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I. INTRODUCTION

Soil erosion by rainfall is one of the major sources of sediments
transported into streams. The physical processes governing rainfall
erosion are very complex and no generally accepted sediment transport
equation has been developed so far. On upland areas, the flow usually
begins in a very thin film of water called laminar sheet flow. Further
downstream, flow concentrates and initiates the formation of rills.
When the Reynolds number exceeds the critical value (Re = 2000), the
flow becomes turbulent.

Various approaches have been used in the past decades to analyze
sediment transport by overland flow. These can be generally classified
into three main categories based on: (1) application of mechanics
principles to describe equilibrium conditions; (2) regression analysis
of experimental and field data; and (3) applications of probabilistic
and stochastic principles. Studies in the third category are limited
while the first two categories have been used extensively. In the first
category, the fundamentals of fluid mechanics based on force equilibrium
have been applied more extensively than the concepts of energy and
power.

In streams, however, the first investigations to determine the rate
of sediment transport as bed-load date from the end of the nineteenth
century. Since then, several formulas were derived from both theoreti-
cal analysis and experimental investigations. These equations are
essentially valid for turbulent flow with various bed form profiles.
Some are limited to bed load in flumes and streams, while others are

also applicable to total load.



Some of these equations valid for turbulent streams have been used
to predict soil erosion from overland flow. For example, Komura (1976)
used the Kalinske-Brown relationship and obtained fair agreement with
observed data though his data set was relatively limited. The Meyer-
Peter and Miller equation has also been used by Li (1979) in computer
models for routing sediments on small watersheds. Several sediment
transport equations have been examined by Alonso, Neibling and Foster
(1980, 1981) to determine how well they fit observed erosion data col-
lected on concave slopes. They recommended the Yalin equation to com-
pute the sediment transport capacities for overland flow.

There is no doubt that the fundamental relationships for sediment
transport in turbulent stream flows can provide guidance to the analysis
of the sediment transport capacity by overland flow. However, since
sheet flows are generally classified as laminar, a theoretical analysis
is required to determine which sediment transport formulas derived for
turbulent streamflows are applicable to laminar sheet flows.

The objective of this investigation on various sediment transport
equations applicable to overland flow conditions are: 1) to analyze and
transform several empirical equations into a rational relationship based
on dimensional analysis; 2) to examine the applicability of bed-load
equations under various hydraulic conditions including laminar sheet
flows; and 3) to apply the concepts of energy dissipation and stream
power to derive sediment transport equations for sheet flows.

In the first part of this report, the hydraulic characteristics
relevant to sediment transport will be reinstated to clearly point out
the differences between turbulent and laminar flows. Several sediment

transport formulas valid for turbulent streamflows are then transformed



for the laminar sheet flow conditions. Finally, the sediment transport
equations for the transport capacity of laminar sheet flows are derived
from energy dissipation and stream power concepts. These relationships
are compared with regression equations obtained from experimental

studies of soil erosion and overland flow.

IT. OVERLAND FLOW CHARACTERISTICS

This chapter points at the detailed description of the overland
flow characteristics. The principal variables and the fundamental
equations describing the flow processes are investigated for three types
of flow conditions: laminar sheet flows, turbulent smooth and turbulent

rough flows respectively.

2.1 Variables

Overland flow refers to the thin sheet layer of surface runoff
toward the stream channel system. Sheet runoff over a smooth surface is
usually classified as an unsteady, nonuniform flow affected by raindrop
impact.

Overland flows are open channel flows in which rills are small-
scale channels and sheet flow occur in a very wide and shallow cross
section. One of the major differences between stream flow and overland
flow result from the relative magnitude of inertia and viscous forces.
Stream flows are largely turbulent because inertia forces overcome
friction forces due to the fluid viscosity. In sheet flows, raindrop
impact and surface roughness disturb the flow pattern but due to the
reduced flow depth the Reynolds numbers remain small. The velocity
fluctuations are damped by the viscous forces and the flows behave as
laminar. The classification of overland flows depends upon the Reynolds

number and the relative roughness. Overland flow can be either laminar



or turbulent and the surface can be either rough or smooth. The
hydraulic characteristics of flow in a wide channel are shown in
Figure 1. The main geometric variables are the plot length L and the
slope S. The hydraulic variables are the rainfall intensity i, the flow
depth h, the mean velocity ﬁ, the unit water discharge g, and the
thickness of the laminar sublayer 6'. The parameter generally associ-
ated with the sediment discharge q is the bed shear stress T, While
the other properties are the gravitational acceleration g, the kine-

matic viscosity VvV and the specific mass of water p and of sediments

Pg-

2.2 Fundamental Equations

The two nonlinear partial differential equations derived by de
Saint-Venant are basically used to solve the problem of gradually varied

unsteady flows. The continuity equation is

3h . - 9h du _
3¢ Y 5% +h % Y (1)

and the momentum equation including a lateral inflow component 4, is:

du . - du _ oh _ %o -
ctug, =88 -8)-g5 -5 (@-v) (2)
in which:
q, = inflow rate
Sf = friction slope
v = the velocity component along x of the lateral inflow.

Considering the principal terms of the momentum equation, the
kinematic wave approximation has been most widely recommended (Wooding,
1965; Woolhiser, 1975). This approximation states that the friction

slope is equal to the soil surface slope, or

S =8 (3)



Figure 1. Overland flow variables.



For the case of steady uniform flow conditions over an impervious

surface, the continuity equation can be written:
q = uh = il (4)

The Reynolds number is defined as follows:

Re = 7? (5)

The energy loss equation given by Darcy-Weisbach is written as a

function of the Darcy-Weisbach friction factor f:

(6)

v
i
fkh
m‘zl
=g )

The wvalue of the friction factor f is a function of the Reynolds
number and the relative roughness.

Three other important variables regarding resistance to flow and
soil erosion are the bed shear stress Ty the shear velocity U, and
the thickness of the laminar sublayer &' in turbulent flows. These

variables are defined as:

T, = pghS N
IO
Uv = - 8
. 5 (8)
. 11.6 Vv

This last variable has a physical significance since the ratio of
6'/ds delineates the type of turbulent flow as whether the boundary is
smooth or rough (see Figure 2). With varying Reynolds number and rela-
tive roughness, the friction coefficient f will follow different laws.

Four types of flow ranging from laminar flow to turbulent flow will be



Figure 2a. Turbulent flow characteristics: smooth boundary.

Figure 2b. Turbulent flow characteristics: rough boundary.



examined: 1) laminar sheet flow; 2) turbulent flow over a smooth
surface as given by the Blasius equation; 3) turbulent flow over a rough
surface given by the Manning equation; and 4) turbulent flow over a
rough surface with very small relative roughness as given by the Chézy
equation. This last flow type is not very likely to occur in overland
flow. It has been considered as a limiting case for which the Darcy-
Weisbach friction factor (or Chézy C) remains constant. For each of
these flow conditions, the principal variables related to soil erosion
(5, h and Io) are defined as a function of slope and water discharge for

steady flow conditions.

2.3 Laminar Flow

Laminar flows with raindrop impact can be described by the Darcy-
Weisbach equation (Eq. 6) in which the friction factor £ is related to:
(1) the Reynolds number Re, (2) the surface friction coefficient ko
without raindrop impact, and (3) two empirical coefficients A and b
for raindrop impact. The following relationship is generally used:
k o+ ai°

£ Re ™ Re e

As shown in Table I, the values of ko have been tabulated by
Woolhiser for various surface types and the value ko = 24 1is represen-
tative of the smooth surface condition. Several sets of coefficients A
and b have been obtained from experimental investigations and these
values are indicated in Table II. The experimental data reported by
Shen and Li are shown in Figure 3. These indicate that for a bare
smooth surface, the flow is laminar for Re < 900 and the Blasius law
is wvalid for turbulent flows over a smooth surface when Re > 2000.
Chen's data in Figure 4 shows that laminar flows are observed for

Reynolds numbers as large as 105 for vegetated surfaces.



Table I. Resistance parameters for overland flow (after Woolhiser,

1975).
Turbulent Flow
Laminar Flow Chézy C
: 1
Surface ko Manning n (fté/sec)
Concrete or Asphalt 24 - 108 .01 - .013 73 - 38
Bare Sand 30 - 120 .01 - .016 65 - 33
Graveled Surface 90 - 400 012 - .03 38 - 18
Bare Clay-Loam Soil 100 - 500 .012 - .033 36 - 16
(eroded)
Sparse Vegetation 1000 -~ 4000 .053 - .13 11 - 5
Short Grass Prairie 3000 - 10,000 .10 - .20 6.5 - 3.6
Bluegrass Sod 7000 - 40,000 .17 - .48 4.2 - 1.8
Table II. Resistance coefficients A and b for rainfall.
Reference w b
Izzard (1944) 5.67 1.33
Li (1972) 27.2 0.4
Fawkes (1972) 10.0 1.0

*For 1 in inches per hour.

lindbe =254 mm/hr
Experimentat Data After Yoon (8)

Rainfall intensity
{in/hr) 50200+ S0*0005

aDoao
*roee

-
=28 . ’
R . W
0223

fg s
(Blasqus Equalion)

DARCY-WEISBACH FRICTION COEFFICIENT, ¢
DARCY -WEISBACH FRICTION COEFFICIENT, ¢

tn/he » 254 mm/he
Raoinfolt fntensity  S0:0108 S0=00064
(in./hr
1=00

~
MOwo T

3 10 1w0* 102
REYNOLDS NUMBER, R

Figure 3. Influence of rainfall intensity on the friction coefficient

(after Shen and Li, 1973).

REYNOLDS NUMBER, R
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Figure 4. Influence of vegetation on the friction coefficient

(after Chen, 1976).

For very low Reynolds numbers, the flow is laminar and the Darcy-

Weisbach equation for that type of flow is given from Eqs. 6 and 10

Kv\ u?_
f oh 8gh

where K 1is the friction parameter for sheet flows.

Along a vertical ©profile, the shear

stress

distributions are described by the following equations

and

(11)

velocity
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Ty
_ O
T =4 (12)
and
2
u= 2285 (2 - y?) (13)

in which, T is the shear stress and u 1is the velocity at the distance
y from the free surface. The main flow velocity determined from the

integration of Eq. 13 gives:
- _(8g 2
u (Kv> S h (14)

The general equation for energy dissipation in three dimensions
with no limitations on the boundary conditions has been reported by Lamb
(1932). 1In the simplified case under consideration, the rate of energy

dissipation ¢ reduces to:
2
g ()T - o du
e ly) s & (1

The profiles of shear stress (Eq. 12), velocity (Eq. 13), and rate
of energy dissipation (Eq. 15) in laminar sheet flows are plotted in
Figure 5.

The variables ﬁ, h and T for laminar sheet flows derived from
Eqs. 4, 7 and 11 are summarized in Table III for comparison with similar

relationships valid under turbulent conditions.

2.4 Turbulent Smooth Flow

Turbulent flows (Re > 2000) for bare soil surfaces behave as
hydraulically smooth when the thickness of the laminar sublayer given by
8' = 11.6 v/U, is much in excess of the size of soil particles dS
(6' > 3 ds). In this case, Keulegan (1938) derived an equation similar

to the von Karman-Prandtl logarithmic equation. When the Reynolds
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yv

TTT T > T ITTITITTI7
)

Figure 5. Shear stress, velocity, and energy dissipation profiles
in laminar sheet flow.
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Table III. Summary of flow characteristics (velocity, depth, and shear

stress).

VELOCITY i=cs®d

Type of flow Boundary c a d

Laminar (%5)1/3 1/3 2/3
v

Turbulent smooth (5§§T3)1/3 v—l/lz 1/3 5/12

Turbulent rough (1)0'6 0.3 0.4

(Manning) n

Turbulent rough <%§>1/3 1/3 1/3

(Chézy)

DEPTH h=cs?q

Type of flow Boundary c a d

Laminar (§3>1/3 -1/3 1/3
g

Turbulent smooth (94§§§)1/3 vl/lz -1/3 7/12

Turbulent rough nO'6 -0.3 0.6

(Manning)

Turbulent rough (§—>1/3 -1/3 2/3

(Chezy) &

SHEAR STRESS T, =c s? ¢

Type of flow Boundary c a d

Laminar ng (§§)1/3 2/3 1/3

Turbulent smooth pg<9§§l§>1/3 vl/lz 2/3 7/12

Turbulent rough pg n0'6 0.7 0.6

(Manning)

Turbulent rough Pg (§§)1/3 2/3 2/3

(Chézy)
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number is not too large, this equation can be approximated by the

Blasius equation:
% 52
S, = 0.316 (fL) = (16)
f oh 8gh
For turbulent smooth flows, the variables u, h and 128 given in

Table III are derived from Eqs. 4, 7 and 16. The exponents of S for

these variables are identical to those obtained for laminar sheet flows.

2.5 Turbulent Rough Flow

In turbulent rough channels (Re > 2000 for bare soil surface,
56" < ds) without bed forms, an increase of the Reynolds number (or
water discharge) raises the water level, and decreases the relative
roughness and the friction factor. The logarithmic equation given by

Keulegan (1938) is:

C = %g = o log <, %~ (17)
s

This equation is a theoretically sound resistance relationship for

turbulent rough flows. Approximate power relationships such as the

Manning equation, however, remain more useful to hydraulic engineers.

Since both equations are in good agreement for open channel flows, the

Manning equation (SI units) is used in this report:
a=1p?35s (18)
n f
in which n 1is the Manning roughness coefficient. Strickler proposed

the following formula to relate Manning n value to the median size, in

feet, of the boundary roughness:

n = 0.0342 dsl/6 (19)



15

The combination of Eqs. 4, 7, and 18 gives the relationships for u, h,
and T, shown in Table III for turbulent rough conditions. One notices
that the relationship T, « ﬁz does not hold true for the Manning
relationship and the values of the exponents are slightly different than
those derived from the Chézy relationship. The Manning n coefficient
should be constant for uniform sediment roughness without bed forms.

When the relative roughness is small, the Darcy-Weisbach equation
with constant friction factor is equivalent to the Chézy equation
(f = 8g/C?) and after combining Eqs. 4, 6, and 7, the variables u, h,
and T, are written as a function of S and . The resulting expres-
sions are listed in Table III. It is shown that T, 52 while for the
velocity u the exponents of q and S are identical and equal to

1/3.

2.6 Discussion

This analysis of the hydraulic characteristics is very instructive
and the results summarized in Table III indicate clearly that when the
velocity, the flow depth, and the bed shear stress are written in terms
of discharge and slope, the exponent of the slope remains nearly the
same for each variable under different flow conditions ranging from
laminar to turbulent. The exponents of the slope for velocity, flow
depth, and bed shear stress are respectively 1/3, -1/3, and 2/3. On the
other hand, the exponent of the water discharge varies gradually under
different conditions and for extreme conditions the exponent values
differ by a factor 2. Moreover, the variation of the exponents of
discharge for velocity and shear stress are in opposite directions for
varying flow conditions. Indeed, for flow conditions changing from

laminar to turbulent flows, the exponent of velocity varies from 2/3 to
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1/3 while the exponent of shear stress varies from 1/3 to 2/3. This
effect is extremely important if we consider the rate of sediment
transport.

From this analysis it can be concluded that the transformation of
bed-load equations from turbulent flow to laminar sheet flow will lead
to completely different results whether the relationships are based on

velocity or on bed shear stress.

IIT. SEDIMENT TRANSPORT EQUATIONS

This chapter deals with the sediment transport equations for
rainfall erosion. Several approaches are investigated to obtain a
theoretically sound relationship supported by experimental data. The
method of dimensional analysis is first applied to the principal vari-
ables related to soil erosion. Then, several empirical relationships
are transformed into the general equation obtained by dimensional analy-
sis. Ino the following section several sediment transport formulas are
applied to turbulent smooth and laminar sheet flow conditions. Energy
dissipation and stream power concepts are applied to sheet flows to
derive theoretical sediment transport equations. The last section of
this chapter summarizes the results obtained in this chapter. The range
of the exponents of a sound relationship is defined and the results of

various approaches are discussed.

3.1 Variables and Dimensional Analysis

Sheet erosion is the result of soil particles detachment and trans-
port from raindrop impact and overland flow. Most of the eroded soil
particles are transported downstream by runoff and the unit sediment

discharge is a function of several wvariables. A relationship for
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sediment transport by overland flow will be obtained from the analysis

of the following variables:

q, = £(L, S, i, u, h, q, T, T, d_, P, P, V, &) (20)

in which tc is the critical shear stress and dS is the size of soil
particles, and the other variables were defined previously. Among these
variables, the first two (L, S) describe the geometry and the next five
(i, ﬁ, h, q, to) are flow characteristics including rainfall intensity.

The last six (tc, d_, Pgr Py Y, g) are associated with soil and water

s
properties and the gravitational acceleration. The shear stress is
difficult to measure in the field and is usually computed from other
variables. In a river, the variables S, ﬁ, h and g are used to
describe stream flows because the velocity and depth are generally more
easily measured than the rainfall intensity and the length L. For this
reason, Laursen (1956) suggested to reduce some sediment transport
equations to a function of the variables u and h. On the other hand,
in soil erosion problems, the variables i and L have a great physi-
cal significance. The slope and unit water discharge can be more easily
measured than the velocity and depth. Therefore, the variables S and
q are more relevant than u and h to define a sediment transport
relationship for overland flow. Elimination of the variables u and h
is possible from the Darcy-Weisbach equation (Eq. 6) and the continuity
equation q = uh.

The critical shear stress value tC corresponds to the beginning
of motion of the sediment particles. Its evaluation remains a complex
problem requiring further investigation, but the basic relationship

gives the critical shear stress as a function of the particle size and

the specific masses of water and sediment. The sediment size ds can
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be eliminated from a relationship between T, and dS similar to
critical Shields number for laminar flow. In other words, the sediment
size can be replaced by the critical shear stress in a sediment trans-
port equation. In practice, the specific masses of water and sediment
are nearly constant for particle sizes ranging from clays to gravels.
In the case of aggregates, equivalent conditions of shear stress can be
defined while keeping the same specific mass of sediment in the analy-
sis. Therefore, to avoid redundancy of the wvariables, the constant
value of Py and the relationship between T, and dS enable us to
delete the wvariables P and dS from Eq. (20), while keeping the
variable T,

Assuming Y constant, Eq. 20 thus reduces to

o~

f(qS; q, i, L, p, v, ‘t_C’ Sy =0 (21)
(o]

The following dimensionless groups are obtained from dimensional
analysis after L, p, and v are selected as repeated variables

q . T
f<_s q }.E,%_C_’S>:() (22)
[o]

pv > v’ v

The expected general solution gives the sediment transport term as
a function of the product of the other variables in the form

%) _ o ob (a) (i)’ AN
(p‘v)”‘s (%> (‘\T> toy) st T @9

[¢)

In this equation, &, B, Yy, 6, and & are experimental coeffi-
cients and the sediment equations based on tractive force and stream

power concepts are best represented by the term 1 - (tc/to)-
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Under dimensional form, this equation is transformed to

T €
qs=aSqui6 (-f—) (24)

o
in which,
&pLa

o = W (25)

Equation 24 was obtained by Julien (1982) to describe the general
relationship between sediment discharge and the principal flow vari-
ables. The first three factors (S, q, i) represent the potential
erosion or transport capacity by overland flow, which is reduced by the
last factor essentially representative of the soil resistance to
erosion. It is also seen that when T, remains small compared to T,

the equation for sediment transport capacity is
q, = asPq¥ i (26)

For stream flows, the sediment transport equation is not a function

of the rainfall intensity, and therefore, 6 = 0 in this case.

3.2 Empirical Equations

Quantitative evaluation of the coefficients «, B, Yy, 6 and ¢
can be obtained from several types of equations based on different vari-
ables. The equations analyzed are those proposed by Musgrave (1947);
Li, Shen and Simons (1973); and several regression equations obtained by
Kilinc (1972) and others, including tractive force, stream power, veloc-
ity, and discharge equations. When these equations are a function of
variables different than those of Eq. 24, the relationships in Table III
for laminar flow are used for the variables wu, h, and Ty and the

Reynolds number is replaced by Re = uh/v. The results are shown in

Table IV, and it is found that none of the actual equations is complete
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Table IV. Transformation of several erosion equations.

a

Eq. Reference Equation o B Y 8

No.

27 Musgrave (1947) q = o' s™L® ip o m n p-n
28 Zingg (1940) q p1-66 g1.37 - 1.37 1.66 -1.66
29 Wischmeier and a4 o Ll‘s (.00076S2 + - =1.7 1.5 -1.5

Smith (1965) .0053S + .0076)

30 Meyer and Monke q, ¢ Ll'9 803'5 - 3.5 1.9 -1.9
(1965)
31 Young and q o 12:24 J0.74 . 0.74 2.24 ~2.24
Mutchler (1969) s
: y (L _2 B Yﬁ K Ve /3
32 Li et al. (1973) q =« fo T, dx 3o =< &5 1.33 1.67 -1
33 Komura (1983) qs(xq"/S $1/2 15 - 1.5 1.38 0.5
s . 2.05 _ 2.78 2.05 _ 0.78 {Ky ?\0.93
34 Kilinc {1972) q = e (tO tc) e Y ( 8e ) 1.86 0.93 0
Ve 8
35 Kilinc (1972) R (ORI T R U T 1.67 1.67 0
36 Kilinc (1972) q =Y 33-625 e 317 (a2l 1.21 2.42 0
e
37 Kilinc (1972) q = el 2§67 g 0878 o124 e0'878(§%-)1'56 1.56 2.24 0
38 Kilinc (1972) q = e11:6 po2-05 g1.46 eo11-6 ve—z.os 1.46 2.05 0
39 Kiline (1972) q = ell:7 42:035 g1.66 o117 1.66 2.03 0

s

#Sediment discharge in pounds per ft-sec.
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since some coefficients are still zero. Consequently, for each
particular equation, the number of variables is reduced owing to these
zero values. From this analysis the main parameters are the slope S
and the discharge ¢. The numerical values of the coefficient p vary
from 1.2 to 1.9, and Yy varies from 1.4 to 2.4. These range of values
will be referred to as the range of the empirical coefficients B and
Y for erosion equation by overland flow.

The well-known Universal Soil Loss Equation cannot be transformed
directly into the general equation since the slope factor is written in
a quadratic form. The equivalent exponent, however, is expected to vary
between 1 and 2. Julien (1982) suggested an equivalent exponent value
near 1.7. The Kilinc and Richardson equations cannot define the param-
eters 0 and €& since the overland flow rate is almost the same as the
rainfall rate and also the bed tractive force is generally much in
excess of the critical shear stress value. This analysis also shows
that the number of independent parameters after transformation is the
same as before transformation. For example, equations based on slope
and length (Egs. 28, 30 and 31) have two independent parameters, both
before and after transformation, which imposes the condition & = -y.
Considering equations having one independent parameter, for Egq. 34,
€ =3y and B = 2y; for Eq. 35, B=1vy =¢; and for Eq. 36, B = Y.

Further fundamental research is therefore needed to obtain a more
complete description of the soil erosion rate. The coefficients of the
general equation obtained by dimensional analysis are kept variable for
the purpose of this study. Accordingly, the prediction from each
equation will be possible, provided the proper set of coefficients

is selected from Table IV. Fair estimates can be obtained from a
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regression equation such as given by Kilinc (1972). Excellent results
were obtained by Julien (1982) with the use of the discharge and slope
formula (Eq. 39).

Soil erosion by overland flow does not remain absolutely uniform as
assumed theoretically. The formation of rills locally increases the
unit water discharge q such that on the whole area, the resulting
erosion rate may be larger than for uniform flow conditions. The rill
erosion data collected by Kilinc were analyzed by the writers and once
the volume of rill erosion was subtracted from the total erosion, the
following regression equation was obtained

q  « 51'31 q1'93 ; (R2 = 0.96) (40)

This equation will be used for comparison with sediment transport

equations for laminar sheet flow.

3.3 Sediment Transport Equations for Streams

In this section, we propose to transform several of the well-known
sediment transport equations originally derived for turbulent stream
flows in order to determine whether they are applicable or not to
laminar and turbulent conditions in overland flows. So many sediment
transport equations in turbulent streams have been suggested by various
investigators that it is almost impossible to consider all of them.

This analysis includes the transformation of the equation suggested
by Du Boys (1879), O'Brien-Rindlaub (1934), or WES (1935), Shields
(1936), Schoklitsch (1934), Kalinske-Brown (1949), Meyer-Peter and
Miller (1948), Bagnold (1956), Engelund-Hansen (1967), Inglis-Lacey
(1968), Yalin (1977), Chang et al. (1967), Barekyan (1962), and Pedroli

(1963). The Einstein bedload equation has not been treated separately
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since it agrees very well with the Yalin and the Meyer-Peter and Muller
equations.

A constant sediment grain size is assumed and the analysis is
focused on the sediment transport capacity. Other constants such as the
fluid properties or the gravitational acceleration are also deleted from
the investigation. Particular attention is pointed at the values of 8
and y which are the exponents of the slope and water discharge in
Eq. 24. For each of the types of flow described in Chapter 2, the
results have been summarized in four corresponding tables: (a) laminar
sheet flow (Table V); (b) turbulent flow over smooth surface as given by
Blasius equation (Table VI); (c¢) turbulent rough flow described by
Manning equation (Table VII); and (d) constant Darcy-Weisbach or Chézy
coefficient (Table VIII).

The last column of these four tables represents an index of fitness
of these basic equations with the observed value of exponents. This
index is equal to the number of parameters (B, Y) enclosed within the
ranges of empirical coefficients as determined in the previous section
(1.2 < B < 1.9 and 1.4 < y < 2.4). The higher the index is, the best
this equation should compare with observed data. Conversely, when the
index is equal to zero, the given equation is expected to be a poor
predictor for overland flow.

The sediment transport equations transformed give reasonable values
of the parameter f. The value of y, however, are generally is usually
too small to fall within the range of empirical coefficients. The
parameter € is highly variable for these equations and further inves-
tigation of incipient conditions are required to better define the

critical shear stress and the parameter ¢.
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Table V. Transformed equations for laminar sheet flow.

T £
B Y - £
q o S" q (} = )

Q

Eq. Investigator Equation B Y €
No.

41 Du Boys qq o to(to - tc) 1.33 0.66 1

m=1.5
42 WES qq o (to zc} 1 0.5 1.
43  Shields q, @ s (t, - t) 1.67 1.33 1
44  Schoklitsch a, @ 877(q - q) 1.5 1 -
45 Kalinske-Brown q @ t02.5 1.67 0.83 0
46 Meyer-Peter et al. q_ a (T - IC)I'S 1 0.5 1.
0.5
47  Bagnold q ot Tt -ty 1 0.5 1
48 Engelund-Hansen q @ r01.5 52 1.67 1.83 0
49 Inglis-Lacey q o @ nt 2 3 0
. N 0.5 2
50 Yalin (to = IC) qq @ T (IO IC) 1.67 0.83 2
. 0.5

51 Yalin (to >> tc) qq @ T (to IC) 1 0.5 1
52 Chang et al. q, @ T, u 1 1 0
53 Barekyan qq o Squ 1.33 1.67 O
54 Pedroli qq @ t01'6 ho'2 1 0.6 0

*The index represents the number of exponents within the ranges:
1.2 < B <1.9; and 1.4 < y < 2.4,
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Table VI. Transformed equations for turbulent flow over a smooth
boundary.
€
a o SB qY (} - —E-)
o]
Eq. Investigator Equation B Y £ Index%
No.
41 Du Boys o to(to - IC) 1.33 1.17 1 1
42 WES a (r, - rc)mzl‘s 1 0.88 1.5 0
43  Shields ast (r, -1 1.67 1.58 1 2
44 Schoklitsch a §3/%(q - a.) 1.5 1 - 1
45 Kalinske-Brown o 102'5 1.67 1.46 - 2
46 Meyer-Peter et al. o (to - Ic)l's 1 0.88 1. 0
47 Bagnold o T 0.5 (t. - 1) 1 0.88 1 0
0 o ¢

48  Engelund-Hansen a tol's 22 1.67 1.71 0 2
49 Inglis-Lacey o ﬁs h-1 2 2.5 0 0
50  Yalin (T = 1) a1 %3 (x -1)? 167 1.46 2 2

o c 0 0 c
51 Yalin (t_ >> 1) ot 0.5 (t. - 1t) 1 0.88 1 0

o c o 0 c
52  Chang et al. a T, u 1 1 0 0
53 Barekyan o Squ 1.33 1.42 0 2
54  Pedroli a0 n? 1 105 0 0

*The index represents the number of exponents within the ranges:

1.2 < B < 1.9; and 1.4 < y < 2.4.
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Table VII. Transformed equations for turbulent flow over a rough
boundary (Manning equation).

T €
B Y - £
R (% o )

Eq. Investigator Equation B Y €
No.

41 Du Boys q to(ro - IC) 1.4 1.2 1
42 VES a a(t -t)™M 105 0.90 1.5

S 0 c
43  Shields q ast(t -1) 1.7 1.6 1
s 0 c
44 Schoklitsch qq @ 81'5(q - qc) 1.5 1 -
45 Kalinske-Brown q, ® 102'5 1.75 1.5 0
46 Meyer-Peter et al. q @ (to - tC)I'S 1.05 0.9 1.5
1/2
47 Bagnold qq a T, (IO IC) 1.05 0.9 1
48 Engelund-Hansen q @ IOI'S ﬁz 1.65 1.7 0
49 Inglis-Lacey qq @ ﬁs h-1 1.8 1.4 0
. - 1/2 32
50 Yalin (to = rc) q, @ T, (IO rc) 1.75 1.5 2
. 1/2 -

51 Yalin (to >> IC) qq @ T, (to tc) 1.05 0.9 1
52 Chang et al. qq @ T u 1 1 0
53 Barekyan q @ Squ 1.3 1.4 0
54  Pedroli q o v 10 n02 1.06 1.08 0

*The index represents the number of exponents within the ranges:
1.2 < B < 1.9; and 1.4 < y < 2.4,
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Table VIII. Transformed equations for turbulent flow over a rough
boundary (Chézy equation).

T \¢&
B vy . _c
qg a ST g (1 = )

(o)

Eq. Investigator Equation B Y €
No.

41 Du Boys q @ to(to - tc) 1.33 1.33 1

m=1.5
42 WES qq o (to tc) 1 1 1.5
43  Shields q o g4 (t, - t) 1.67 1.67 1
44 Schoklitsch qq o 83/2(q - qc) 1.5 1 -
45 Kalinske-Brown q  « 102'5 1.67 1.67 O
46 Meyer-Peter et al. q o (to - tc)l's 1 1 1.5
1/2
47 Bagnold qq @ T, (to tc) 1 1 1
48 Engelund-Hansen q  « 101‘5 52 1.67 1.67 0
49 Inglis~-Lacey q @ ﬁs h’-1 2 1 0
. N 0.5 N
50 Yalin (IO X tc) q, @ T (IO rc) 1.67 1.67 2
. 0.5

51 Yalin (tO >> tc) q o T (to rc) 1 1 1
52  Chang et al. q o T, u 1 1 0
53 Barekyan q, o Sqﬁ 1.33 1.33 O
54 Pedroli qq 101'6 ho'2 1 1.2 0

*The index represents the number of exponents within the ranges:
1.2 < B<1.9; and 1.4 < y < 2.4,
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It can be concluded that most of these equations are not applicable
to sediment transport by laminar sheet flow. Among the equations
examined, the formulas proposed by Engelund-Hansen and Barekyan
(Eqs. 48, 53) seem relevant for predicting soil erosion by overland
flow. The formulas suggested by Shields, Kalinske-Brown and Yalin
(Eq. 43, 45, 50) might also be considered but the parameter Yy is too
small in the case of laminar sheet flow. The Inglis-Lacey equation
(Eq. 49) seems fairly good for turbulent flow over rough boundaries, but
clearly overestimates both parameters P and Y under different flow
conditions. The other equations generally underestimate the parameters

B and vy and are regarded as irrelevant for soil erosion.

3.4 Application of Energy, Work and Power Concepts to Sheet Flows

In the mid-eighteenth century the concepts of energy and work done
were successfully applied to the motion of fluids with the significant
contributions of Euler and Bernoulli. At that time, it was considered
that no work was done by shear stress, no mechanical work was added to
the fluid system and there was no heat transfer. One century later,
Lord Kelvin (1845) discovered the concept of minimum kinetic energy for
irrotational flow. The rate of dissipation of energy due to viscosity
was then derived by Stokes (1851) and further developments were also
reported by Lamb (1932) and Rouse (1959). As a result, when the shear
stress components are included in the analysis, two sets of terms are
added to the energy equation: (1) the total work done by shear stress;
and (2) the dissipative work. The same analysis can also be extended to
the work done per unit time called rate of work done, which correspond
to the concept of power. At the beginning of the 20th century Gilbert

(1914) formulated the major principles of work done by a stream, which
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were later applied by Rubey (1933) to debris-laden streams under
equilibrium conditions. In his paper, Rubey essentially derived and

supported with experiments the following relationship:

Cw constant (55)

us .
in which € is the sediment concentration; w 1is the fall velocity of
particles, u is the mean velocity and Sf is the energy gradient.
Another detailed analysis of sediment transport from the energy balance
of solid and fluid particles emerged from Velikanov's investigations
between 1944 and 1956. His so-called gravitational theory, which has
been summarized by Bogardi (1974) and Kondrat'ev (1959), is derived from
the equilibrium of work done by gravity, settling of particles and
friction of both fluid and solid phases. Bagnold (1960, 1966) studied
the transport of sediment based on stream power per unit area Io u
given by the product of the bed shear stress to and the mean velocity
u. His bed load equation is quite similar to Velikanov's (in Simons and
Senturk, 1977) since they are both derived from similar principles.
More recently Yang's papers (1967, 1972, 1973) emphasize on the rela-
tionship existing between sediment transport and stream power per unit
weight, given by the product of velocity and slope uS also called unit
stream power. In his effort to obtain a dimensionless equation, he

suggests the following relationship:

us i_lcS
log C=1+Jlog \ =~ — (56)

in which ﬁc is the critical velocity; I and J are coefficients.

It is worth noting that Yang's Eq. 56 reduces to Rubey's Eq. 55 when
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uc/ﬁ is small and J = 1. In the case of overland flow, Rooseboom and
Milke (1982) show interesting results for turbulent flow with rough and
smooth boundaries.

The scope of our investigation is to determine the values of the
exponents B and Yy, describing the sediment transport capacity in
laminar sheet flows using energy and stream power concepts. The rela-
tionships will be derived from three different ways: (1) rate of energy
dissipation; (2) Bagnold stream power; and (3) unit stream power. The
Bagnold stream power per unit area toﬁ is obtained from Egs. 4 and 7.
For laminar flow, the unit stream power uS is obtained from Table III.

These expressions are:

Ioﬁ = pgqS (57)
_ 2/3
as = (%%) s4/3 213 (58)

Two different approaches referred to as global and local are used in
this section. The former determines the sediment discharge from the
mean characteristics of the flow. The latter describes the process at
every point along the vertical profile and the sediment discharge equa-

tion is thereafter obtained by integration along the flow depth.

3.4.1 Rate of Energy Dissipation

A theoretical sediment transport equation for overland flow, is
derived by assuming that the sediment concentration is proportional to
the rate of energy dissipation. After substituting Eq. 13 into Eq. 15,

one obtains

202,22
Cad=576 EEE§§X“ (59)
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The local approach assumes that Eq. 59 is valid at every point
along the vertical profile and the unit sediment discharge qg is

obtained by the following integral
a. = " cuay (60)
s 0

After substituting the velocity equation for laminar flow Eq. 13
and the sediment concentration given by Eq. 59 into Eq. 60, the unit

sediment discharge relationship is

1/3
8 473 5/3
o B8 (§%> 543 4 (61)

Then assuming that in general, p, g, K and Vv are nearly constant
gives

4
/3 q5/3

qq @ S (62)

This is the main equation obtained from the rate of energy dissipa-
tion. One may apply the global approach as well, which can be written
in terms of the product of the mean velocity and the total energy

dissipation rate:
a au Mo ay (63)
s )
After substituting Eq. 59 and the velocity and depth for laminar

flow (Table III), the integration of Eq. 63 leads to the same result as

Eq. 62.

3.4.2 Stream Power Approach

Bagnold pointed out that the maximum transport efficiency is larger
for laminar flow than for turbulent flow. If one assumes that his
sediment transport relationship is valid for laminar overland flow, the

global approach gives:
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(64)

el
]
—
=
£1e1

For a given particle size, the fall velocity in clear water remains
constant, and from the equations for velocity and shear stress for

laminar flow (Table III), Eq. 64 transforms to

« s*/3 q5/3 (65)

This equation is the same as Eq. 62 derived from energy dissipation
concept.

Another sediment transport equation based on stream power has been
used in the past. This equation includes the critical shear stress T.

and an exponent to the stream power term m
q_ a ((t_ - 1) )" (66)
S o C

It is seen that when the critical shear stress T, is small
compared to the bed shear stress T, the corresponding equation for the

sediment transport capacity is written as follows
q (Ioﬁ)m a s" qm (67)

This means that the exponents of q and S are not independent but
linked to each other because the original equation (Eq. 66) has only one
degree of freedom. From the analysis of experimental data of rainfall
erosion Kilinc (1972) obtained the value m = 1.67 by regression

analysis (Eq. 35).

3.4.3 Unit Stream Power

As mentioned previously, Yang's stream power equation can reduce to

Rubey's equation. Let us assume that the sediment concentration is
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proportional to the product uS/w. Using the global approach, the

sediment discharge is

uS
q, @ Cq a == ¢ (68)

This relationship can only be derived by using the global approach since
in this case the local approach erroneously means that the concentration
is maximum near the surface. For a given size fraction (constant fall
velocity), after substituting the velocity equation (Table III) in
Eq. 68 gives

q o S4/3 q5/3 (69)

It is then concluded that for Ilaminar sheet flows the three
different approaches used to derive a sediment transport relationship
(rate of energy dissipation, stream power and unit stream power) lead to
the same power function of slope and discharge.

The following sediment transport equation based on unit stream

power has also been suggested:
- = N
Caoa ((u- uC)S) (70)

in which N is an exponent equivalent to J in Eq. 56 when w is con-
stant. Here again, when the critical velocity ﬁc is small compared to
u, the sediment transport capacity is:

4N/3 q1+2N/3

q @ S (71)

Since Eq. 70 has only one degree of freedom, the exponents of g
and S are not independent though they might have different values.
Unless there is a physical reason or theoretical evidence to

support equations using one degree of freedom, a general regression
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analysis aiming to determine the influence of the variables q and S
separately should not be made with such restrictive equations. Other-
wise, the exponents obtained from regression analysis represent a
compromise value between two independent exponents. Fortunately, for
soil erosion, Eqs. 66 and 70 can give fair approximation since the
exponents of q and S do not differ considerably. Also, Eq. 39 in
Table IV can approximately reduce to Eq. 71 when N = 1.3, which is
within the range of previous observations by Yang (1972) on several

streams (1.0 < N < 2.1).

3.4.4 Other Theoretical Equations

Another theoretical equation was suggested by Li, Shen and Simons
(1973). This equation assumes that the pickup rate of particles is

proportional to the square of the bed shear stress:
q_ d fL 12 dx (32)
s o o

in which x is the longitudinal distance. As pointed out by Shen
(1979), this equation can be reduced to Eq. 62, for laminar sheet flows.
This soil erosion equation based on force equilibrium is therefore in
agreement with those based on stream power and energy dissipation

approaches.

3.5 Summary of Results and Discussion

The principal sediment transport capacity relationships for laminar
flows are summarized in Table IX. The discussion of the results of this
study is based on the comparison between several sediment transport
capacity relationships for rainfall erosion given by q  « SB qy. The
values of the exponents B and Yy are compared for the different

approaches used in this chapter. The equations are classified between
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Table IX. Summary of sediment transport capacity equations in laminar
sheet flow.
Eq. Relationship q @ SB qy B Yy
No.
Theoretical
62 Energy dissipation 1.33 1.67
65 Stream power 1.33 1.67
69 Unit stream power 1.33 1.67
32 Li, Shen and Simons 1.33 1.67
Empirical
28 Zingg (1940) 1.37 1.66
29 Universal soil-loss equation =1. 1.5
30 Meyer and Monke (1965) 3.5 1.
31 Young and Mutchler (1969) 0.74 2.24
33 Komura (1983) 1.5 1.38
34 Kilinc (1972) q = f(ro, IC) 1.86 0.93
35  Kilinc (1972) q = £(1_, T, u)  1.67 1.67
36 Kilinc (1972) g = f(u) 1.21 2.42
37  Kilinc (1972) qg = f(u, Re) 1.56  2.24
38 Kilinc (1972) qq = f(Re, S) 1.46 2.05
39 Kilinc (1972) qq = f(q, S) 1.66 2.03
40 Kilinc data (total erosion 1.31 1.93
minus rill erosion)
Transformed from Turbulent Flow Equations
41 Du Boys 1.33 0.66
42 WES 1.0 1.0
43 Shields 1.67 1.33
44 Schoklitsch 1.5 1.0
45 Kalinske-Brown 1.67 0.83
46 Meyer-Peter Miuller 1.0 0.5
47 Bagnold 1.0 0.3
48 Engelund-Hansen 1.67 1.83
49 Inglis-Lacey 2.0 3.0
50 Yalin (tOEI ) 1.67 0.83
51 Yalin (1) >5 ) 1.0 0.5
52 Chang et al. 1.0 1.0
53 Barekyan 1.33 1.67
54 Pedroli 1.00 0.6
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theoretical and empirical relationships for rainfall erosion, and also
the transformation of turbulent flow relationships to laminar sheet flow
conditions.

The theoretical equations give similar results (B = 1.33 and
Yy = 1.67) and are recommended for laminar sheet flows without rills.
This relationship compares very well with Zingg relationship and with
Kilinc data when the rill erosion is subtracted from the total erosion
(Eq. 40).

The exponents of the empirical relationships are shown in Figure 6
to vary within the following ranges 1.2 < B < 1.9 and 1.4 < y < 2.4.
The increase in these exponents is attributable to rill erosion which
varies for different soil types. As a first approximation, Eq. 39
(B=1.66, y=2.03) should be used when rill erosion is expected to
occur. This equation has been used by Julien (1982) to predict the
sediment transport capacity for both rainfall and snowmelt. This equa-
tion gave excellent results and is suggested unless a site specific
relationship is available. The use of the universal soil-loss equation
(Eq. 29) is also advocated though the exponent f 1is an approximation
of the quadratic function and the exponent & 1is negative (from
Table IV). Its wide use and calibration for various soil and climate
conditions enhance the applicability of this equation for predicting
rainfall erosion.

Most of the turbulent sediment transport relationships transformed
to fit the laminar sheet flow conditions give a wide range of exponents
B and Yy, which values are usually outside the range of empirical
relationships. As mentioned in section 3.3, it can be concluded that
most of these equations are not applicable to rainfall erosion in lami-

nar sheet flows. The best relationships are those of Engelund-Hansen
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and Barekyan and to a certain extent, those of Shields, Kalinske-Brown
and Yalin. In general, the exponent f of the stream sediment trans-
port relationships is in agreement with the theoretical and empirical
values. The exponents Yy for these bed-load equations, however, are

outside the range of observed values.

IV. CONCLUSION

This report deals with sediment transport capacity relationships
for overland flow. The objectives are mainly to determine: 1) whether
equations derived for bed-load and total load in turbulent streams can
be applied to laminar sheet flows and 2) whether stream power and energy
dissipation concepts can be used to define so0il erosion equations.

The method used to achieve these goals was to point out the
hydraulic characteristics of overland flow. Then the sediment transport
variables were combined into a relationship for sediment tramsport
capacity of rainfall erosion q, SB qY derived from dimensional
analysis. The exponents of this relationship were obtained from both
theoretical analysis and transformation of bed-load equations. These
exponents were then compared with empirical values obtained from experi-
mental data. The principal conclusions of this investigation are
summarized as follows.

Most of the sediment transport equations valid for turbulent flow
in streams cannot be applied to rainfall erosion in laminar sheet flows.
Among the equations examined, only those proposed by Engelund-Hansen and
Barekyan (Eqs. 48 and 53) seem relevant for predicting soil erosion
losses by overland runoff. The formulas suggested by Shields, Kalinske-
Brown and Yalin (Eqs. 43, 45 and 50) might also be considered but the

exponent of discharge is clearly too small in the case of laminar sheet
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flow. The other equations generally underestimate the parameters B
and Yy and are irrelevant to predict rainfall erosion.

The application of energy and stream power concepts to rainfall
erosion by laminar overland flow is conclusive. The theoretical deri-
vations for the case of uniform sheet flow are based on: (1) the rate
of energy dissipation; (2) the total stream power; and (3) the unit
stream power. These theoretical derivations lead to the same equation

1.33 q1'67). It is also

for the sediment transport capacity (qs oS
interesting to note that only the concept of energy dissipation can be
applied to every point along the vertical profile. The resulting equa-
tion is similar to an equation derived from force equilibrium concepts
(Eq. 32), and show close agreement with regression equations based on
experimental data (Eq. 40). Equations based on energy dissipation and
stream power concepts are therefore recommended to predict the sediment
transport capacity of uniform sheet flows without rills. Some other
equations having one degree of freedom (Eqs. 32, 34, 35, 36, 67 and 70)
can give fair approximations of the rate of soil erosion from overland
flow. These equations are theoretically worthless since the exponents
of the main variables are interdependent.

The range of values of the exponents of slope P and of discharge
Y were well-defined from this analysis. In the case of uniform laminar
sheet flows, the values f = 1.33 and Yy = 1.67 are recommended to
define the sediment transport capacity of overland flow. In the cases
where rills develop, both exponents must be increased. The values
obtained from Eq. 39 (B = 1.66 and Yy = 2.03) are suggested as a first
approximation unless a better empirical equation is available for the

specific site and soil type under study.
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Further theoretical analysis in this field should be focused on the
processes of rill formation, considering the nonuniformity of flow depth

and the difference between both laminar and turbulent flows.
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