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Instability of rotational and gravitational

modes of oscillation

by

T. J. Simons

and
Desiraju B. Rao

Colorado State University
ABSTRACT

The problem of dynamic stability of small amplitude motions on
a two-fluid system with a free surface is considered. For the case of
no rotation the character of the Kelvin-Helmholtz instability is shown
to be different when compared to systems where the external gravitational
modes are absent either through the mechanism of filtering or by imposing
a rigid top. 1In the case of a constant rotation, it is shown that the
instabilities on a wave length - shear plane consist of regions where
only the gravitational modes or only the rotational modes or both in-
dependently are unstable, in addition to regions where instabilities
are generated by an interaction between the gravitational and rotational

modes .

(1ii)



1. Introduction.

The purpose of the investigation is to examine the consequences of
certain approximations that‘are normally employed in the studies of large
scale atmospheric processes. In order to achieve this end, one may con-
sider perturbations on the following rather simple model. It consists of two
incompressible fluids of constant but different densities superimposed
one on top of the other in a gravitationally stable configuration on a
plane of constant rotation. Each fluid layer has a finite depth and has
a constant translational velocity in the positive x~direction. The exist-
ence of non-zero velocities in the ground state on a rotating plane brings
into play coriolis forces, which then will have to be balanced by counter-
acting pressure gradient forces in order to have a .balanced initial state.
These are generated by the interface between the two fluids, as well as
the free surface, sloping away from the horizontal at an appropriate angle.

The problem as stated above may be looked at as a re-formulation of
the Kelvin-Helmholtz instability problem on a rotating plane as, for
example, considered by Chandrasekhar (1961). However in the latter case,
the fluids are of infinite depth so that the perturbations are necessarily
non-hydrostatic in their dynamics. In the present formulation of the problem,
the perturbation dynamics are hydrostatic since the fluids are of finite
depth and the horizontal scales of motions are much larger than the depth
scale, Further Chandrasekhar (1961) ignores the interfacial slope
required to balance the coriolis forces in the basic state. This slope
is responsible for generating the rotational modes of oscillation in a
hydrostatic system and cannot be ignored here. Since now the interface and
the free surface slope at an angle to the horizontal, we need to insert

boundaries in the lateral direction to prevent the interface from
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either touching the ground or the free surface. In order to avoid this,
we introduce an approximation in which we treat the depths of the fluid
layers as constant except when these depths occur in a differentiated
form in the governing equations. Approximations of this type are quite
common in studies of large scale atmospheric dynamics (Phillips 1951).
This approximation makes the coefficients in the governing differential
equations constants and since there are no lateral boundaries at which
vanishing normal velocity requirements have to be satisfied, one can
immediately seek oscillatory solutions to the problem.

In the following sections, we set up the dynamical equations for the
perturbations and obtain an equation relating the phase speed c of the
perturbations to other parameters of the problem. This characteristic
equation is then analysed under certain approximations. Two aspects of
the problem will be considered in particular: (a) the effect of the
free surface on the gravitational mode (Kelvin-Helmholtz) instability,
and (b) the effects of the internal gravity modes of oscillation on
the rotational (quasi-geostrophic) mode instability.

2. Characteristic equation

The basic state as described in the preceding section is given by
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Where h] and h, are the depths of the lower and upper layers. ﬁi and U,

are the speeds in each layer in the ground state and these are taken as

constants. e is the demsity ratio (py/p;) and in general O<e<l, f is



the coriolis parameter and g is the acceleration due to gravity. The
dynamical equations for a two-layer quasi-static system are then linear-
ised about this state of equilibrium. The vorticity and divergence

equations are now formulated:

ik(Ui—c) Xy~ fwi + g(hi + eihz) =0

ik(U.-c) ¢, + fx. = 0 (2.2)
i i i

. Ty _ . - ? =
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Where i = 1, 2 and
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In equations (2.2) x represents the perturbation velocity potential (or
the irrotational part of the velocity field) and y the perturbation
stream function (or the solenoidal part of the velocity field). h;, h,
are the perturbation heights of the lower and upper layers. It is
assumed in (2.2) that all perturbations have the form of plane waves

exp. i(kx + fy-kct), so that the vorticity and divergence of the velocity

field W are given by
k + Vx W=V =2y
V eW = -V2¢ = 2

where p? = (k2 + 22). 1In equations (2.2) one minor assumption is in-~

corporated in order to obtain a system of equations with constant co-
efficients. The assumption is that in the continuity equation, we replace

. (gh . = 2
v (ghi in)=5 v (gDi in) gDiV X4

where D, is the (constant) basic state mean depth of each layer.



It is necessary to make this approximation in this form in order to

avoid the introduction of spurious complex roots. The other alternative
would have been V - (gﬁiin) = gDiV?Xi + Vgﬁi . in = gDiv2Xi + ilfaixi.
The presence of this last term in the equations would then make all roots
complex. By comparison with solutions for systems with lateral boundaries,
the first alternative seems to offer the best approximation. As mentioned
in the Introduction, the basic state slope of the interface and the free
surface are still retained in the system of equations by virtue of the
term ikfuiwi in the continuity equation.

Equations (2.2) represent a set of six homogeneous algebraic equations
involving the characteristic value c, which is determined by the condition
that the coefficient determinant be set equal to zero. The resulting
characteristic equation may be written in the following non-dimensional
form.

[61(1+1)3 = (14+r1) (47) + y1A11[62(1-1)3 = (1422) (1-1) + v2A2]

-e [Q+1) - yirJLA-1) = yor,] = 0 (2.3)

In this equation, the following non-dimensional parameters have been

defined:
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From these definitions, it is obvious that 1 replaces c¢ as the charac-

teristic value of the problem.



3. Results:
In order to keep the analysis simple we consider the special case
of equal depths:
D; = Dy
This then makes A; = A» and §; = §,. We now introduce several approx-
imations into (2.3) and investigate their effect on the dynamic stability
of the flow.

Case (a): Without rotation (gravitational mode instability)

Consider the case of no rotation so that » = 0. Then the equation
(2.3) reduces to

[6(14+1)2 - 1] [6(1-1)2 - 1] -e =0 (3.1)

This is a bi-quadratic equation representing two external gravitational
modes and two internal gravitational modes.

Case (al): Internal gravitational modes only

One can introduce an approximation in (3.1) to filter the external
gravity waves without going to the extent of putting a rigid top on the
model. If one considers equation (3.1) in the limit of §2<<1, then we
obtain

28 (t%+1) = l-¢ (3.2)
so that the stability criterion in this case may be written as

< stable
s l-¢ (3.3)
> unstable
This criterion shows that instability once realised would persist for
all higher values of shear. This may be compared with the case of a

two~fluid system with a rigid top.
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Figure 1, Comparison of the stability properties of the internal
gravitational modes. Absissa represents density ratio and the
ordinate is proportional to the square of shear.



In the latter case the stability criterion may be stated as (eg. by
taking the hydrostatic equivalent of equation 10.31(2) in Godske et al
1957):

< stable

1-¢? (34)

> unstable

under the assumption Dj = D,. Stability criterion (3.4) also shows that
once a critical value of the shear is reached the fluid configuration

remains unstable for all shears greater than the critical value.

Case (a2): Internal plus external gravitational modes

An analysis of the complete equation (3.1) shows that the external
gravitational modes which correspond to the plus root of the solution
for the bi-quadratic are always stable. The internal gravitational
modes which correspond to the negative root, on the other hand, can be-
come unstable. The value of 1 for these internal modes is given by

12 = % {(6+1) - V 48+¢ }

so that T becomes complex when
(6+1) < V 4b+e

The transition from a stable to unstable regime for the intermal gravi-

tational modes is then given by the condition
1-vVe <6<1+Vce (3.5)

When § is in the range given by (3.5), we obtain instability and outside
this range we have stability. This is a rather interesting result be-
cause it shows that after obtaining instability at a certain critical
value of the shear represented by the lower limit l—/_E_; we once again

go back to a stable regime after the shear reaches another critical value



represented by the upper limit. The result is in contrast to what one
obtains in the case of a two-fluid system with a rigid top (or the
filtered system with free surface). The primary difference between the
model with a rigid top and one with a free surface is the absense of the
external or free surface-gravitational modes in the case of the former
model. Consequently the difference between the stability character of
the two models may be ascribed to the presence of the external modes
with consequent stabilizing effect of the divergence associated with a
free surface. The stability diagram corresponding to the criteria

(3.3) to (3.5) is shown in Fig. 1.

Case (b): With rotation

Let us now turn our attention to cases with rotation and introduce

the following approximation.

2
Y i -Y = —]:-? (3'6)

which implies that €Uy - ﬁﬁﬁziﬁé - ﬁi, which is a reasonable approximation
since € = 1 for most practical purposes. The characteristic equation
(2.3) then reduces to

[6(14+1)2 - (1+0)] [8(1-1)2 - (1+2) ](1-12)

A {[s@+1)2 - )]+ + [6(1-1)2 - ) ]@A-1)}

+y222(1-e) - e(1-t?) + 2eyA = 0. (3.7)

Case (bl): Rotational mode (quasi-geostrophic) instability

In the normal case of a physical system containing rotational and
gravitational modes, the quasi~geostrophic approximation which is used
to filter out the gravitational modes is

§(1+1)2 << (1+)). (3.8)

On using this approximation along with the definition of y given in



(3.6) equation (3.7) reduces to
[@a+)? - €] w2 = [(@-02 - €]. (3.9)

Equation (3.9) then shows that instability is realised for all wave

lengths.
1-vVe <iA<l+Ve (3.10)

From the definition of A, we see that A is proportional to wave length
of the perturbations. Hence the lower limit of (3.10), » = 1 - Ve
represents the short wave cut-off for instability corresponding to
Eady's (1949) cut off. TFor reasonable values of ¢ and depth D, like

e=0.98, D=5km, f=10"  sec !

we see that the cut off on the short wave length side corresponds (with
the perturbation wave-number of the y-direction equal to zero) to a
wavelength L( = 27/k) of

L =~ 1400 km.
Equation (3.10) also shows that there is cut-off to instability on the
long wave side. This result is analogous to the result obtained by
Phillips (1951) with a two-layer rigid top model. As Phillips pointed
out in his paper the reason Eady does not obtain a cut off on the long
wave length side is due to a certain approximation introduced by Eady.

Case (b2): Rotational-gravitational mode instability

We have so far considered the effect of the traditional quasi-
geostrophic approximation (3.8). This approximation removes both the
external and internal gravitational modes from the characteristic
equation (3.7). Since the phase speeds of the internal gravitational
modes are dependent on modified gravity g(l-e) rather than g itself,

these modes usually propagate with a speed much smaller than the
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external modes. As a matter of fact, the values of c for some of the
internal gravitational modes are of the same order of magnitude as
those for rotational modes. Consequently, the quasi-geostrophic
approximation as stated in (3.8) is too stringent. For this reason, we
consider now the next order of approximation.

§2(1-12)2 << (142)2 (3.11)

This approximation may be shown to be equivalent to suppressing only
the solutions corresponding to the external gravitational modes, (see
also case al) leaving the internal gravitational modes and the rotational

modes in the system. Introduction of approximation (3.11) into equation

(3.7) results in the bi-quadratic equation:
26+ )t - [(A+0)2 - & - 68y ]t
+ [(@-02 - e - 260+2-2y] =0

The solution to the above equation may be written as:

12 = %-[b + vV bZ-ad ] (3.12)
where

a = 85(1+x1)

b= (1402 - ¢ - 68Ay

d = (1-2)2 - & - 26(1+)x = \y)

A numerical analysis of equation (3.12) is carried out for the following

values of basic state quantities:

-4 - -2
€=0.98,D, =D, =5kn, f=10" sec’’, g = 9.8 msec 2.

An examination of the equation (3.12) immediately reveals the following

possibilities:
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Table 1. Classification of stable and unstable regimes

Case d b b2-ad No. of unstable
modes

(i) <0 20 >0 2

(ii) >0 <0 >0 4

(iii) >0 >0 >0 0

(iv) >0 <0 <0 4

In the preceding classification, there is an important difference between
the unstable modes obtained in cases (i), (ii), on one hand and case
(iv) on the other hand. The unstable modes belonging to cases (i) and
(ii) are characterised by having a zero real part for T - that is,

'Tr = 0 for the two (or four) unstable roots of 1. This then means that
the perturbations belonging to this class are propagated with a mean
speed c, = U = %(U;+U,) in dimensional form. The unstable modes be-
longing to case (iv) however, are characterised by T, # 0 for all four
unstable modes. It will be shown shortly that these unstable modes of
case (iv) result from a interaction between the gravitational and
rotational modes and consequently this instability may be termed the
"mixed mode instability' (see Rao and Simons 1969).

The regions of stability and instability obtained from equation
(3.12) are shown in Figure 2 on a §-)X plane. The X = 0 axis corresponding
to the no rotation case and the instabilities obtained along this axis,
consequently, must be gravitational instabilities. One can see from
equation (3.3) that this instability is obtained for values of § > 0.01.
The value § = 0.01 corresponds to a transition from case (iii) to case

(i) associated with equation (3.12). In the region § > 0.01 and A < 0.01,
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the instabilities are those of the gravitational modes. The quasi-
geostrophic instabilities are those along the § = 0 axis. Since §
exactly equal to zero implies a zero shear which is then a case of no
instability, one should view § = 0 as a limitjng case for pure geostrophic
instabilities. Then we have instabilities of the rotational modes be-
tween the values of A as given by equation (3.10). These instabilities
again represent a transition from case (iii) to case (i). The instabil-
ities obtained in the range § < 0.01 and A > 0.0l primarily represent
the instabilities of the rotational modes. The transition from the
region of gravitational instabilities (§ > 0.01, A < 0.0l1) to rotational
instabilities (6§ < 0.01, A > 0.01) seems to be gradual, and in the vicin-
ity of § = 0.01 and A = 0.01, it is not possible to state positively
whether the instability is due to rotational or gravitational modes.
In the region § > 0.01 and A > 0.01 we obtain a region where the rota-
tional modes and the gravitational modes are independently umnstable.
This unstable region corresponds to case (ii) and represents modes with
= 0. As ) increases, this region extends towards lower values of §
as shown on the right side of Figure 2.

The area denoted by vertical hatching in Figure 2 represents what
are called the mixed mode instabilities belonging to class (iv). These
mixed mode instabilities may be viewed as a primary consequence of re-
laxing the rather rigid quasi-geostrophic approximation. The modification
of the growth rates of the rotational modes as well as the presence of
pure gravitational instabilities are also consequences of the non-geos-
trophic nature of the problem.

The mixed mode instabilities occur in an enclosed region in the area
8,A<0.01 and also in a rather small area for A>l. The region of mixed

mode instability is enclosed by the curve b2 - ad = 0 in the §,A - plane.
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The unstable modes in this case are characterised by having T, # 0 and
as will be shown below, they result from a coalescence of gravitational
and rotational modes.

The nature of the instabilities presented in Figure 2 may be
elucidated by a careful tracking of the unstable modes as the shear
(or 8) or the wavelength (or )\) is increased. For this purpose we
consider the behaviour of various modes taken along a line of constant
A as a function of §. This process is illustrated in Figure 3. The
top diagram in Figure 3 is taken along the line A = 0. This then
corresponds to the case of no rotation with only the gravitational modes
being unstable. The rotational modes in this case are stable and are
simply given by T = £ 1 for all §. We see that as § is increased, the
T, of the gravitational mode decreases until it becomes zero at § = 0.01.
During this time, the other member of the gravitational mode pair which
is in the negative half of the t-axis (not shown in this diagram) also
will have its T 0 as 6> 0.01. Then at & = 0.01, both the gravitational
modes meet at .= 0 and initiate instability, the intensity of which is
then measured by T, given by the dotted line. It should be noted that
corresponding to the positive Ty shown here, there is a negative T
of the same magnitude which again is not shown here. 1In any case, we
see that for A = 0, the gravitational modes meet each other and become
unstable, while the rotatiomal modes remain unchanged as § changes.

The second picture from top in Figure 3 represents the conditions
along the line X = 0.0025. Here we can recognise the gravitational and
rotational modes for small values of § by a comparison with the picture
above. As § is increasing, the gravitational and rotational modes come

together at a value of § slightly greater than 0.005 to produce
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instability. By comparison with Figure 2 we see that this instability
is in the region of mixed mode instability. The imaginary component
T which is developed when the gravitational and rotational modes came
together is again indicated by the dotted line. Note that the same
process has occurred in the meantime in the half plane for negative T
which is not shown here. Thus at this time there are four complex Tt's,
all of which have non-zero real parts Tos i.e. case (iv) of Table 1. As
§ is increases, the T of the mixed gravity-rotational mode changes
until another value of & is reached where we pass into a stable region.
At this point T of course, goes to zero and the gravitational and
rotational modes separate again. Again by comparison with the picture
corresponding to A = 0, we see that the gravitational mode is approaching
T = 0 as 6 increases and the rotational mode is tending towards its
asymptotic value. At & = 0.0l1l, the gravitational mode meets its counter-
part coming from below the axis at = 0 and we now obtain pure gravi-
tational instability with T, = 0 and T given by the dashed line.

The third picture from the top in Figure 3 is taken along A = 0.0075.
Once again by comparison with preceding curves, we see that mixed mode
instability is obtained at a value of § = 0.0056. As 8 increases, the

T, of the mixed mode approaches zero and at § = 0.009 the mixed mode

coming from above meets the mixed mode coming from below at T, 0.

From 6 = 0.009 to § = 0.0l we have four unstable modes with T 0,

which would then correspond to case (ii) of Table 1. For &> 0.01, the
rotational modes become stable and as § increases, their rr's approach
their asymptotic value while the gravitational pair remains unstable with

T, = 0 and T # 0.

Finally when A = 0.0125 and for small § we have rotational mode
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instability with T 0. The gravitational modes in this case are

stable until & = 0.01 is reached. At that value, the gravitational modes
become unstable by themselves with LS 0 and T4 # 0. This is case (ii)
of Table 1.

Figure 4 illustrates the instability mechanism on a complex t - plane
at various values of 8. 1In Figure 4, the left panel is for X = 0.0025 and
the right panel is for A = 0.0075. 1In these figures the squares represent
the gravitational modes and the circles represent the rotational modes.
The half-circles-plus-squares represent the mixed modes. In each figure
the mixed mode instability (case iv of Table 1) is represented by the
third diagram, and the pure gravitational mode instability (case i of
Table 1) by the last diagram. The one before the last diagram of the
right panel of Figure 4 is an example of case (ii) of Table 1, i.e.,
rotational modes independent of one another.

4, Summary and Conclusions

The problem of dynamic stability of a two-fluid system with a free
surface has been examined. When there is no rotation, one obtains the
Kelvin-Helmholtz type instability of the gravitational modes. The analysis
shows that in the case of a free surface model with external gravitational
modes present, the fluid configuration becomes unstable when a critical
value of shear is reached and becomes stable again at higher values of
shear. This result is in contrast to that obtained in the case of a
rigid top model or the case where the external modes are filtered out
in the free surface model. In both these cases, once instability is
initiated by the shear reaching a critical value, the instability persists
for all higher shears.

Next the case of constant rotation is considered. In this case,



the depth of each fluid layer is treated as a constant excépt when
differentiated. An additional approximation is introduced in the
equation for the slope of the interface in which the term (e ﬁé - ﬁi)

is replaced by (U, - U;) where e is the density ratio of the two fluids
and Uy, U; are the speeds of the fluid layers in the basic state. If

the uniform depths of the layers are assumed to be equal and the external
gravity modes are filtered out then the characteristic equation reduces
to a bi-quadratic. From an analysis of this bi-quadratic equation, a
stability diagram is constructed on a wave length - shear plane. It
shows that the stability diagram consists of regions where only the
gravitational modes are unstable (large shears, small wavelengths), only
the rotational modes are unstable (small shears, large wavelength), both
the rotational and gravitational modes are independently unstable (large
shears, large wavelengths) in addition to regions where the instability
is generated by an interaction between the rotational and gravitational
modes (primarily in the range of moderate shears and wavelengths). The
latter type of instability is called the "mixed mode' instability and
represents a unique feature of the non-geostrophic nature of the stability
problem.

An analysis has also been made using the complete characteristic
equation derived in section 2. The results show no significant differ-
ence in the stability character as deduced from the bi-quadratic equation.
Similar results are also obtained from an analysis of the rigid top model,
which gives a quartic equation under the same approximations as stated
above, instead of a bi-quadratic equation. The mixed mode instabilities
are also realised in a numerical treatment of the problem in a channel,

where the depth variations are taken into account and all modes of
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oscillation are retained in the problem (Rao and Simons 1969). From
these considerations it appears very plausible that mixed mode instabil-
ities are obtained in regions where neither the pure Kelvin-Helmholtz

instabilities nor the pure geostrophic instabilities are dominant.
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