y(t)}. Henceforth, we restrict our attention to stationary
CARMA processes satisfying (1.7) and refer to L* as the background driving Lévy
process and denote it by L for simplicity. From (1.9) we easily find that the mean,

EY(t), and autocovariance function, y(h) := Cov(Y (¢t + h), Y (t)), are given by
EY(t) = abou/ay,,

where u = FL(1) and
v(h) = a?b'eM b,

where

o0
/
Z:/ eee'eVdy.
0

It can also be shown that the spectral density of the process Y is

which is clearly a rational function of the frequency w, —co < w < co.

Remark 1.3.3 When the zeroes Aj,- -, A, of a(z) are distinct and satisfy the
causality condition (1.7), Brockwell (2001a) showed that the expression for the ker-

nel g takes a simple form,

D
o) = 0D HAE (), (1.10)

and the autocovariance function of Y can be written as

e~ B(O)B(=N)
=t rinre il
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where a/(z) denotes the derivative of a(z). When the autoregressive roots are dis-
tinct, we also obtain a very useful presentation of the CARMA(p, q) process Y from

(1.10). Defining

b(Ar)
= =1,...,] 1.11
Qr oa,(/\r>a r 17 ) P ( )
we can write
p
Y() = Y1), (1.12)
r=1
where
t
Yo(t) = / e’ AL (w). (1.13)

This expression shows that the component processes Y, satisfy the simple equations,
t
Y, (t) = Y, (s)er +/ oA, t > s, T=1,...,p. (1.14)
Taking s = 0 and using Lemma 2.1 of Eberlein and Raible (1999), we can also write
t
Yo(t) = Yp(0)eM! + a,L(1) +/ o A Y L(w)du, t > 0, (1.15)
0

where the last integral is a Riemann integral and the equality holds for all finite

t > 0 with probability 1. Defining
Y(t) = [Ya(t), Y1), (1.16)
we obtain from (1.8), (1.10) and (1.13),
Y(t) = cBR™'X(t), (1.17)

where B = diag[b(\)]l-; and R = [X7']7,_,. The initial values Y;(0) in (1.15)
can therefore be obtained from those of the components of the state vector X(0).
The process Y provides us with an alternative canonical state representation

of Y(t), t > 0, namely
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where Y is the solution of
dY (t) = diag[\;|}_, Y (¢t)dt + ocBR'edL, (1.19)
with Y(0) = o BR™'X(0).

Example 1.3.1 (The CARMA(2,1) Process). In this case, b(z) = by + 2,
a(z) = (z — M)(z — A2) and A; and A, satisfy causality condition (1.7). Assuming
A1 # Ag, we have from (1.10) that

g(h) = (Ch@)‘lh + aze)‘zh)l[o,oo)(h),

where a, = o(bg + A)/(Ar — A3_), 7 = 1,2. From (1.17) the canonical state vector
1s

Yl(t)] o [ Aa(bo + A1) —(bo + A1)
Al — A

Y= [ Ya(t) Albo+ X)) bo A

and the canonical representation of Y is, based on (1.12) and (1.13),

X(t),

Y(t) = Yi(t) + Ya(t),

where

¢
Y, (¢) :/ eI (), r=1,2.

— 0

For illustrative purposes, we show one realization of a gamma-driven CARMA(2,1)
process on time interval [0, 2000] as well as its sample autocorrelation function (ACF)
in Figure 1.5. The parameters we use are a; = 1.3619, as = 0.0444, by = 0.2062,

o = 0.2888 and L is the standardized gamma process with E(L(t)) = 0.5¢.

Remark 1.3.4 Based on (1.9), we can easily conclude that together with non-
negativity of the kernel g and the non-decreasing property of the driving Lévy
process L, the process Y will be non-negative as is necessary if Y is used to represent
volatility. For general CARMA processes, Tsai and Chan (2005) showed that the

kernel is non-negative if and only if the ratio b(-)/a(:) is completely monotone. In
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Figure 1.5: Realization and ACF of a gamma-driven CARMA(2,1) process.

particular, for a stationary CARMA(2,1) process defined by (1.2) (we shall discuss
this process further in later chapters), a necessary and sufficient condition for the
kernel to be non-negative is that the two roots A; and Ay of a(z) = 0 are real and

bo Z m1n(|/\1|)
1.3.2 Sampled Process

When we observe a Lévy-driven CARMA process at uniformly spaced times
0,h,2h, ..., the sampled process we obtain is actually a discrete-time autoregressive
moving average (ARMA) process. There are certainly a lot of connections be-
tween continuous-time ARMA processes and discrete-time ARMA processes, some

of which we shall utilize later in Chapter 4. Thus, it is necessary that we give a brief
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introduction to the discrete-time ARMA processes. For more details regarding the

sampled process, see Brockwell (2001b).

Definition 1.3.2 (ARMA Process). A zero-mean discrete-time ARMA(p,q)
process {Y,} with autoregressive coefficients ¢y, ..., ¢,, moving average coefficients
6, ...,6,, and white noise variance o2, is defined to be a (weakly) stationary solution

of the p order linear difference equations,
HB)Y, =0(B)Z,, n=0,£1,£2, ..., (1.20)

where B is the backward shift operator (BY,, = Y, and BZ, = Z,_, for all n),
{Z,} is a sequence of uncorrelated random variables with mean zero and variance

o2 (abbreviated to {Z,} ~ WN(0,0?)) and

d(z) i =1—z—-- — ¢p2P,

0(z) =14 012+ + 6,27,

with 6, # 0 and ¢, # 0. We define ¢(z) := 1 if p = 0 and 6(2) := 1 if ¢ = 0.
We shall assume that the polynomials ¢(z) and 6(z) have no common zeroes and
that ¢(z) = 1 — ¢1z2 — --+ — ¢,2" is non-zero for all complex z such that |z| <
1. This last condition guarantees the existence of a unique stationary solution
of (1.20) which is also causal, i.e., is expressible in the form Y, = Z;’io (VA
for some absolutely summable sequence {¢;}. The process {Y,} is said to be an
ARMA(p, q) process with mean p if {Y,, — u} is an ARMA(p, ¢) process. A more
restrictive definition of ARMA process imposes the further requirement that the
random variables Z,, be independent and identically distributed, in which case we
write {Z,} ~ IID(0,03). The process {Y,} is then strictly (as well as weakly)
stationary and we shall refer to {Y,} as a strict ARMA process. If we impose the
further constraint that each Z, is Gaussian, then we write {Z,} ~ I[IDN(0, 02) and

refer to {Y,,} as a Gaussian ARMA process. There are many structural similarities
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between ARMA and CARMA processes. For example, there is a corresponding
canonical representation analogous to that in Remark 1.3.3 of Section 1.3.1. It

takes the form (cf. (1.12) and (1.13)),

)
Yn - ZY;'JL, (121)
r=1
and
Yin= > 8% 2, r=1,..p, (1.22)
k=—o00
where £71 r = 1,...,p are the (distinct) zeroes of ¢(z), and
(&)
B. = —¢£ T Lor=1,...,p.
"o

From (1.22) we also obtain the relations (cf. (1.14)),
Yin =&Y 1+ 6.2k, n=0,£1,...; r=1,...,p. (1.23)

Remark 1.3.5 If Y is a Gaussian CARMA process defined as in Definition 1.3.1
with standard Brownian motions as the driving process, then it is well-known (see
e.g. Doob (1944), Phillips (1959), Brockwell (1995)) that the sampled process
(V" .= Y(nh),n =0,1,2,...} with fixed h > 0 is a (strict) Gaussian ARMA(r, s)
process with 0 < s < r < p.

Sampling a general Lévy-driven CARMA(p, ¢) process with autoregressive roots
Als ..., Ap such that eM, ..., e* are distinct is most clearly illustrated by inspection
of (1.14) with t = nh and s = (n—1)h. These equations for the discrete-time process
{Y,fh)} in the canonical representation of Y (¢) match the corresponding equations

for the canonical components of a discrete-time ARMA process if we set
& = et (1.24)
and

nh
Br 2, :/ oML (W), r=1,...,p. (1.25)
(

n—1)h
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If Y is the CAR(1) process, equations (1.24) and (1.25) show that the sampled

process is the strict AR(1) process satisfying
Y(nh) = eMY((n - D)h) + Z,, n=0,%1,..., (1.26)

where

nh
Zp = 0/ NPV (u). (1.27)
(n—1)h

The noise sequence {Z,} is iid

If the same argument is applied when p > 1, the determination of 3, and an iid
sequence {Z,} to satisfy the relations (1.25) breaks down since Z, must be the same
for all ». However if we sample each component in the canonical representation of
the CARMA process we obtain a strict AR(1) process by the same argument as

given above for the CAR(1) process.

Remark 1.3.6 If L is Gaussian, then, as already pointed out, the sampled process
is a Gaussian ARMA(r,s) process with 0 < s < r. If L is non-Gaussian, the
sampled process will have the same spectral density and autocovariance function as
the sampled Gaussian-driven CARMA process with the same parameters. So from

a second-order point of view, the two sampled process will be the same.

1.4 Objectives

Our main goal is to make inferences for Lévy-driven CARMA processes based on
closely-spaced data. Besides estimating parameters of the CARMA process {Y (¢)},
we would also like to identify the increments of the Lévy process and suggest an
appropriate parametric model for the driving Lévy process L(¢). The idea we shall
employ is to use results for continuously observed processes to assist in making
inferences based on closely-space discrete observations.

In particular, three special families of Lévy-driven CARMA models will be dis-

cussed in this thesis. They are: (1) CARMA(p,0) driven by Gaussian processes
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(ie., continuous-time Gaussian autoregressions or Gaussian CAR(p));
(2) CARMA(1,0) driven by non-decreasing Lévy processes (i.e. non-negative
Lévy-driven Ornstein-Uhlenbeck (or CAR(1)) processes); and (3) general

CARMA(p,q) (1 < ¢ < p) driven by non-decreasing Lévy processes.
1.4.1 Background

The problem of fitting continuous-time Gaussian autoregressions (linear and
non-linear) to closely and regularly spaced data has been of interest for many years.
For the lincar case Jones (1981) and Bergstrom (1985) used state-space representa-
tions to compute exact maximum likelihood estimators and Phillips (1959) did so
by fitting an appropriate discrete-time ARMA process to the data. In this thesis,
we take a different point of view. We use exact conditional maximum likelihood
estimators for the continuously-observed process to derive approximate maximum
likelihood estimators based on the closely-spaced discrete observations. We do this
for both linear and non-linear Gaussian autoregressions and obtain very clean and
elegant results.

In financial econometrics, a stationary non-negative Lévy-driven Ornstein-
Uhlenbeck (or CAR(1)) process was introduced by Barndorff-Nielsen and Shephard
(2001) as a model for stochastic volatility. Their model for log asset price G had

the form
dG(t) = (u+ BV (t))dt + \/V (t)dw(t), (1.28)

where w(t) is a standard Brownian motion. The volatility process V' is an indepen-
dent stationary non-negative Ornstein-Uhlenbeck process driven by non-decreasing

Lévy process L,

V(t) = a/t e M=WdL(w), A > 0. (1.29)

el

Such a model allows for a wide variety of marginal distributions for volatility, de-

pending on the driving Lévy process L, and allows also for the presence of jumps.
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For such processes we take advantage of the non-negativity of the increments of
the driving Lévy process to derive a highly efficient estimation procedure for the
parameters when observations are available at uniformly spaced times. We also
reconstruct the background driving Lévy process from a continuously observed re-
alization of the process and use this result to estimate the increments of the Lévy
process itself when the observation spacing is small. Asymptotic properties of the
coefficient estimators are also studied.

According to Barndorff-Nielsen and Shephard’s model (1.28) and (1.29), the
autocorrelation function of the process V' is of the form p(h) = exp(—A|h]). This is
quite restrictive for modeling purposes. However, if we replace the process V' by a
CARMA process driven by a non-negative Lévy process, we can obtain a much wider
class of not-necessarily monotone autocorrelation functions for the volatility. With
very flexible parameters, this class of processes introduces a huge range of possible
autocorrelation functions and marginal distributions. For example, a non-negative
Lévy-driven CARMA(2,1) process was used by Todorov and Tauchen (2006) and
Todorov {2006) to represent stochastic volatility and applied in the latter paper
to model the German Deutsche Mark/US Dollar exchange rate. For Todorov’s
analysis it was only the moments of the CARMA process which were relevant, so
that the determination of the type of underlying Lévy process and its parameters
was not considered. As to the estimation for a particular Lévy-driven CARMA(2,1)
process, we propose using the maximum Gaussian likelihood estimation techniques,
separating the estimated CARMA(2,1) model into two CAR(1)s according to the
canonical state representation, and then using the CAR(1) which corresponds to
the close-to-zero autoregressive root to finally recover the background driving Lévy

process. This estimation procedure also applies to more general CARMA processes.
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1.4.2 Empirical Data Description

For the empirical application of our estimation procedures for CARMA
processes driven by non-decreasing Lévy processes, we shall use the daily returns on
the German Deutsche Mark/US Dollar (DM/$) exchange rate series. This data was
kindly provided by Viktor Todorov. It covers the period from December 1, 1986
through June 30, 1999. Missing data, weekends, fixed holiday and similar calen-
dar effects were removed with a total of 3045 days left. Figure 1.6 shows the daily
returns and realized volatility of this DM/$ exchange rate data.

This daily data originally comes from a larger data set, which is sampled at
a higher frequency of 288 times per day (or 5-minute returns). The original data
was explained in detail by Andersen et al. (2001). According to Andersen et al.,
the 288-times-per-day frequency is high enough so that our daily realized volatilities
are largely free of measurement error, yet low enough so that microstructure biases
(such as non-synchronous trading) are not a major concern. They constructed the
daily realized volatilities by summing 288 squared 5-minute returns.

We will explore this daily return data further in Chapter 3 and Chapter 4.

1.5 Overview

The remainder of the thesis focuses on developing estimation techniques and
asymptotic properties of the estimators for those three particular families of Lévy-
driven CARMA processes discussed in Section 1.4. In Chapter 2, we consider es-
timation for Gaussian CAR(p) processes, both linear and non-linear. In order to
find exact conditional maximum likelihood estimators of the parameters under the
assumption that the process is observed continuously, we derive the exact condi-
tional probability density of the (p — 1) derivative of an autoregression of order p
with respect to Wiener measure. The resulting estimates are expressed in terms of

stochastic integrals which are then approximated using the available discrete-time
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Figure 1.6: Daily returns and realized volatilities for DM/$ exchange rate data.

observations. we apply the results to (linear) CAR(p) processes, deriving explicit
expressions for the maximum likelihood estimators of the coefficients and illustrat-
ing the performance of the approximations. Since the exact conditional probability
density we derived does not require the CAR(p) to be linear, we also apply our
results to non-linear autoregressions. In the non-linear examples considered we re-
strict attention to the continuous-time threshold autoregressive (CTAR) processes,
which are continuous-time analogues of the discrete-time threshold models of Tong
(1983).

In Chapter 3, we discuss the problem of estimating the parameters of a non-
negative Lévy-driven Ornstein-Uhlenbeck process and the parameters of the back-

ground driving Lévy process, based on observations made at uniformly and closely
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spaced times. The idea is to obtain a highly efficient estimator of the CAR(1) co-
efficient by estimating the corresponding coefficient of the sampled AR(1) process
using the estimator of Davis and McCormick (1989) for non-negative discrete-time
AR(1) processes. This estimator is then used to estimate the corresponding realiza-
tion of the driving Lévy process using a generalization of an argument due to Tuan
(1977). The exact recovery of the driving Lévy process requires continuous observa-
tion of the Ornstein-Uhlenbeck process and deconvolution. The integral expressions
determining the driving Lévy process are therefore replaced by approximating sums
using the available discrete-time observations.

Chapter 4 is concerned with inference for a non-negative causal CARMA(p, q)
process, driven by a non-decreasing Lévy process. It is assumed that observations
of the CARMA process at uniformly and closely spaced times are available. The
goal is to estimate both the coefficients of the CARMA process and the distribution
of the increments of the driving Lévy process. Estimation of the coefficients of
the CARMA process is carried out by maximizing the Gaussian likelihood of the
observations. As in Chapter 3, the estimation of the distribution of the increments
of the driving Lévy process is achieved using a generalization of the argument due
to Tuan (1977). The performance of the procedure is illustrated with two simulated
examples. We also apply our techniques to the German Deutsche Mark/US Dollar
exchange rate series for empirical modeling purposes.

In the last chapter, we summarize the results and indicate future directions for

research.



Chapter 2

CONTINUOUS-TIME GAUSSIAN AUTOREGRESSION

2.1 Introduction

In Section 2.2 we define the continuous-time AR(p) (abbreviated to CAR(p))
process driven by Gaussian white noise and briefly indicate the relation between
the CAR(p) process {Y(t),t > 0} and the sampled process {Y,fh) = Y(nh),n =
0,1,2,...}. The process {Yn(h)} is a discrete-time ARMA process, a résult employed
by Phillips (1959) to obtain maximum likelihood estimates of the parameters of the
continuous-time process based on observations of {Yn(h'),() < nh < T}. From the
state-space representation of the CAR(p) process it is also possible to express the
likelihood of observations of {Yn(h)} directly in terms of the parameters of the CAR(p)
process and thereby to compute maximum likelihood estimates of the parameters as
in Jones (1981) and Bergstrom (1985). For a CAR(2) process we use the asymptotic
distribution of the maximum likelihood estimators of the coefficients of the ARMA
process {Yn(h)} to derive the asymptotic distribution, as first 77 — oo and then
h — 0, of the estimators of the coefficients of the underlying CAR process.

In Section 2.3 we derive the probability density with respect to Wiener measure
of the (p — 1)** derivative of the (not-necessarily linear) autoregression of order p.
This forms the basis for the inference illustrated in Sections 2.4, 2.5 and 2.6. In
the non-linear examples considered we restrict attention to continuous-time thresh-
old autoregressive (CTAR) processes, which are continuous-time analogues of the

discrete-time threshold models of Tong (1983).
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In Section 2.4 we apply the results to (linear) CAR(p) processes, deriving ex-
plicit expressions for the maximum likelihood estimators of the coefficients and il-
lustrating the performance of the approximations when the results are applied to
a discretely observed CAR(2) process. In Section 2.5 we consider applications to
CTAR(1) and CTAR(2) processes with known threshold and in Section 2.6 we show
how the technique can be adapted to include estimation of the threshold itself. The

technique is also applied to the analysis of the Canadian lynx trappings, 1821 - 1934.

2.2 Gaussian CAR(p) and Corresponding Sampled Process
We begin with the definition of the (linear) Gaussian CAR(p) process.

Definition 2.2.1 (Gaussian CAR(p)). A continuous-time Gaussian autoregres-
sive process of order p > 0 is defined symbolically to be a stationary solution of the

stochastic differential equation,
a(D)Y (t) = c DW (¥), (2.1)

where a(D) = DP + a; D*"! + .-+ + a,, the operator D denotes differentiation with
respect to t and {W(t),t > 0} is a standard Brownian motion. Since DW (t) does
not exist as a random function, we give meaning to equation (2.1) by rewriting it
in state-space form,

Y(t) = [0,0,...,0] X(2), (2.2)

where the state vector X(¢) = [Xo(¢),. .., X,_1(¢)] satisfies the Itd equation,

dX(t) = AX(t)dt + e dW(t), (2.3)
with ~ _ o
0 1 0 0
0 1 0 0
A= : : : o and e =
0 0 0 e 1
| 0y —Qp-y —Gpp - G 1]
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As defined in Section 1.3, X;(¢) denotes the j* mean-square and pathwise derivative

DiXo(t),j=0,...,p—1.

We are concerned in this chapter with inference for the autoregres-
sive coefficients, a,,...,a,, based on observations of the process Y at times
0,h,2h,...,h|T/h], where h is small and [z] denotes the integer part of z.

One approach to this problem,.due to Phillips (1959), is to estimate the coeffi-
cients of the discrete-time ARMA process {¥;™) := Y (nh),n = 0,1,2,...} and from
these estimates to obtain estimates of the coeflicients ay,...,a, in equation (2.1).
The sampled process {Yn@)} is a stationary solution of the Gaussian ARMA(p', ¢')
equations,

d(BYYW =0(B)Z,, {Z,} ~ WN(0,8%(h)), (2.4)

where ¢(B) and 6(B) are polynomials in the backward shift operator B of orders p’
and ¢’ respectively, where p’ < p and ¢’ < p’. (For more details see, e.g., Brockwell
(1995).)

An alternative approach is to use equations (2.2) and (2.3) to express the like-
lihood of observations of {Yn(h)} directly in terms of the parameters of the CAR(p)
process and then to compute numerically the maximum likelihood estimates of the
parameters as in Jones (1981) and Bergstrom (1985).

In this thesis, we take a different point of view by assuming initially that the
process Y is observed coutinuously on the interval [0,7]. Under this assumption
it is possible to calculate exact (conditional on X(0)) maximum likelihood estima-
tors of a;,...,a,. To deal with the fact that observations are made only at times
0,h,2h,..., we approximate the exact solution based on continuous observations
using the available discrete-time observations. This approach has the advantage
that for very closely-spaced observations it performs well and is extremely simple to

implement.
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This idea can be extended to non-linear (in particular threshold) continuous-
time autoregressions. We illustrate this in Sections 2.4, 2.5 and 2.6. The assumption
of uniform spacing, which we make in all our examples, can also be relaxed providing
the maximum spacing between observations is small.

Before considering this alternative approach, we first examine the method of
Phillips as applied to CAR(2) processes. This method has the advantage of requiring
only the fitting of a discrete-time ARMA process to the discretely observed data
and the subsequent transformation of the estimated coefficients to continuous-time
equivalents. We derive the asymptotic distribution of these estimators as first T —

oo and then h — 0.
Example 2.2.1 For the CAR(2) process defined by
(D* 4+ a, D+ a)Y(t) = o DW(t),
the sampled process {Y;" 1= Y (nh),n =0,1,...} satisfies
Y =gV = VY = 2+ 0W 20, {20} ~ WN(O,8(h)).

/
For fixed h, as T — o0, the maximum likelihood estimator of g = ¢§’”, ¢§"), G(h)}

based on observations Yl(h), o ,Y[(Th/)h] satisfies (see Brockwell and Davis (1991),
p.258)
VT/h(B ~ B) = N(0,M(B)), (25)
where
e =0 povi vt | 20
and the random vectors U, and V, are defined as U, = [U,, -+ ,Uy;-,) and V, =
Vi, ,Vis1_4), where {U;} and {V;} are stationary solutions of the autoregressive

equations,

&(BW, =2, and O(B)V,=7,. (2.7)
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In order to determine the asymptotic behavior as T' — oo of the maximum
likelihood estimators [qgl(h),qgg(h)], we consider the top left 2x2 submatrix M, of

the matrix M. For small i we find that M, has the representation,

1 -1

M, = [ 11 ](2a1h + _~2~(2 ~V3)a?h? + %(2 —V3)alh?) (2.8)

V3
11 0 ajazh” + O(h*) as h — 0.

The mapping from (¢1, ¢2) to (a, az) is as follows:

ay = — 108(”(252)/}%
¢1 2 o ¢
a2:h21 ( —Z+¢2 lOg —-2—- Z—+¢2 .
The matrix
Qa1 Oay
0p1 O

therefore has the asymptotic expansion

1 apz ...
C= 0 ; (1 ah S ZL )
(T ghe e )k (T g Ry
(2.9)
From (2.8) and (2.9) we find that
' 1 2@1 0
CM,C' = 7 [ 0 2aa ] (14 0o(1)) as h — 0, (2.10)

and hence, from (2.5) that the maximum likelihood estimator & of a = [a;, as] based

on observations of Y at times 0, h, 2h,. .., h[T/h], satisfies
VT(a—a) = N(0,V), as T — oo,

where

. 2(11 0 R
V= { 0 2y } (14+0(1)) as h - 0. (2.11)
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Remark 2.2.1 Since the moving average coefficient §(" of the sampled process
is also a function of the parameters a; and a,, and hence of ¢gh) and qﬁgh), the
question arises as to whether the discrete-time likelihood maximization should be
carried out subject to the constraint imposed by the functional relationship between
</>§h), qﬁgh) and 0 However, as we shall see, the unconstrained estimation which we
have considered in the preceding example leads to an asymptotic distribution of the
estimators which, as h — 0, converges to that of the maximum likelihood estimators
based on the process observed continuously on the interval [0, 7]. This indicates, at
least asymptotically, that there is no gain in using the more complicated constrained
maximization of the likelihood, so that widely available standard ARMA fitting

techniques can be used.

Remark 2.2.2 As the spacing h converges to zero, the autoregressive roots
exp(—Ajh) converge to 1, leading to numerical difficulties in carrying out the
discrete-time maximization. For this reason we consider next an approach which
uses exact results for the continuously observed process to develop approximate max-
imum likelihood estimators for closely-spaced discrete-time observations. The same
approach can be used not only for linear continuous-time autoregressions, but also
for non-linear autoregressions such as cont,inﬁous-time analogues of the threshold

models of Tong (1983).

2.3 Inference for Continuously Observed Autoregressions
We now consider a more general form of (2.1), i.e.
(DP +a, D7 . 4 a,)Y(t) = a(DW (%) + ¢), (2.12)

in which we allow the parameters a,,...,a, and ¢ to be bounded measurable func-

tions of Y (¢) and assume that o is constant.
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The equation (2.12) has a state-space representation analogous to (2.2) and

(2.3), namely
Y(t) = 0 Xo(t), (2.13)
where

dXo = X (t)dt,
dX, = Xa(t)dt,
(2.14)
dXp o = X, (t)dt,
dX,_1 = [~a,Xo(t) = -+ — a1 Xp_1(t) + c]dt + dW (1),
and we have abbreviated a,(Y (t)) and ¢(Y (t)) to a; and c respectively.
Assuming that X(0) = x, we can write X(f) according to (2.14) in terms
of {X,-1(5),0 < s < t} using the relations, X, 2(t) = @wp_g + fot Xp-1(s)ds, ...,

Xo(t) = 20 + f; Xi(s)ds. The resulting functional relationship will be denoted by
X(t) = F(X,-1,1). (2.15)

Substituting from (2.15) into the last equation in (2.14), we see that it can be written

in the form,

pr—l = G(Xp_l,'t)dt + dW(t), (216)
where G(X,_,1), like F(X,_1,t) depends on {X,_(s),0 < s <t}

Theorem 2.3.1 Equation (2.1}) with initial condition X(0) = x = [z, 21,
- xp_1] has a unique (in law) weak solution X = (X(t),0 <t < T). The proba-
bility density of the random function X,_; = (X,-1(t),0 <t < T) conditioning on

X(0) with respect to Wiener measure can be written as

1 (T T

M(X,-1,T) = exp [—5/ G*(X,_1,8)ds +—/ G(Xp-1,8)dW (s)|,
0 0

where G(X,-1,5) is defined as in (2.16).
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Proof: Let B be a standard Brownian motion (with B(0) = %,_;) defined on the
probability space (C[0,T],B[0,T], P,,_,) and, fort < T, let F = a{B(s),s < t}VN,

where AV is the sigma-algebra of P, | -null sets of B[0,T]. The equations

dZy = Z,dt,
dZ, = Zydt,
(2.17)
dZ, 5 = Z, \dt,
dz,_, = dB(t),
with Z(0) = x = [0, 71, ,%,1], clearly have the unique strong solution, Z(t) =

F(B,t), where F is defined as in (2.15). Let G be the functional appearing in (2.16)

and suppose that W is the Ito integral defined by W(O) = Tp-1 and
dW (t) = —G(B, t)dt + dB(t) = —G(Zy—y, t)dt + dZ,_,(1). (2.18)
For each T, we now define a new measure P, on Fr by
dPy = M(B,T)dP,, ,, (2.19)

where
1 [T T

M(B,T) = exp [—5/0 GQ(B,s)der/O G(B,s)dW(s)J. (2.20)
Then by the Cameron-Martin-Girsanov formula (see e.g. @Qksendal (1998}, p.152),
{W’(t)7 0 <t < T} is a standard Brownian motion under P,. Hence we see from
(2.18) that the equations (2.16) and (2.3) with initial condition X(0) = x have, for
t € [0,7), the weak solutions (Z,_1(¢), W(t)) and (Z(t), W(t)) respectively. More-
over, by Proposition 5.3.10 of Karatzas and Shreve (1991), the weak solution is
unique in law, and by Theorem 10.2.2 of Stroock and Varadhan (1979) it is non-

explosive.
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If f is a bounded measurable functional on C[0,77,

Exf(Zp1) = Ew, ,(M(B,T)f(B))

/f P., .(6).

In other words, M(£,T) is the density at £ € C[0,T], conditional on X(0) = x,

of the distribution of X,_; with respect to the Wiener measure P, , and, if we

p—-1
observed X,_; = £, we could compute conditional maximum likelihood estimators

of the unknown parameters by maximizing M (&, T). O

Remark 2.3.1 For parameterized functions a; and ¢, this allows the possibility of
maximization of the likelihood, conditional on X(0) = x, of {X,-1(¢),0 < ¢t < T}.
Of course a complete set of observations of {X,_;(t),0 < ¢t < T} is not generally
available unless X, is observed continuously. Nevertheless the parameter values
which maximize the likelihood of {X,_1(¢),0 < ¢ < T} can be expressed in terms
of observations of {Y(¢),0 < ¢ < T} as described in subsequent sections. If Y
is observed at discrete times, the stochastic integrals appearing in the solution for
continuously observed autoregressions will be approximated by corresponding ap-
proximating sums. Other methods for dealing with the problem of estimation for
continuous-time autoregressions based on discrete-time observations are considered

by Stramer and Roberts (2004) and by Tsai and Chan (1999, 2000).

2.4 Estimation for CAR(p) Processes

For the CAR(p) process defined by (2.1), if {x(s) = [zo(s),z:1(s),
,Tp_1(s)],0 < s < T} denotes the realized state process on the interval [0, T},

we have, in the notation of Theorem 2.3.1,

— 2log M(z,_,,s / G2ds—2/ Gdx, (2.21)
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where

G = —a12p_1(8) — @2Zp_o(s) — -+ — a,%0(5). (2.22)

Differentiating log M partially with respect to a4,...,a, and setting the derivatives

equal to zero gives the maximum likelihood estimators, conditional on X(0) = x(0),

—1

T , T T
a, o To_ds oo Jy Tp_1zods Jo Tpdzp_y

=— : : : . (2.23)
P fOT Tp1Zods - fOT zids fOT TodZy_1
Note that this expression for the maximum likelthood estimators is unchanged if z
is replaced throughout by y, where y, denotes the observed CAR(p) process and y;
denotes its j*P derivative.

Differentiating log M twice with respect to the parameters ai,...,ap, taking
expected values and assuming that the zeroes of the autoregressive polynomial a all

have negative real parts, we find that

0% log M

-k OJa?

~TY as T — oo, (2.24)

where 3. 18 the covariance matrix of the limit distribution as T" — oo of the random

vector [X,_1(t), Xp2(),..., Xo(#)]'. It is known (see Arat6 (1982)) that
S = 2] (2.25)

where m;; = my; and for j >4,

0, if j —4 is odd,
m;; = 0o .
’ Zk:o(_l)kai—lwka]‘-ﬂg, otherwise,

where ap := 1 and a; := 0if j > p or j < 0, and that the estimators given by (2.23)

satisfy
VT(a—a) = N(0,571), (2.26)

where ¥ is given by (2.25). The asymptotic result (2.26) also holds for the Yule-

Walker estimates of a as found by Hyndman (1993).
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In the case p = 1, £~ = 24, and when p = 2, £~! is the same as the leading
term in the expansion of the covariance matrix V in (2.11).

In order to derive approximate maximum likelihood estimators for closely-
spaced observations of the CAR(p) process defined by (2.1) we shall use the re-

sult (2.23) with the stochastic integrals replaced by approximating sums. Thus if

observations are made at times 0, h, 2h, . . ., we replace, for example,
T , (T'/h]-1
| artsras vy 5 > (alli+ Db) = (o),
[T/h}—3

/0 x1(s)dx(s) by 7 Z (z((i + 1)h) — z(ih))

=0
x(z((z + 3)h) — 2z((i + 2)h) + z((i + 1)h)),
taking care, as in the latter example, to preserve the non-anticipating property of

the integrand in the corresponding approximating sum.
Example 2.4.1 For the CAR(2) process defined by
(.l)2 -+ CZ]D + GQ)Y(t) = JDW(t),

Table 2.1 shows the result of using approximating sums for the estimators defined by
(2.23) in order to estimate the coefficients a; and a,. The coefficients were estimated
based on 1000 replicates on time interval [0, 7] of the linear CAR(2) process with
a; = 1.8 and a, = 0.5.

As expected, the variances of the estimators are reduced by a factor of approx-
imately 5 as T increases from 100 to 500 with A fixed. As h increases with 7" fixed,
the variances actually decrease while the bias has a tendency to increase. This leads
to mean squared errors which are quite close for A = .001 and A = .01. The as-
ymptotic covariance matrix 37! in (2.26), based on continuously observed data, is
diagonal with entries 3.6 and 1.8. For h = .001 and h = .01, the variances 3.6/T

and 1.8/7 agree well with the corresponding entries in the table.
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Table 2.1: Estimation results for Gaussian CAR(2) (linear).

T=100 T=500
h Sample mean Estimated variance | Sample mean Estimated variance
of estimators of estimators of estimators of estimators

0.001 a; 1.8120 0.03585 1.7979 0.006730

as 0.5405 0.02318 0.5048 0.003860
001 a 1.7864 0.03404 1.7727 0.006484

g 0.5362 0.02282 0.5007 0.003799
0.1 a) 1.5567 0.02447 1.5465 0.004781

s 0.4915 0.01902 0.4588 0.003217

2.5 Estimation for CTAR(p) Processes

Definition 2.5.1 (Continuous-time Threshold CAR(p)).

We define the

continuous-time threshold CAR(p) (abbreviated to CTAR(p)) process with a single

threshold at r exactly as in (2.13) and (2.14), except that we allow the parameters

a,...,a, and ¢ to depend on Y'(¢) in such a way that
a(¥(®)=a”, i=1,....p c(Y(t)=c,

where J =1 or 2 according as Y (t) <ror Y(t) > r.

Thus we obtain a continuous-time analogue of the threshold models of Tong

(1983), except that Tong’s model has multiple thresholds. Continuous-time thresh-

old models have been used by a number of authors (e.g. Tong and Yeung (1991),

Brockwell and Williams (1997)) for the modeling of financial and other time series.

In this thesis, we shall consider only the case of a single threshold since the problems

associated with more than one are quite analogous.

The density derived in Theorem 2.3.1 is not restricted to linear continuous-

time autoregressions as considered in the previous section. It applies also to non-

linear autoregressions and in particular to CTAR models as defined in Definition
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2.5.1. In the following we illustrate the application of the continuous-time maximum
likelihood estimators and corresponding approximating sums to the estimation of

coeflicients in CTAR(1) and CTAR(2) models.
Example 2.5.1 Consider the CTAR(1) process defined by
DY () + oY (t) = cDW(t), if Y(t) <0,
DY (t) + PV (t) = e DW(t), if Y(t) >0,
with ¢ > 0 and agl) # aEZ). We can write
Y(t) =0 X(1),

where

dX(t) + a(X ()X (t)dt = dW (1),
and a(x) = a,(ll) if 2 < 0 and a(z) = a§2) if x > 0. Proceeding as in Section 2.4,
—2log M i1s as in (2.21) with

G = a2 () Laeyc0 = a2(5) Lo(a)z0. (2.27)

Maximizing log M as in Section 2.4, we find that

T
20 = _Jo To<on(s)du(s)

-
foT In(sy<0(8)?ds

and

T
@ Jo Latz02(s)da(s)
1 )
Jo Lugeyzox(s)2ds

where, as in Section 2.4, x can be replaced by y in these expressions. For observations

a

at times 0, h, 2h, ..., with & small the integrals in these expressions were replaced by
corresponding approximating sums and the resulting estimates are shown in Table
2.2. This time, those estimated coeflicients were obtained based on 1000 replicates

on [0, 7] of the threshold AR(1) with threshold r = 0, a(ll) = 6, a(lz) = 1.5.



Table 2.2: Estimation results for CTAR(1) (non-linear, known threshold).

T=100 T=500
h Sample mean Estimated variance | Sample mean Estimated variance
of estimators of estimators of estimators of estimators

0.001 al” 6.0450 0.41207 5.9965 0.07185

al? 1.5240 0.04824 1.4986 0.00891
001 alV 5.8978 0.39427 5.8472 0.06785

al? 1.5135 0.04771 1.4875 0.00883
01 o 4.7556 0.27969 4.7085 0.04506

a{? 1.3891 0.03840 1.3682 0.00711

Again we see that as T increases from 100 to 500, the variances of the estimators

are reduced by a factor of approximately 5. As h increases with T fixed, the variances

decrease while the bias tends to increase, the net effect being (as expected) an

increase in mean squared error with increasing h.

Example 2.5.2 Consider the CTAR(2) process defined by
DY () + aVDY (1) + oY (1) = o DW (1), if Y(t) <0,
DY (1) + DY (1) + oY (t) = s DW(L), f Y(t) >0,
with agl) # a(12) or agl) # a,gz), and o > 0. We can write

Y(t) = o, 0] X (1),

where
dX(t) = AX(t)dt + e dW(t),

and A= AW if z < 0 and A = A® if z > 0, where

0 1 0 1 0
AW = A® — ‘ _ .
) a7

Proceeding as in Section 2.4, —2log M is as in (2.21) with

G = (=aVz1(s) = a"2(5)) Lugsyoo + (=af21(5) = af2(5)) Lgoyzo.

(2.28)
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Maximizing log M as in Section 2.4, we find that
ay” T L<ot1(8)To(8)ds [ Losy<orl(s)ds

[EL§2), d(22)]’ satisfies the same equation with I,.)<o replaced throughout by
Ly(s)>0-

As in Section 2.4, x can be replaced by y in these expressions. For observations
at times 0, h, 2h, ..., with A small, the integrals in these expressions were replaced by
corresponding approximating sums and the resulting estimates are shown in Table

2.3. 1000 replicates on [0, T of the threshold AR(2) with threshold r = 0, al) =15,

D= 0.4, agz) = 4.6, aéz) = 2, were used to estimate those coeflicients.

Table 2.3: Estimation results for CTAR(2) (non-linear, known threshold).

dgl) = f <OJ’ S)ds fO TS)<0:C1 S)l()(s)ds o fT[x(s)<0-T1(S)dx
[ } [ v, zrlz(s><0x0(5)d$1(5)

1(s)

T=100 T=500
h Sample mean Estimated variance | Sample mean Estimated variance
of estimators of estimators of estimators of estimators

0.001 o 1.5187 0.05441 1.5071 0.01128

al! 0.4763 0.04119 0.4163 0.00480

al? 4.6084 0.21224 45755 0.03995

al? 2.3186 0.72069 2.0456 0.08881
001 alV 1.5262 0.05234 1.5163 0.01095

al 0.4729 0.04056 0.4135 0.00473

al? 4.3819 0.19823 4.3480 0.03746

al? 2.2697 0.68915 2.0025 0.08509
01 alV 1.5091 0.04177 1.4928 0.00805

al 0.4402 0.03489 0.3851 0.00411

al? 2.7053 0.11312 2.7014 0.01874

al) 1.7654 0.41380 1.5599 0.05221

The pattern of results is more complicated in this case. As 7" is increased from
100 to 500 with A fixed, the sample variances all decrease, but in a less regular
fashion than in Tables 2.1 and 2.2. As h increases with T fixed, the variances also

decrease. The mean squared errors for A = .001 and A = .01 are again quite close.

?
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2.6 Estimation When the Threshold is Unknown

In the previous section we considered the estimation of the autoregressive coef-
ficients only, under the assumption that the threshold r is known. In this section we
consider the corresponding problem when the threshold also is to be estimated. The
idea is the same, that is to maximize the (conditional) likelihood of the continuously-
observed process, using the closely-spaced discrete observations to approximate what
would be the exact maximum likelihood estimators if the continuously-observed data
were available. We illustrate first with a CTAR(1) process. The goal is to use obser-
vations {y(kh),k =1,2,...;0 < kh < T}, with h small, to estimate the parameters

a(ll)7 a(12), cgl), cgz),a and 7 in the following model.

DY) =) +aV (Y(t)=r)+Y =oDW,, i Y(t) <,
DY®) —r)+d? i) =)+ =oDW,, iY@ >T (229
The process Y* = Y — r, satisfies the threshold autoregressive equations,
DY (t) +a"Y* () + &Y = o DW,,  if Y*(t) <0,
DY*(t) +aPY*(t) + &2 = oDW,,  if V() >0,

with state-space representation,

where

dX (t) = G(X, t)dt + dW (2),

as in equation (2.16), and

. e \ e
Glx,s) = — ag ):L‘(S) + 2 I(sy<0 — ag )m(s) + 17 I(sy>o0-

ag

Substituting for G in the expression (2.21), we obtain

T T
—2log M(x(s),s) = / G?ds - 2/ Gdz(s)
0 0
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T . ey 2 T ) e 2
= / ag )x(s) + Ip(sy<ods + / a(l )CC(s) + 2 Lo(s)>0ds
0 o Jo o
T o T \ A2
+2/ aya(s) + — fx(s)<od$(5)+2/ a{’z(s) + = | L2002 (s)
0 0

LT[ (a4 )’ D D)
T2 {/ (al yita ) Iy‘<0d5+/ (al y*+ o ) Ly>o0ds
0 0

T T
+2/ (agny* + Cgl)) Ly cody™ + 2/ (agz)y* + ng)) Iy*Zody*} :
0 0

Minimizing —2log M (x(s), s) with respect to agl), (1,52), cgl), and 0(12) with o fixed

gives,

) T T T 2
a§ )(7") / y*2Iy*<0ds/ I cods — (/ y*Iy*<0dS)
0 0 0
T T T T
_ — {/ y*Iy*<0dy*/ ]y*<0ds _—/ Iy*<0dy*/ y*Iy'<0d8} ,
0 0 0 0
. T T T 2
&) / y* 21, cods / I cods — ( / y*Iy~<0ds)
0 0 0
T T T T
== [/ Iy*<0dy*/ y I <ods _/ y*Iy‘<0dy*/ y*Iy"<0d5:| )
0 0 0 0

with analogous expressions for &52) and 652). An important feature of these equations

(2.30)

is that they involve only the values of y* = y — r and not o.

For any fixed value of r and observations y, we can therefore compute the maxi-
mum likelihood estimators dgl)(r), dgg)(r), é(ll)(r) and éig)(r) and the corresponding
minimum value, m(r), of —202log M. The maximum likelihood estimator 7 of r is
the value which minimizes m(r) (this minimizing value also being independent of
o). The maximum likelihood estimators of agl), a?),cgl) and 052) are the values ob-
tained from (2.30) with 7 = 7. Since the observed data are the discrete observations
{y(h),y(2h),y(3h),. ..}, the calculations just described are all carried out with the
integrals in (2.30) replaced by approximating sums as described in Section 2.4.

If the data y are observed continuously, the quadratic variation of y on the

interval [0,77] is ezactly equal to o*T". The discrete approximation to o based on



{y(h),y(2h),...} is

Example 2.6.1 Table 2.4 shows the results obtained when the foregoing estimation
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[T/h]-1

k=1

Y (Wl(k+ 1)h) = y(kh))?/T.

(2.31)

procedure is applied to a CTAR(1) process defined by (2.29) with agl) = 6, c§1> = .5,

aﬁ” = 1.5, 052) = .4, ¢ = 1 and r = 10. In this table, estimations were made based

on 1000 replicates of the process on [0, 77.

Table 2.4: Estimation results for CTAR(1) (non-linear, unknown threshold).

T=100 T=500 T=1000
h Sample  Sample | Sample  Sample | Sample  Sample
mean varlance mean variance mean variance

0.001 o\ | 59179 15707 | 59758  0.1950 | 5.9835  0.0904
¢V 103787 07780 | 0.3448  0.1561 | 0.3832  0.0753

al? | 17149 04105 | 1.5370  0.0511 | 15178  0.0224

¥ 102891 01476 | 0.3415  0.0273 | 0.3601  0.0133

o | 0.9996 5.00x107° | 0.9991 4.78x10~7 | 0.9991 4.84x1077

ro| 99963 00244 | 99769  0.0041 | 9.9818  0.0020

001 oV | 57201 13175 | 57507 0.1834 | 57614  0.0910
AV 104271 07524 | 03235 01699 | 03535 0.0705

o | 17373 04248 | 15567  0.0538 | 1.5360  0.0239

¢? | 02877 01598 | 0.3227  0.0357 | 0.3407  0.0162

o | 09914 4.82x1075 | 0.9913 4.55%107% | 0.9907 4.91x107

r | 10011 00278 | 9.9807  0.0058 | 9.984  0.0024

01 oV | 41166 07861 | 41087  0.1587 | 4.1115  0.0720
AV 103953 05638 | 0.2834  0.2287 | 0.2708  0.0944

ol | 17308 05109 | 1.5924  0.0805 | 1.5851  0.0324

¢? 102636 02391 | 0.2658  0.1003 | 0.2666  0.0472

o | 09191 5.00x10-% | 0.9208 4.60x10~° | 0.9160 4.79x10

r| 10074 00425 | 10.038  0.0191 | 10.030  0.0086

The pattern of results is again rather complicated. As expected however there
is a clear reduction in sample variance of the estimators as 7" is increased with A

fixed. For T = 1000 the mean squared errors of the estimators all increase as h
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increases, with the mean squared errors when h = .001 and A = .01 being rather

close and substantially better than those when A = .1.

Example 2.6.2 Although the procedure described above is primarily intended for
use in the modeling of very closely-spaced data, in this example we illustrate its
performance when applied to the natural logarithms of the annual Canadian lynx
trappings, 1821 - 1934 (see e.g. Brockwell and Davis (1991), p.559). Linear and
threshold autoregressions of order two were fitted to this series by Tong and Yeung
(1991) and a linear CAR(2) model using a continuous-time version of the Yule-
Walker equations by Hyndman (1993).

The threshold AR(2) model fitted by Tong and Yeung (1991) to this series was

DY () + dVDY(t) + oY (t) =, DW(), Y () <7,
(2.32)
DY () + aPDY(t) + dPY () = uDW(t), i Y(t) >,
with
al” = 0354, ol =0521, o, =0.707,

(2.33)
al? = 1877, o) =0.247, o, = 0.870,

and threshold r = 0.857.

An argument exactly parallel to that for the CTAR(1) process at the beginning
of this section permits the estimation of the coefficients and threshold of a CTAR(2)
model of this form with 0y, = 03 = ¢, h = 1 and with time measured in years. It

leads to the coefficient estimates,

ol =0.3163, ol =0.1932, o, = 1.150,
(2.34)
al? =1.2215, al? =0.9471, o, = 1.150,

with estimated threshold » = 0.478. (Because of the large spacing of the obser-
vations in this case it is difficult to obtain a good approximation to the quadratic
variation of the derivative of the process. The coefficient ¢ was therefore estimated

by a simple one-dimensional maximization of the Gaussian likelihood (GL) of the
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original discrete observations (computed as described by Brockwell (2001a)), with
the estimated coefficients fixed at the values specified above.)

In terms of the Gaussian likelihood of the original data, the latter model (with
—2log(GL) = 220.15) is considerably better than the Tong and Yeung model (for
which —2log(GL) = 244.41). Using our model as an initial approximation for
maximizing the Gaussian likelihood of the original data, we obtain the following
more general model, which has higher Gaussian likelihood than both of the preceding
models (—2log(GL) = 161.06),

D*Y () + 1.1810DY(t) + 0.308Y (£) — 0.345 = 1.050DW (t), if Y(¢) < —0.522,

DY (¢) + 0.0715DY () + 0.452Y(t) + 0.500 = 0.645DW(¢), if Y (¢) > —0.522.
(2.35)

Simulations of the model (2.32) with parameters as in (2.33) and (2.34) and of
the model (2.35) are shown together with the logged and mean-corrected lynx data
in Figure 2.1. Inside Figure 2.1, Figures (a) and (b) show simulations of the CTAR
model (2.32) for the logged and mean-corrected lynx data when the parameters
are given by (2.33) and (2.34) respectively. Figure (c¢) shows a simulation (with
the same driving noise as in Figures (a) and (b)) of the model (2.35). Figure (d)
show the logged and mean-corrected lynx series itself. As expected, the resemblance
between the sample paths and the data appears to improve with increasing Gaussian

likelihood.
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(a) Model (2.33) (b) Model (2.34)
< <
o o
o o
T 1 <
0 20 40 60 80 100 [0} 20 40 60 80 100
time time
(c) Model (2.35) (d) Lynx data
< <t
N o~
oy o
3 <
@ ©
] 20 40 60 80 100 0 20 40 80 80 100
time time

Figure 2.1: Canadian lynx trapping data analysis using CTAR(2) model.



Chapter 3

NON-NEGATIVE LEVY-DRIVEN ORNSTEIN-UHLENBECK
PROCESSES

3.1 Introduction

In Section 3.2, we define the stationary Lévy-driven Ornstein-Uhlenbeck (or
CAR(1)) process, {Y(t),t > 0}. In Section 3.3, we characterize the sampled AR(1)
process, {erh) = Y(nh),n = 0,1,2,...}, and the distribution of its driving white
noise sequence in terms of the parameters of the underlying CAR(1) process and
its driving Lévy process. The autoregressive coethcient of the sampled process is
then estimated with very high efficiency using the method of Davis and McCormick
(1989). From the relation between the sampled and continuous-time processes we
then obtain corresponding parameter estimates for the CAR(1) process. The idea of
using the sampled process to estimate the parameters of the underlying continuous-
time process was first used by Phillips (1959), but in our case the non-decreasing
property of the driving Lévy process and the non-negativity of the corresponding
discrete-time increments permits a very large efficiency gain. In Section 3.4, we show
how to recover the driving Lévy process under the assumption that the process is
observed continuously and then approximate the results using closely-spaced discrete
observations. In Section 3.5, we derive the asymptotic distribution of the coefficient
estimator when the driving Lévy process is a gamma process and illustrate with a
simulated example the performance of the estimators of both the CAR(1) parameters

and the driving Lévy process. When the continuously observed process is available,
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the autoregression coefficient can be identified with probability 1. This is discussed

in Section 3.7.

3.2 Stationary Lévy-driven Ornstein-Uhlenbeck Processes

Throughout this chapter, we shall be concerned with CAR(1) (or stationary
Ornstein-Uhlenbeck) processes driven by standardized second-order non-decreasing
Lévy processes, which are defined in details in Section 1.2.

An interesting fact about any non-decreasing Lévy process is that its Laplace

transform fL(t)(s) = E(exp(—sL(t))) has the form

frw(s) = exp(—t2(s)), R(s) >0,

where
d(s)=m 1 —e™)u(dr),
(s) +/(O’m)< e~ (da)

with the drift term m > 0 and the Lévy measure v on the Borel subsets of (0, c0)

satisfying

/( u v(du) < co.

0,00) 1+u
Then, based on Definition 1.3.1, the Lévy-driven CAR(1) process is defined as

follows.

Definition 3.2.1 (Lévy-driven CAR(1) process). A CAR(1) process driven by
the Lévy process {L(t),t > 0} is defined to be a strictly stationary solution of the

stochastic differential equation,
dY (t) + aY (t)dt = odL(t). (3.1)

In the special case when {L(t)} is a Brownian motion, (3.1) is interpreted as an It

equation with solution {Y'(¢),¢ > 0} satisfying

Y(t)=e ™Y (0)+o /t e~ WAL (u), (3.2)
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where the integral is defined as the L? limit of approximating Riemann-Stieltjes
sums. For any second-order driving Lévy process, {L(t)}, the process {Y'(#)} can
be defined in the same way, and if {L(¢)} is non-decreasing (and hence of bounded
variation on compact intervals) {Y(¢)} can also be defined pathwise as a Riemann-

Stieltjes integral by (3.2). We can also write
t
Y(t) = e Y (5) + 0/ e~ L(w), for allt > s > 0, (3.3)

showing, by independence of the increments of {L(¢)}, that {Y'(¢)} is Markov. The
following proposition implied by Proposition 1.3.1 gives necessary and sufficient

conditions for stationarity of {Y(¢)}.

Proposition 3.2.1 If Y(0) is independent of {L(t),t > 0} and E(L(1)*) < oo,
then Y (t) is strictly stationary if and only if a > 0 and Y (0) has the distribution of
o [ e dL(u).

Remark 3.2.1 By introducing a second Lévy process {M(¢),0 < t < oo}, inde-
pendent of L and with the same distribution as shown in Remark 1.3.2, we can
extend {Y(t),t > 0} to a process with index set (—o0,00). Then, provided a > 0,
the process {Y(t)} defined by

t

Y(t) :a/ e~ WL (u), (3.4)

—o0
is a strictly stationary process satisfying equation (3.3) (with L replaced by L*) for
all t > s and s € (—00,00). Henceforth, we refer to L* as the background driving

Lévy process (BDLP) and denote it by L for simplicity.
Remark 3.2.2 From (3.4) we have the relation

t
Y(t) = e_“(t_s)Y(s) + 0/ e_“(t"“)dL(u), t> s> —o0. (3.5)

8
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Taking s = 0 and using Lemma 2.1 of Eberlein and Raible (1999), we find that
¢
Y (t) = e Y (0) + oL(t) — acr/ e Y L(u)du, ¢ > 0, (3.6)
0

where the last integral is a Riemann integral and the equality holds for all finite

t > 0 with probability 1.

3.3 Parameter Estimation via the Sampled Process

Setting t = nh and s = (n — 1)h in equation (3.5), we see at once that for any

h > 0, the sampled process {Yn(h),n =0,1,2,...} is the discrete-time AR(1) process

satistying
YW =oY® + 2, n=012..., (3.7)
where
¢ =e " (3.8)
and
nh
Zn=0 / e~ d (). (3.9)
(n—1)h

The noise sequence {Z,} is iid and positive since L has stationary, independent and
positive increments.

If the process {Y(¢),0 < t < T} is observed at times 0, h,2h,..., Nh, where
N = [T/h], i.e., N is the integer part of T/h, then, since the innovations Z, of
the process {Yn(h)} are non-negative and 0 < ¢ < 1, we can use the highly efficient

Davis-McCormick estimator of ¢, namely

~(h) R
n—1

To obtain the asymptotic distribution of QASS\},L) as N — oo with A fixed, we need to
suppose that the distribution function F' of Z, satisfies F/(0) = 0 and that F' is

regularly varying at zero with exponent «, i.e., that there exists a > 0 such that

lim Fltz)
1o F(t)

[e]

=z% forallz > 0.
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(These conditions are satisfied by the gamma-driven CAR(1) process as we
shall show in Section 3.5.) Under these conditions on F', the results of
Davis and McCormick (1989) imply that g/)%l) — ¢ a.s. as N — oo with h fixed
and that

lim P [k;vl(gfsﬁg‘) — $)ea < x] = Gu(z), (3.11)

N—ooo
where ky = F7Y{N™Y) ¢, = (EYl(h)a)l/a and G, is the Weibull distribution func-

tion,

Coe) = | L 7P imet), i 20, (3.12)
“7 7 o, if < 0. '

IFrom the observations {Yn(h),n =0,1..., N} we thus obtain the estimator ¢§3)

and, from (3.8), the corresponding estimator,
al = —h 'og ¢V (3.13)

of the CAR(1) coefficient a. Provided the distribution function # of the noise terms
Z, in the discrete-time sampled process satisfies the conditions indicated above, we
can also determine the asymptotic distributions of this estimator. In particular,

using a Taylor series approximation, we find that

lim P [(—-h)e"”hcak;,l (ds\},b) - a> < x] = Gq(z), (3.14)

N—00

where G, is given in (3.12). Since var(Y") = ¢2/(2a), we use the estimator,
(k) N
2 — .
52, = ‘]1\1;’ (v 7y (3.15)
i=0

to estimate o?.

3.4 Estimating the Lévy Increments

So far, we have made no assumptions about the driving Lévy process except

for non-negativity and existence of EL(1)2. In order to suggest an appropriate
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parametric model for L and to estimate the parameters, it is important to recover
an approximation to L from the observed data. If the CAR(1) process is continu-
ously observed on [0, T], then the argument of Tuan (1977) can be used to recover
{L(t),0 <t < T}. His L%based spectral argument which he applied to Gaussian

processes, also applies to the Lévy-driven CAR(1) process to give

L{t) = o~ [Y(t) —Y(0) + a/ot Y(s)ds] | (3.16)

A direct justification of this result can be obtained by defining L as in (3.16) and
then showing that Y (0)e™* + o fot e~*t=9d[L(u) = Y(t). Thus, using Remark 3.2.2

of Section 3.2, we have
t
Y{(0)e™ + o / e dL ()
0
t
=Y (0)e™™ + o L(t) — ao / e~ U L(u)du
Jo
i i u
—Y(0)e + {Y(t) _Y(0) +a / Y(s)ds} —a / gt {Y(u) —Y(0) +a / Y(s)ds] du
t t ° ’ t t °
=Y (¢) +a/ Y(S)ds—a/ e‘“(t_“)Y(u)du—az/ Y(s)/ e~y ds
0] 0 0 s
=Y (1)

as required.
From (3.16), the increment of the driving Lévy process on the interval ((n —

1)h,nh] is given by

nh

A LM = L(nh) — L((n — 1)h) =0} [Y(nh) —Y((n—-1)h)+ a/
(

Y(u)du] .
n—1)h

Replacing the CAR(1) parameters by their estimators and the integral by a trape-

zoidal approximation, we obtain the estimated increments,

ALY = o3t [V - v+ anr® + v 1) 2 (3.17)
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3.5 Gamma-driven CAR(I) Process

In this section, we illustrate the preceding estimating procedure in the case
when L is a standardized gamma process. Thus L(t) has the gamma density fr)

~1/2

with exponent ~t, scale-parameter , mean /%t and variance t. The Laplace

transform of L(t) is

frey(s) == Eexp(—sL(t)) = exp {—t®(s)}, R(s) =0, (3.18)

where ®(s) = ylog(1+ 8s), 8 =~""% and v > 0.

Based on the h-spaced observations {Yn(h),n = 0,1,..., N}, we estimate the
discrete-time autoregression coefficient ¢ and the CAR(1) parameters a and o2 using
(3.10), (3.13) and (3.15) respectively. We then estimate the Lévy increments as in
(3.17) and use them to estimate the parameter v of the standardized gamma, process
L. To obtain the asymptotic distributions of gbg\’;) and dg\’;) as N — oo with h fixed,
we first show that the distribution function F of Z, in (3.7) is regularly varying
at zero with exponent vh and then determine the coefficients ky = F~!(N~1) and
te = (BYM*)V/ in (3.11). To do so, we use the Laplace transform (3.18) to
investigate the behavior of the density of Z) = o foh e gL (t) = o foh e dL(t)
near zero.

Define W), := Z1 /0 = foh e~ ®dL(t). The Laplace transform of W}, is

Fwi(8) = exp [— /Oh ¢’(Se““‘)dt}

h
= exp [—/ vlog(l + [)’se"“t)dt] . (3.19)
0
The exponent in (3.19) has the power series expansion,
h h 1
—/ vlog(1+ Bse™*)dt = —7/ log {sﬁe_“t(l + )} dt
0 0 Bse—at
~log(sB)™ ™" + l~/¢1f12 + L(1 — M) — ! (1 —e?h)y4...
2 Bsa 432s2q ’
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as s — oo. Hence fw, (s) has the corresponding expansion,

. —h
F (5) e B ghpare G Ca
JWh gTh gYht1 g7h+2

_+_ s
where C, Cs, . .. are constants depending on ~, 3, h and a. Since le(s) = fWh(OS)7
s (5) = (0B) e, as s — oo

By Theorem 30.2 of Doetsch (1974), the density fz, of Z; has the expansion,

in a neighborhood of zero,

(0/8) ’YhI’Yh le—’ya,h,2 (UI)’Yhal (O-I)’Yh+102

. YAy TR ok 1 2)
So
1810) (o) o), as w0,
and
Fy,(z) ~ 3" (08) ™e2 " /T (yh 4 1), as z — 0. (3.20)

Thus the distribution F' of Z,, is regularly varying at zero with exponent ~h.

From the definition of ky in (3.11), we have & = OkN Fz,(du). This equation,

together with (3.20), gives
k' ~ (08) " [D(vh + 1))/ OM ezoh NUVOR a5 N — 0. (3.21)

h .
In order to calculate c.,», we need to find E[Yn(h)]AY , where Y, = deo ¥ Znj.

The Laplace transform of Yﬂ(,h) is

fy(’l)( s) = e HEe s,

So

log fy.a (s) Z log fz,(s¢?)
=Zmﬁmw>
j=0

o0 h
P
7j=0
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and hence
fy(m = exp [ Z [dilog(1 + Bso¢’) — dilog(1 + Bsog’e "))
= exp (Edilog(l + [ﬁsa)) ,

where dilog is the dilogarithm function, dilog(z) = [ log(u)/(1 — u)du. Using
Theorem 2.1 of Brockwell and Brown (1978), we get

T Ry
0

d
T(1 = ~h °

D‘fYAh) (S)

- T * —vh—1 T
PG /0 s exp (adllog(l + ﬁsa)) log(1 + Bso)ds, (3.22)

hy1/(vh)
(h)yY } can be numeri-

where Df denotes the derivative of f. Then ¢, = {E[Yn ]

cally evaluated from (3.22) for fixed h.

Theorem 8.5.1 For a sequence of observations {Yn(h),n = 0,1,...,N} from a

(h)

gamma-driven CAR(1) process, we have ay’ — a a.s. and

lim P {(—h)e—ahk;vl(a%‘) ~a)ea < x} = Gu(2),

N—oo

where G, is as in (8.12), o = 7h, dg\’;) is defined in (3.13), ky' is given in (3.21),

and c,, is evaluated through (3.22).

Proof: At the beginning of Section 3.3, we have shown that Y, is a stationary

discrete-time AR(1) with autoregression coefficient ¢ € (0, 1) and iid noise sequence

{Z.}. According to (3.20), the distribution function F of Z, is regularly varying

at zero with exponent o = vyh and satisfies the condition F(0) = 0. Since 0 <

Zn < o(L(nh) — L((n — 1)h), [ufF(du) < oo for all £ > 0. By Corollary 2.4 of
(h)

Davis and McCormick (1989), we have dA)E(;) — ¢ a.s., which implies @y’ — a a.s..

From the same corollary, we also conclude that

lim P k31 () ~ $)em < 7| = Gon(a),

N—o00



where qﬁg\’}) and ky' are given in (3.10) and (3.21) respectively, and ¢y, is evaluated

through (3.22). Using a Taylor series expansion, we find from this result that

lim P [(—h)e—ahk;ﬁ(dﬁ\’}) —a)eyn < :c} = Gu(2).

N—oo

O

Theorem 3.5.1 gives the limiting distribution of ¢§3) for fixed h as N — oo. It
is of interest also to consider the behavior of the estimator as h also goes to zero.

For any non-negative random variable Y with density function f(u), we have

o0 1/s o0 1/s
s)M/s wf f(u)du = s w L (w)du
v = | [Twswa = s [Tt
— exp </ uflf(u)du> = exp (EY“I) as s — 0,
0

as long as FY ! is finite. Applying this result to Y™ and using Theorem 2.1 of

Brockwell and Brown (1978), we obtain
fing e = oxp () ) =exp ([ g (s)as)

= exp (/ e%d“og(lws")ds) . (3.23)
0

The behavior of ky', defined in (3.21), is more complicated. Using L’Hospital’s

Rule, we have
. : + 1) ,
lim ——22 " 7 fime—— L — (1) =
1 1m s+ 1 (1) =g,

where g is the Euler-Mascheroni constant, with numerical value of 0.5772---.

Hence

iy ot )0

and
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When h is small, k' and ¢, can be well approximated by (3.23) and (3.24). Since
the rate of convergence in Theorem 3.5.1, as indicated by ky', increases as h de-
creases and since the limiting distribution G, becomes degenerate as h — 0, this
suggests the possibility of super-convergence of d%l) toaas N —ooand h — 0. In

fact, in Section 3.7, we show that for any fixed T' > 0, &%)h —aas as h— 0.

3.6 Examples

In this section, we will illustrate the estimation procedure with both a simulated
example and the German Deutsche Mark/US Dollars (DM/$) exchange rate series

data as described in Section 1.4.2.

Example 3.6.1 Consider the gamma-driven CAR(1) process defined by,
DY (t) +0.6Y(t) = DL(t),  t € [0,5000], (3.25)

was simulated at times 0,0.001,0.002, ..., 5000, using an Euler approximation. The
parameter v of the standardized gamma process was 2. The process was then
sampled at intervals h = 0.01, A = 0.1 and h = 1 by selecting every 10", 100% and
1000*" value respectively. We generated 100 such realizations of the process and
applied the above estimation procedure to generate 100 independent estimates, for
each h, of the parameters a and o. The sample means and standard deviations of
these estimators are shown in Table 3.1, which illustrates the remarkable accuracy
of the estimators.

To estimate the parameter 7 of the driving standardized gamma process, the
following procedure was used. For each h and each realization, the estimated
CAR(1) parameters were used in (3.17) to generate the estimated increments
ALgh), n=1,...,5000/h. These were then added in blocks of length 1/h to obtain
5000 independent estimated increments of L in one time unit. Figure 3.2 shows

the histogram (bars) of the increments for one realization with h = .01, together
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Table 3.1: Estimation results for gamma-driven Ornstein-Uhlenbeck process.

Gamma increments
Spacing | Parameter | Sample mean Sample std deviation
of estimators of estimators

h=1 a 0.59269 0.00381

o 0.99796 0.01587
h=0.1 a 0.59999 0.00000

o 1.00011 0.01281
h=0.01 a 0.60000 0.00000

o 0.99990 0.01175

with the true probability density (solid line) of the increments per unit time of the
driving gamma process L. Even if we did not know that the background driving
Lévy process is a gamma process, the histogram strongly suggests that this is the
case. For each h and for each realization of the process, the sample mean % of the
estimated increments per unit time was then used to estimate the parameter v of
the driving standardized Lévy process, giving a set of 100 independent estimates of
v for each h. The sample means and standard deviations of these estimators are

shown in Table 3.2.

Table 3.2: Estimation results for driving Lévy process.

Spacing | Parameter | Sample mean Sample std deviation
of estimators of estimators

h=1 v 1.99598 0.05416

h=0.1 v 2.00529 0.03226

h =0.01 v 2.00547 0.02762

Example 3.6.2 Taking the spacing h = 1, we apply our estimation procedure to
the realized volatilities constructed from German Deutsche Mark/US Dollar ex-
change rate series data. For details on this data set, see Section 1.4.2.

The fitted CAR(1) model was

DY (t) + 1.3189 Y (¢) = 0.3567 DL(t),  t € [0,3045].
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0.6 I

Figure 3.1: True probability density vs. histogram of the estimated Lévy increments.

Then Lévy increments, which turned to be all positive, were recovered as
discussed in Section 3.4. Using those increments, we fitted three different Lévy
processes by method of moments. The three processes we tried were: gamma
process, reciprocal gamma process and inverse gaussian process. Figure 3.2 shows
the histogram (bars) of estimated increments and the fitted probability densities
(solid lines) for those three Lévy processes. As we shall see, the inverse Gaussian
process fits the increments best. The fitted marginal probability density for the

inverse Gaussian process 1s

3.8389t
— 59518t —1.5

exp{—7.3686t%27 — 1.20192} >0 ().
NG xp{ Hiz>0y()

fro ()

3.7 Estimation for Continuously Observed Process

It is interesting to note that from a continuously observed realization on [0, T

of a CAR(1) process driven by a non-decreasing Lévy process with drift m = 0, the
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gamma reciprocal gamma

inverse Gaussian

Figure 3.2: Fitted pdf vs. histogram of the estimated Lévy increments (DM/$ data).

value of a can be identified exactly with probability 1. This contrasts strongly with
the case of a Gaussian CAR(1) process. The result is a corollary of the following

theorem.

Theorem 3.7.1 If the CAR(1) process {Y (t),t > 0} defined by (3.1) is driven by
a non-decreasing Lévy process L with drift m and Lévy measure v, then for each

fized t,
Y(t+h) - Y()
h

+aY(t) - mas.ash |0

Proof: From (3.6) we find that
Y(t+h) = Y(t) =Y (0)(e M — ") 4 o(L(t + h) — L(t))

t t+h
- aa/ et (emh 1) L(u)du — aa/ e+ L (w) du.
0 t
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Dividing each side by A, letting A | 0, and using the fact (Statland (1965)) that

Um(L(t+ h) — L(t))/h=m

h10
we see that
Y —Y(t t
(t+ h})L Y{t) | m_ay(o)e_at+a20‘/ e WL (u)du—aoL(t) = m—aY(t). O
0

Corollary 3.7.1 If m = 0 in Theorem 3.7.1 (this is the case if the point zero
belongs to the closure of the support of L(1)), then for each fized t, with probability

1,
logY(t) — log Y (t + h)

a= 1}3101 h . (3.26)

For each fixed T' > 0, a 1s also expressible, with probability 1, as

4= sup log Y (s) — log Y(t)' (3.27)

0<s<t<T t—s

Proof: By setting L(t) = 0 for all ¢ in the defining equation (3.1) we obtain the

inequality, for all s and ¢ such that 0 < s <t < T,
logY(s) —logY(t) < a(t — s),

from which it follows that

0> sup log Y(s) — log Y(t)' (3.28)

0<s<t<T t—s

From Theorem 3.7.1 with m = 0 we find that

h
R L aashlo.

Y(t)-Y(¢
RY ()

From the inequalities (3.28) and 1 — ¢ < ~logz for 0 < z < 1, we obtain the

Inequalities,

+ h) < log Y (t) — I}E)gY(t + h) <a

~— | o
i
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and letting h | 0 gives (3.26). But this implies that

— Yt
0< sup log Y (s) —log Y( ))
0<s<t<T t—s

which, with (3.28), gives (3.27). O

Remark 3.7.1 If observations are available only at times {nh : n = 0,1,2,...,
[T/h]}, and if the driving Lévy process has zero drift, Corollary 3.7.1 suggests the

estimator,
—logV 1h
i sup log ¥'(nh) —log Y((n + 1)h)
0<n<[T/h] h

This estimator is precisely the same as the estimator (3.13). Its remarkable accuracy
has already been illustrated in Table 3.1. The analogous estimator, based on closely
but irregularly spaced observations at times t),¢5,...,t5 such that 0 < ¢} < ¢, <
e <ty < T, is

log Y (tn) —log ¥ (tny1)

ar = sup :
n tn+l - tn

By Corollary 3.7.1, both estimators converge almost surely to a as the maximum

spacing between successive observations converges to zero.



Chapter 4

NON-NEGATIVE LEVY-DRIVEN CARMA PROCESSES
4.1 Introduction

In this chapter, we extend the results from previous chapter (see also
Brockwell et al. (2007)) to make inference on the general stationary Lévy-driven
CARMA process defined in Section 1.3.1, whose sampled process was discussed in
Section 1.3.2. In Section 4.2, we describe how estimators of the parameters are
obtained by maximizing the Gaussian likelihood of the observations and discuss the
asymptotic properties of the estimators. In Section 4.3, we show how the increments
of the driving Lévy process are determined for a given specified set of parameters.
In Section 4.4, we apply the analysis to simulated CARMA(2,1) processes driven by
inverse Gaussian and gamma Lévy processes. For the simulations, we have chosen
the CARMA coefficients to be the maximum Gaussian likelihood estimates of the
coefficients based on Todorov’s realized volatility series. In Section 4.5, we apply the
technique to the realized volatility series itself in order to determine which driving

Lévy process 1s most compatible with the data.

4.2 Maximum Gaussian Likelihood Estimation via the Sampled Process

Observations are assumed to be available at the closely and uniformly spaced
times 0, h,2h, ..., Nh, where N denotes the integer part of T'/h. Our inference
will therefore be based on observations of the sampled process, {Y, := Y(nh),n =

0,1,2,...,[T/h]}.
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If YV is a Gaussian CARMA process, i.e. if L in Definition 1.3.1 is a Brownian
motion, then it is well-known (see e.g. Doob (1944), Phillips (1959), Brockwell
(1995)) that the sampled process {Y,}, for any fixed h > 0, is a discrete-time
ARMA(r,s) process with 0 < s < r < p, driven by independent and identically
distributed Gaussian white noise.

The probabilistic structure of the sampled Lévy-driven CARMA(p, ¢) process
with distinct autoregressive roots is most clearly illustrated by inspection of (1.12)
and (1.14) with ¢t = nh and s = (n — 1)h. These equations show that the sam-
pled process {Y,} is the sum of the sampled component processes {Y;,} where the

th

" sampled component process is a discrete-time autoregression of order 1 with

coefficient e*". Thus {Y; .} satisfies the AR(1) equation

}/;,11 = e/\rhY;",n—l + Zr,rm n= 07 ila Tt (41)
with iid noise,
nh
Zo = o / M=) g (). (4.2)
(n—1)h

If B denotes the backward shift operator, and we apply the operator [, 76T(l -

e*"B) to each side of (4.1), then sum over r = 1,...,p, we find that
P
H (1-eM"B)Y, = U,, (4.3)

where the sequence {U,} has the autocovariance structure of a moving average
process of order less than p. Hence (see Brockwell and Davis (1991), p.89), equation

(4.3) can be written as

p
H(l - e/\lhB)Yn =W, +0Wp a4+ + 8p~1Wn~p+1> (4-4)

i=1
where {W,} is a white noise sequence, but not necessarily iid (except when p = 1).
ARMA processes with non-iid driving noise are called weak, as opposed to strong,

ARMA processes.
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Remark 4.2.1 Ash — 0, it is easy to check that, to within an error which is 0, (h?),
W, can be replaced on the right-hand side of (4.4) by >-7_ «;(L(nh)— L((n—1)h)),
and the moving average polynomial, 1 46, B+ ---+ 6, B!, by 3% | o [],(1 -
e*"B)/ 5P a;. Since the increments L(nh) — L((n — 1)h) are independent, the
behavior of the sampled process resembles that of a strong ARMA process for small

h.

Remark 4.2.2 Our goal, in estimating the coefficients of the sampled process by
maximum Gauésian likelihood, is to obtain almost surely consistent estimators of
the coefficients of the sampled process and to use them to find corresponding max-
imum Gaussian likelihood estimates of {a;,...,a,;b1,...,b,}. From these, as will
be described in Section 4.3, we estimate the increments of the driving Lévy process.
Almost sure consistency of the maximum Gaussian likelihood estimators holds for
the (weak) ARMA process {Y;,}, but in order to establish the standard asymptotic
normal distribution of the estimators as ' — oo with A fixed, stronger conditions
on the driving discrete-time white noise are required, e.g. the driving noise should
be iid or a martingale difference sequence with constant conditional variance (see
Brockwell and Davis (1991), Theorem 10.8.2 and Hannan (1973), Theorem 3). How-
ever for small h, Remark 4.2.1 suggests that the standard asymptotic distribution of
the estimators under the iid assumption (Brockwell and Davis (1991), p. 386-387)
should be approximately valid. This is borne out by the simulations described in
Section 4.4 (see Remark 4.4.1 below). In the following example we derive, for the
sampled CARMA(2,1) process with assumed iid noise, the asymptotic distribution
of the maximum Gaussian likelihood estimators of {ay,az,b0} as T — oo with h
fixed , and show that the limit of this asymptotic distribution as h — 0 is the same
as the asymptotic distribution as T — oo of the maximum Gaussian likelihood es-
timators of a Gaussian CARMA(2,1) process observed continuously on the interval

[0, 7].
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Example 4.2.1 For the CARMA(2,1) process defined in Example 1.3.1, the sam-

pled process {Y;, := Y (nh), n=0,1,...} satisfies
Y, — oMY, — oY= Z, + 0N 2,1, {Z,} ~ WN(O,82(h)).

!
For fixed h, as T — oo, the maximum likelihood estimator of 8 = {qﬁh), qﬁgh),@(h)}
based on observations Y1,...,Y[r/y is strongly consistent and, if we were to make

the assumption that the sequence {Z,} is iid (see Remark 4.2.1 above), then (see

Brockwell and Davis (1991), p.258)

where
EUU, EV,U; 7
52 t%e t¢

MB) = puv BVV | (4.6)
and the random vectors U; and V; are defined as U, = [U;, - - - ,Ut+1_p]' and V; =
[Vi,=+, Vig1g, where {U;} and {V;} are stationary solutions of the autoregressive
equations,

d(BW, =2, and 6(B)V,= 2. (4.7)

In order to study the asymptotic behavior as T' — oo of the maximum likelihood

~ ~ ~ !
estimators |¢{", ¢, Q(h)] , when h is small, we consider the expansion

%, B -B -26C 02 D? —B —bCD/a,
M=Z| —B B C|h-— —B B+dah?  bC%lay
—ngC ngc boc2/a1 —bQC’D/al boc2/a1 bgCQ/a%
a a & -G —CH/2
+ EWT -G a1(€ +48a1a2b3) C(H + 12a1a2b0 + 12a2b3) /2
—CH/2 C(H + 12a1a2b0 + 12a2b(2))/2 ~C2I/(4a1bo)

+ O(h*) ash — 0, (4.8)

h2

h3



63

where

A= —ay+ayby — b,
B =aj — 2a,a2by + a3b3 + 2a,b3 + 2a,b3 + b,
C =ag + a1by + bg,
D = —ay + a1by + b,
£ =4a1a§ + 9a3by — 8ajagby + 4a3b? — 14ajasb? + 9aib) — 6asby + 6a,by + b,
G =4a2a? — 3a3 + 3a1a2by — 8aasby + 4alb? — 6a2b? + Talaybi 4 9a3b]
+ albg + 6a2by — 3ayb},
H =2a5 — 3ajazby — 8azb? + 5aib: + 9a, b} + 6bg,

T = — a2 — 4ajasby + a262 — 2a5b7 — 4a b3 — 1703,

Based on the mapping from (¢,¢2,6) to (a1,as,by), the components
{Cij, 1,7 =1,2,3} of the matrix

a1 da1 9y

Od1 g¢2 599

_ | Baz Gaz Bag
C= 0d1  Oda o0 (49)

Bp1 Op, 09

have the asymptotic expansions

Cll = Oa
1
012—021=E+a1+ 2h+
as+ b2 (az+ bo)al (ag + b2)(a? + 483) ,
Ciz3 =Cy = h h2 4 ...
e T I YT * 72bo T
1 a;  a?—4day
Cop = — e = 2 ot W R
27 R 9p iz T
as + b2 ay(3b3 + as) Th2a? + biag + azal — 3a3 + 447
e Can B2 4
O = Ca = —15- b, T 726, T

1 a2 3, 4 2 boooal .,
S gy %2 93y
Cs h+°+< " +24b2+24>h+(12+12b0) *
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From (4.8) and (4.9) we find that

5 a, B 4aab3  2a:b3C
CMC/ = :21—2—}; 40,%0,2[)3 alag(B + 4a1a2b0 — 4@1[)3) 2a1a2b0C (]. + 0(1)) s
2a1b(2)C 20,1 a2b0C bOC2

(4.10)
as h — 0, and hence, from (4.5) that the maximum likelihood estimator 8 of 6 =

[a1,az, bo) based on observations of Y at times 0, #,2h, ..., h[T/h), satisfies
VT - 8) = N(0,V), as T — oo, (4.11)
where V = hCMC(C'.

Remark 4.2.3 The leading term in the expansion of the covariance matrix V' coin-
cides with the asymptotic covariance matrix obtained by Tuan (1977) for the maxi-
mum Gaussian likelihood estimator of § := [a;, as, by]’ of the corresponding Gaussian
CARMA process observed continuously on the interval [0,7], namely J~!, where

= | s i)

2

o
(@) 4 for j,k =1,2,3.

a(iw)

4.3 Recovering the Background Driving Lévy Process

In order to suggest an appropriate parametric model for the driving Lévy
process, it is necessary to recover the realization of L from a given realization of
Y on [0,7] for given or estimated values of {a;, 1 < j < p;b;,0<j < ¢ 0} In
general this requires knowledge of the initial state vector X(0), but if this is avail-
able or if we are willing to assume a plausible value for X(0), then an argument
due to Tuan (1977) can be used to recover L. In this section, we shall assume that
the polynomial a and polynomial b have all their zeroes in the left half-plane. Since
the covariance structure of our Lévy-driven process is exactly the same (except for

slight notational changes) as that of Tuan’s Gaussian CARMA process and since
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his result holds for Gaussian CARMA processes with arbitrary mean, his L2-based
spectral argument can be applied directly to the Lévy-driven CARMA process to

give, for ¢t > 0,

L(t) — [Y(p~q—~1)(t) _ Y(p_q_l)(o)]m/’t l:i bq ; p ]) Za X p— J) }

o 5=
(4.12)
where X(© . X®=1 are the components of the state process X defined in (1.8).
The Lévy process increment on the interval (s, t] is therefore
AL = L(t) — Ty @) — Y l(s)]
»
/ [Z by ; X #79) Zan(p”j)(u)} du, t > s> 0.

8 j=l

(4.13)

These increments are easily expressed in terms of Y and X(0) by noting
that (1.3) characterizes X(© as a CARMA(q,0) process driven by the process
{c7! fo u)du}. Making use of this observation, introducing the ¢ x 1 state vector
X, (t) = [X(O (t),..., X 1(#))" and proceeding exactly as we did in solving the
CARMA equations in Section 1.3.1, we find that for ¢ > 1,

t
X, (t) = X, (0)ePt + o7 / ePe, Y (u)du, (4.14)
0
where 3 _ -
0 1 0 0 0
0 1 0 0
B=| i o ande,= | : |,
o 0 0 .- 1 0
| by —by —by o —byy | | 1]
while for ¢ = 0,
XOt)y = oY (1) (4.15)

The remaining derivatives of X© up to order p — 1 can be determined from (4.14)
and (4.15), completing the determination of the state vector X(¢). Then the driving

Lévy process is found from (4.12).
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In the CAR(1) case, L(#) takes the extremely simple form,

L{t) = o~ [Y(t) ~Y(0) - A /0 t Y(s)ds} | (4.16)

where A is the autoregressive root, A = —a;.

In the case when the autoregressive roots are distinct, we can take advantage
of the simple expression (4.16) and the canonical representation of Y as follows. We
use the transformation (1.17) to recover the canonical state process Y defined by
(1.13) and (1.16) from X, and then apply (4.16) to each of the component processes

Y, to obtain p (equivalent) representations of L(t), namely

L(t) = o' |Y,(t) — Y. (0) — ), /tYT(u)du] ,r=1,...,p. (4.17)

If Y is observed continuously on [0,7] we can use any one of these p very
simple equations to recover L from the realization of Y, the value of X(0) and the
parameters of the CARMA process. Of course for calculations it is simplest to

choose (if possible) a value r in (4.17) for which ), is real.

Example 4.3.1 (The CARMA(2,1) Process). For a specified parameter
set {a;,az,by,0} and assumed initial value X(©(0), the state vector X(t) =

[X©O(t), XW(£)) at time ¢ > 0 can be constructed from the relations,
t
XO@) = X©(0)e %t 4 a—l/ e—bO(t_“)Y(u)du,
0
and
XD () = =X O (1) + 07V ().

The canonical state vector Y(¢) is then given in Example 1.3.1 and the increments

of L obtained from either of the two equations (4.17).

We have assumed throughout this section that Y is observed continuously. If
Y is observed at closely-spaced discrete times, the integrals must be replaced by
approximating sums. This is done in the illustrative examples of the following

sections.
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4.4 Applications to Simulated Series

In this section, we illustrate the estimation procedure with simulated
CARMA(2,1) processes driven by inverse Gaussian and gamma processes. The coef-
ficients of the simulated models were chosen to coincide with the maximum Gaussian
likelihood estimates for the realized volatility series of Todorov (2006) which is dis-
cussed in more detail in Section 4.5. The corresponding defining differential equation

18
(D2+1.36233D+O.O4445)Y(t) = 0.28886 (0.20603+D)DL(t), t € [0,2000]. (4.18)

In Example 4.4.1 we consider this process driven by a standardized inverse Gaussian
process and in Example 4.4.2 we suppose that the driving process is a standardized
gamma process. In each case we choose the parameter, u := EL(1), of the driving
process to be 0.50015. (This particular value was chosen so that the mean of the
process Y is equal to the sample mean of Todorov’s realized volatility series.) Models
are fitted to replications of the simulated series and the fitted models are compared

with those generating the data.

Example 4.4.1 (The inverse-Gaussian-driven CARMA (2,1) Process). The
standardized inverse Gaussian process, with EL(t) = ut (and Var(L(t)) = t) is the

Lévy process with marginal probability densities

3/2t — ut 2
K o _p(z — pt)
V2mx3 2x

A CARMA(2,1) process driven by a standardized inverse Gaussian process is there-

fL(t)('r) =

} ]{x>0}(17). (4.19)

fore determined by 5 parameters, ai, as, bg, o and u.
In our simulation study, 100 realizations of the CARMA(2,1) process (4.18)
driven by the standardized inverse Gaussian process with parameter g = 0.50015

were generated at times 0, 0.01, 0.02, ..., 2000, using an Euler approximation. Each
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realization was then sampled at intervals h = 0.1 and h = 1 by selecting every 10t
and every 100" value respectively. For each realization we computed maximum
Gaussian likelihood estimators of the parameters a,,as, by and o. The parameter u
was estimated by equating the mean of the fitted model to the sample mean of the
simulated series. The sample means and standard deviations of these estimators are

shown in Table 4.1.

Table 4.1: Estimation results for inverse-Gaussian-driven CARMA(2,1) process.

Spacing | Parameter | Sample mean Sample std deviation
of estimators of estimators

h=1 a 1.38802 0.13093

ap 0.04676 0.01588

bo 0.21173 0.03362

o 0.28521 0.02194

1 0.54724 0.10276
h=0.1 a 1.38202 0.06132

as 0.04733 0.01232

bo 0.20982 0.02611

o 0.28709 0.01670

m 0.55254 0.10375

Remark 4.4.1 For the spacing h = 0.1, the sample covariance matrix of the esti-

mates of [a;, as, bo] is

37.6068 4.4291 11.9388
10604 x 44291 1.5176 2.3772
11.9388 2.3772 6.8173

Evaluating the asymptotic covariance matrix V/2000 (see equation (4.11)) using the
parameters of the simulated process defined by (4.18), we obtain the corresponding

covariance matrix,

30.9129 3.7302 11.3213
1009 x | 3.7302 1.4103 2.4425 |,
11.3213 2.4425 7.4132

showing that the asymptotic covariance V/T of the maximum likelihood estimators

for a continuously observed Gaussian process on [0,T] provides a good approximation
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in this case to the covariance of our estimators when 7' = 2000 and h = 0.1. (See

Remark 4.2.2.)

To illustrate the estimation of the Lévy increments L(n)—L(n—1), we simulated
the same process on the interval [0,5000], sampled it at integer times, estimated the
parameters by maximum Gaussian likelihood, and, with these parameter values, es-
timated the Lévy increments as described in Section 4.3, using the CAR(1) process
corresponding to the autoregressive root with smaller absolute value. A kernel den-
sity (dash-dot line) estimate of the probability density of the estimated increments
is shown in Figure 4.1, together with the inverse Gaussian density (solid line) of the
increments per unit time of the Lévy process used to generate the series. A small
fraction (.035) of the increments were estimated to be small and negative. These

were set to zero. The fit appears to be very good.

Figure 4.1: Probability density vs. kernel density for inverse Gaussian increments.
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Example 4.4.2 (The gamma-driven CARMA (2,1) Process). The standard-
ized gamma process, with EL(t) = ut (and Var(L(t)) = t) is the Lévy process with
marginal probability densities

2
uet—1
£ w2t

fro(z) = roen exp (—pz) Iz>0y(2)- (4.20)

The CARMA(2,1) process driven by a standardized gamma process is, like the
inverse-Gaussian-driven process, determined by the 5 parameters, ay,as, by, and
7

As in the previous example, we generated 100 realizations of the process at
times 0, 0.01, 0.02, ..., 2000, using an Euler approximation, and then sampled each
realization at intervals h = 0.1 and h = 1 by selecting every 10 and every 100"
value respectively.

For each resulting series we computed maximum Gaussian likelihood estimators
of the parameters a, ag, by and o and estimated p by equating the mean of the fitted
model to the sample mean of the simulated series. The sample means and standard

deviations of these estimators are shown in Table 4.2.

Table 4.2: Estimation results for gamma-driven CARMA(2,1) process.

Spacing | Parameter | Sample mean Sample std deviation
of estimators of estimators

h=1 a 1.38396 0.10057

as 0.04902 0.01603

bo 0.21157 0.02932

o 0.29057 0.02187

o 0.52306 0.11560
h=0.1 a 1.37186 0.06300

ag 0.04884 0.01390

bo 0.21001 0.02740

o 0.28924 0.01683

I 0.53017 0.10189

The Lévy process increments were estimated as described in Example 4.4.1,

and in Figure 4.2 a comparison is made between the true distribution (solid line)



71

of the increments of the driving process and a kernel density (dash-dot line) based
on the estimated Lévy increments. Again the small negative estimates were set to
zero before computing the kernel density estimate and again the fit between the

generating and empirical densities is good.

Figure 4.2: Probability density vs. kernel density for gamma increments.

4.5 Analysis of Todorov’s Realized Volatility Series

In this section, we will illustrate the estimation procedure with the German
Deutsche Mark/US Dollars (DM/$) exchange rate series data as described in Section
1.4.2.

The CARMA(2,1) model fitted by maximizing the Gaussian likelihood is

(D?+1.36233D+0.04445)Y (£) = 0.28886 (0.20603+ D)DL(t), t € [0,3045]. (4.21)

In Figure 4.3, we show the excellent fit of the autocorrelation function (solid line)

of Y to the empirical autocorrelations (vertical bars) up to a lag of 80 days. Our
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next objective is to estimate the Lévy increments in order to identify an appropriate

driving Lévy process to complete the specification of the model (4.21).

0.8 1

0.7 1

0.5n .

0.4H| I .

0.3 A

T

50 60 70 80
Lag (in days)

Autocorreiation

0.2H

0 | |
20

30

Figure 4.3: Emnpirical vs. fitted model ACF of the DM/$ realized volatility data.

The estimates of the Lévy increments L(n) — L(n — 1) were obtained by con-
structing a realization of the component CAR(1) process corresponding to the esti-
mated autoregressive root ;\1 = -0.03345 and proceeding as described in Example
4.3.1 to estimate the Lévy increments from it. After setting the estimated small
negative increments to zero, a kernel estimate (dash-dot lines) of the probability
density of the increments was computed and is shown in Figure 4.4 together with
probability densities (solid lines) of four potential densities of L(1) for standard-
ized Lévy processes having the same mean (0.6187) as that of the kernel density
estimate. The four potential standardized driving Lévy processes L we tested are
inverse Gaussian process with marginal probability density (4.19), gamma process

with marginal probability density (4.20), reciprocal gamma process with marginal
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probability density

(L3t + p,t)“zt”

—p*t—3 3,42 -1
NOET exp {—(i’t* + ut)a™'} Iiznop (2),

fL(t)(x) =

and positive hyperbolic process with marginal probability density

2

1 .
friola) = Jpexp { =557 570} o (o),

where § > 0 and v > 0 can be evaluated through
2 1
pt == - (vt +7*u? — 4p) [lnv +5In (Yt + %7 - 4u)} ,
6% = 2t + 2 - 4p.
Among the four Lévy processes, the best fitting appears be the standardized gamma

process with g = 0.6187. This suggests the model (4.18) for the data with L a

standardized gamma process with 1 = 0.6187.

3
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1
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(o] 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
reciprocal gamma positive hyperbolic

Figure 4.4: Fitted pdf vs. kernel density estimate of Lévy increments (DM/$ data).



Chapter 5

CONCLUSION

In this thesis we have developed inferential techniques for continuous-time
Lévy-driven autoregressive moving average (CARMA) processes using uniformly
and closely spaced discrete-time observations. In the non-Gaussian case we have
gone beyond previous approaches by investigating the nature and parameters of the
driving Lévy process itself. Many interesting and important questions remain. Some

of these are outlined below.

5.1 Future Work

If we relax the assumption of closely-spaced observations of the CARMA process
driven by a Lévy process L, it is possible to write down the moving average compo-
nent of the sampled (ARMA) process explicitly in terms of integrals with respect to
L. If the spacing h is small then it is, to order 0,(h?), a moving average driven by iid
noise. It would be interesting to use the exact representation of this moving average
in terms of L to obtain estimation procedures which are good for any value of h
and to establish the asymptotic distribution of the maximum Gaussian likelihood
estimators as T — oo for arbitrary fixed h.

Although, at least in principle, the techniques of Chapter 4 apply to Lévy-driven
CARMA(p, q) processes for general p > ¢, our numerical examples have focussed
on the CARMA(2,1) case, partly because this model, with one small and one larger

autoregressive root, has been found to be eflective in modeling certain financial time
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series. Further numerical studies, applying the techniques to higher-order processes,
are needed.

Best linear prediction of a Lévy-driven CARMA process based on discrete obser-
vations is of course the same as for a Gaussian process since the predictors and their
mean squared errors depend only on the autocovariance structure of the process. It
would be interesting however to determine minimum mean squared error predictors
and their mean squared errors, taking into account the non-Gaussian nature of the
driving process.

In Chapter 3, the asymptotic distribution of the Davis-McCormick estimator
of the Ornstein-Uhlenbeck coefficient was derived under the assumption of slow
variation of the density of the increments of the sampled process near zero, an
assumption satisfied by the gamma-driven process. Although the estimator was also
found in simulation studies to perform extremely well for processes not satisfying this
assumption, a theoretical investigation of the large-sample behavior of the estimator
in such cases would be of great interest. Generalization of the Davis-McCormick
estimator to higher order CAR or CARMA would also be of interest.

In the Barndorfl-Nielsen and Shephard model for log asset price, (1.27) and
(1.28), the volatility is not an observed quantity. For this reason a great deal of
effort has gone into the estimation of volatility. Estimated volatility sequences are
referred to as realized volatility. Our estimation of the driving Lévy process L thus
depends on the reliability of the realized volatility. It is natural therefore to ask if
the driving Lévy process can be estimated more directly in terms of the observed

log asset prices without the intermediate construction of the realized volatility.

5.2 Summary

This thesis deals with estimation of the parameters of Lévy-driven CARMA
processes using available discrete-time observations. Three particular families of

Lévy-driven CARMA processes were discussed:
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Gaussian Autoregression. From the Radon-Nikodym derivative with respect to
Wiener measure of the distribution of the (p — 1)*" derivative of a continuous-
time linear or non-linear autoregression, observed on the interval [0,7], we
have shown how to compute maximum likelihood parameter estimators, con-
ditional on the initial state vector. For closely-spaced discrete observations,

the integrals appearing in the estimators are replaced by approximating sums.

The examples illustrate the accuracy of the approximations in special cases.
If the observations are not uniformly spaced but the maximum spacing is
small, appropriately modified approximating sums can be used in order to

approximate the exact solution for the continuously observed process.

Non-negative Lévy-driven Ornstein-Uhlenbeck (or CAR(1)). We  devel-
oped a highly efficient method, based on observations at times 0, h, 2h,
..., Nh, for estimating the parameters of a stationary Ornstein-Uhlenbeck
process {Y'(t)} driven by a non-decreasing Lévy process {L(t)}. If h is small,
we used a discrete approximation to the exact integral representation of L(t)
in terms of {Y(s),s < t} to estimate the increments of the driving Lévy
process, and hence to estimate the parameters of the Lévy process. Under
specified conditions on the driving Lévy process we obtained the asymptotic
distribution of the estimator of the CAR(1) coefficient as N — oo with A

fixed.

The accuracy of the procedure was illustrated with a simulated example of a
gamma-driven process. We also showed for a pure-jump Lévy-driven CAR(1)
process, that the coefficient a is determined almost surely by a continuously
observed realization of Y on any interval [0,T]. This distinguishes Y sharply

from the corresponding Gaussian process.
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Non-negative Lévy-driven CARMA (p,q). We developed a general procedure
to estimate the parameters of a stationary CARMA process {Y(t)} driven
by a non-decreasing Lévy process {L(t)}, and to estimate the increments of
the background driving Lévy process, based on closely-spaced observations
at times 0, h,2h,..., Nh. The results extend those obtained for the Lévy-
driven stationary Ornstein-Uhlenbeck process. The idea is to use maximum
Gaussian likelihood to obtain strongly consistent estimators of the CARMA
coeflicients and then, with these coefficients, to construct a realization of the
canonical CAR(1) components of the CARMA process from the observed data.
From these we construct the corresponding realization of the driving Lévy

increments.

For the CARMA(2,1) model fitted by maximum Gaussian likelihood to a real-
ized volatility series for the German Deutsche Mark/US Dollar daily exchange
rate, simulation studies support the validity of the discrete approximations
made to results which are exact for continuously observed processes. When
the technique is applied to the data itself, we are able to compare the perfor-
mance of a variety of possible standardized Lévy models for the driving noise.
It appears from our results that, of the four models considered (gamma, inverse
Gaussian, reciprocal gamma, and positive hyperbolic), the gamma process is

the most compatible with the Lévy increments estimated from the data.
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