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Evaporation from a Plane Boundary.
by
Maurice L, Albertsoni

Evaporation is a phenomenon which is of interest to a
considerable variety of people. The hydrologist wishes to
know the amount of evaporation that will occur from a reser-
voir; the irrigation engineer needs to be able to predict the
evaporation to be expected from reservoirs, ponds, canals,
and the soil; the oceanographer must make estimates of the
amount of evaporation from the vast surface of the ocean; the
me teorologist studies the influence of evaporation from land
and sea upon the movement of the atmosphere; and the chemical
engineer deals wlth evaporation in many industrial processes,
The needs of these key professions overlap from one field to
another, but cover in all an extremely broad area of intersst,

Although scientists in each of these fields have con-
tributed to the information available on the subject, conside
erable difficulty is encountered in making accurate estimates
of evaporation for design purposes. The purpose of this paper,
thereforey is to present a theoretical analysis of evaporation
from a plane boundary together with data taken under both lam-
inar and turbulent conditiong. I'inally, a generalized analysis
iz presented which applied to both laminar and turbulent flow
"and involves only those variables which may be measured either
in the field or the laboratory.

Fundamentals of Diffusion

From the kinetic theory of gases it is understood that
molecular diffusion involves a random movement of molecules
traveling at an extremely high speed. DBecause of the random
nature of the motion, any individual molecule will eventuslly
migrate to a new region, and, since countless molecules are
involved, a general diffusion of a given group of molecules
will necessarily result. The kinetic energy of the molecules
is reflected in the temperature of the fluid, Although the
mean velocity of the molecules is of a tremendous mhgnitude,
the mean free path is so extremely short that diffusion by
molecular activity alone is a microscopic process. The molar
diffusion process, however, involves the turbulent movement
of finite fluid masses, each compesed of millions of molecules,
Like a moleculey; a single fluid mass will eventually migrate
to a new region. Unlike the molecule, on the other hand, the.
fluid mass does not retain its original identity, but gradually
blends with its new surroundings as it imparts its motion to
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other fluid masses. The general pattern, however, is again
completely random, and diffusion on a macroscopic scale is
the net result,

The basic definition of the diffusion coefficlent D is
N=-D2% ;

where N 1is the rate of diffusion in the y-~direction of the
quantity which has the concentration n at any point y . In
view of the foregoing discussion it is understandable that

the diffusion coefficient should indicate the relative effec-
tiveness of the diffusion process, whether it results from
molecular activity alone or from a combination of molecular

and molar action. For this reason D in general is the total
diffusion coefficient and must represent the sum of the molecu~
lar and molar diffuslon coefficients 9 and € , Hence D =v4¢,
These two diffusion processes, molecular and molar, may operate
singly or in combination, depending upon the type of fluid active
itye If the motion is laminar 9 will predominate, with ¢ = (O,
As soon as the flow becomes turbulent, however, the molar dife
fusion coefficient € predominates, while the molescular diffusion
coefficient 7 rapidly becomes insignificant with increasing
turbulences 3eing a very general relationship, eq 1 may be
applied to the diffusion of such quantities as momentum, heat,
and material.

The general equation of diffusion is (2)
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where + 1s time, u and v are the velocity in the x and
y directions and Dx , Dy s 2nd D are respectively the
diffusions in the x , ¥ ,"and z directions. This eaquation
applies to diffusion by molecular action; or a combination of
both, When the action is entirely molecular, the velocities

u and v are zero and the diffusion coefficients are all equal
to v . Hence,

SFEVoR (3)

the solution of which may be found in the heat transfer litera-
ture, However, whcn the diffusion is steady, pvimarily mdlar,

3 (Dh o

%-(Dz%%) are all equal tc zero and the resulting relationship
Z o

and restricted to a zone near a boundary

vt (p ) (1)
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Ve devised eXitensions oI LHejnolds analogyoe
The diffusion coeffliclent has been determired from
measurements of velocity profile, In this paper no attempt

is made to solve Eq 2 but ﬂ%ther a dimensional anelysis is
made of the problem together wifl an experimental determin-
ation of evaporation °ouatlons Por both laminar and turbulent
flows :

Evaporation Equations

If a gas stream is moving over a bounﬂary (from which
there is evaporation), see Fig. 1, there i: developed a bound=-
ary layer of momentum diffusion having the thickness
which is defined as that region appreciably influenced by the
bcundary resistance, The velocity distribution within the
boundary layer, a result of momentum intesrchange, has been
given considerable study by Prandtl, iarnan, and others, re-
sulting in a rather complete theoretical and experimental
treatment, At the boundary the velocit; of the gas is zero
and as the distance from the boundary increases, the vel=~
ocity u will increase ~= gradually approaching as a limit
the magnitude of the ambient velocity U .

In addition to a boundary layer uf momentum diffusion,
there is developed an evaporation layer of vapor diffusion
having the thickness A . Furtherrore, at the boundary the
vapor concentration Cg4 corresponds.to the vapor pressure of
the water at thé suriface and decreazss With. increasging dis-
tance from the boundary == Eraduall' approaching as a linmit
the ambient vapor concentration. I: view of this considera-
tion, eq 1 may be evaluated for evajroration at the boundary as

€.7-%(%),. (5)

where f; is the rate of evaporat.on perunit area at a given
point, % 1is the molecular coefficient of diffusion of water
vapor into air, and C 1is the vepor concentration at the
point y away from the boundary.

An analysis of the veariables invelved in vapor diffusion
reveals that the totel rate of evaporation E from a béundary
over a distance x' depends upon the wvapor concentration
ACg &a¢ the water surface relative to the amb ient' concentra-
‘ion, the ambient velocity U , the kinematic viscosity
of the gas, the diffusivity v, of the liquid vapor in the
ambient gas, the distance x frum the upstrecam ed e of the



boundary layer, the distance x! from the upstream odge of
the evaporation layer, and the surface roughness k . Ex=-
pressed as a functional relationship this becomes

& =¢I(AC51U)X»X';"fJ‘9¢)k> (6)
which may be expressed in dimensionless form as
C¢='ZT—SEUT=¢"()’S‘:’S’°’% (7)
where C, 1is the evaporation coefficient, S = _gfl_ is the

Peclet number and ¢ = _;k_ is the Prandtl number. Although
2

e
Eq 7 gives considerable insight into the factors involved
in evaporation, further information is needed to establish
a more tangible relationship.

Because of the similarity between the mechanisms of
vapor transfer and momentum transfer, the assumption may be
made that Ce is analogous to Cp the drag coefficient (3).
Among other things, this analogy is based on the fact that
the total amount of evaporation from a surface is equal %o
the change in vapor flux which takes place 1n the evaporation
layer adjacent to the surface, From the analogy the assump-
tion can be made that the vapor concentration at any point
has a power of logorithmic variation with the normal distance
from the surface., 3ased upon this assumption, Ce will have
the following forms for leaminar flow, turbulent flow (power
law), and turbulent flow (log law) respectively,

Ce= 5% $, (‘;5(" ,5,0-‘.;5,.) Laminar (8)
5% Turbulent 9

Ce S Py . (Poﬁeg—igw) +2

| J‘lE': = A, +(lg 5Cc) b, &gzﬁﬁ;x)zt (10)

where Ay , the ¢§ =~values, and the m-values for smooth bound-
aries will depend predominently upon x'/x and the Prandtl
nunber ¢ -= the effect of the latter being negligible when

6 1s close to unity, Furthermore, when x!/x becomes unity,
the m~values should also become unity if -the assumpfion of
analogy is valid.

If the analogy of the mechanisms of wapor transfer and
momentum transfer is carried further, additional deductions
can be ma de by utilizing theoretical or experimental results



of previous investigations, Assuming ¢ = 0.6 , eqs 8, 9,
and 10 become

Ce=0722 s% ¢ Laminsr  (11)
C.= 0.057 S¥ % Turbulent (12)
(Power~law)
La239A +5 s Turbulent (1
= 3.9 A, +5(lg SC.) ¢, (ngl-]-l:.w) (13)

. The coefficient 0,722 in LEq 11 is obtained from the theoret-
ical solutlon of Pohlhausen (2) the coefficients in Eqs 12

4
and 13 are based on the conversion Ce =—§¥ o> obtained

experimentally by Kraussold (1). Before Egqs 11, 12, and
13 can be utilized for design purposes, however, .Ap , the
m-values, and the functions (as well as the validity of the
mmerical coefficicnts) must be established experimentally,

Although Egs 11, 12, and 13 illustrate that the forma=
tion of the evaporation layer is very similar to the forma=-
tion of the boundary layer, their application is restricted -
to particular problems in which Cg and § can be either
computed or estimated with reasonable accuracy., Such situ=-
ations are no doubt prevalent in many industrial processes,
but when dealing with problems of evaporation into the atmos~
phere it is seldom that an ambient wind velocity can be
determined, because the boundary layer may be hundreds of
feet thick and the velocity distribution at some high level
may be rmuch more indicative of conditions in the upper air
than at the earth's surface., In other words, igs 11, 12,
and 13 can be used for predicting evaporation from a plane
boundary of finite length x surrounded by an ambient velw=
ocity U , but it is not possible to determine the evapora-
tion from a surface such as a lake where the length of approach
is infinite and the velocity varies indefinitely with distance
kBbove the boundary. However, because the variables x and
U (together with 7, ) are important primarily because they
describe the boundery layer approaching the lake, it is possi-
ble to substitute the shear velocity Jfﬁf' and the thickness

I
of the laminar sublayer § for U and x in Eq To

L



Furthermore, the laminar sublayer thickness depends upon
the shear velocity and the kinematic viscosity % 80

‘that the following equation may be written

E = ?9 (ﬁ:/; ,Acs,v{,,\?,,x')k) (1)

and dimensional analysis and a slight rearrangement gives

E T, v,k
or chEs =¢'°(XJ;¢I ! 1): ,-f—) (15)
Nu-, 7 4’" (B)O)%) (16)

where Wu' is the lNusselts number for evaporation of water
into air,

Eggerimental Eguigggnt

Velocity distribution and evaporation data were taken
for both laminar and turbulent boundary layers, x was varied
from 12 in, to 60 in., =x' was varied from % in. to 48 in.,
the wind veloeity was varied from 1.0 fps to 25 fps, and
the ambient relative humidity was observed. The veloclty
was measured with a hot-wire ancmometer and the evaporation
was measured in a battery of serological pipettes which were
connected by rubber tubing to the porous porcelain evaporating
surfaces which were 2 in. wide, On cach side of the central
evaporating strip was a buffer strip 2 in., wide to reduce the
influence of lateral diffusion, To determine the temperature
of the water surface, number L0 copper=constant thermocouples
were imbedded in the evaporating surface., The humidity was
determined with wet and dry thermocouples, The boundary it-
self was 23 in. wide by 70 in., long with a lucite noseplece
tapered over its 1l2~in, width to a sharp edge. To prevent
lateral flow of air across the boundary, 6=in, vertical
shields were fastened to each side of it. Down the center
of the boundary were placed the evaporating strips., In order
to create a turbulent boundary layer from the start, a remov-
able i-in, tape was fastened at right angles to the flow 2 in.
upstream from the hydrodynamical leading edge.

Analysis of Results

Measurements of the veloeity distribution established
the validity of the Blaslus relationship for the laminar bound«~
ary layer, and the logarithmic law for the turbulent boundary
layer, Measurements of evaporation were made for both the



laminar and turbulent boundary laycrs throughout a hundred-
fold renge in the value of S , anc more than a ten~Told
range in that of ='/x . The magniludes of x!'/x were pur-
posely chosen in an approximate gecrstrie progression to
facllitate the analyzis of the dat:, DBy plotting the experi-
mental data as Cy. versus S it vas possible to determine
empirically the uhknown functions .n Eqs 8 and 10,

For the laminar boundary layer it was found that =10

-0.06
and m.=-(-§-) so that Eq 11 becomes
- 005

C =0.722 5’“%) (17)

Of particular significance is the fact that within the 1limits
of the data 0,722 ¢, is imdependent of x!'/x., .Apparently,
only the exponent of 8 in eq 11 is influenced by a vari-
ation in x'/x and this variation is of such form that when
x'/x =1 Eq 11 is

Ce=0722 S'% ‘ (18)

Despite the experimental sc:itter and the arbitrary man-
ner in which the final functional form was determined, Fig. 2
shows that the data in general follow rather closely the
derived relationships. It is particularly noteworthy that
Eq 18 is identical to the theorefical results of Pohlhausen,
thereby substantiating much of tse theory and many of the
assumptions used in deriving Ig 11, There is no doubt, for
example, that the only diffusion coefficients which are
Important in the laminar boundary layer and the laminar
evaporation layer are the molecular coefficients % and Y, o

For the turbulent boundary layer, the data were plotted
logarithmically and an attempt wes made to determine the
functions in much the same manney as for laminar conditions.
This procedure, however, did not show the data to support Egs
9 and 12 and no satisfactory modification of the equations
could be devised, : : :

When the evaporation data taken in the turbulent bound-

" ary layer were plotted semi-logarithmically to evaluate Ap

and ¢ in Eq 13, it was found that the equation could not be
forced to fit the data with any degree of satisfaction, On

the other hand, it was a simple rmntter to determine the fune-
tions Ay and ¢g in Eq 10 which best fit the data. These



1\= 015
are A] = -3 and ¢5 6o 6(”) so that Eq 10 becomes

| X' -0.15 i
—_—= 6.6 lo CeS’b (19)
Eree(x)

This equation is plotted with the data in Fig. 3 and although
there 1s considerable scatter of the data there is no system~-
atic trend, Therefcre, in spite of the fact that the constants
in Eq 19 do not agree with the constants in Eq 13, the log re-

lationship may be considered to represent the data reasonably
well,

In comparing the three functional rela tionships, the lam-
inar, the turbulent power law, and the turbulent logarithmic
law, it is evident that the laminar rolationship Eq 17 is the
most accurately determined and probably applies over a wider
range of S than represented by the data. Eq 9, however,
cannot be arranged to fit the data. In regard to the log-
arithmic relationships, there is considerable doubt whether
Eq 19 appllies outside the range of the data, although it is
probable that an equation of similar form applies at high
values of the Peclet number,

Finally, all of the data for both the laminar and the
turbulent boundary layers are plotted in Fig, lf which shows
that the analysis of Eq 16 is reasonably accurate., The Prandtl
number ¢ 1is constant at 0.6 and anvarently, the relative rough-
ness is at most of only secondary importance, By simple curve
fitting Eq 16 becomes

N.=osB" (20)

waich applies with reasonable accuracy at least over the
range of the data presented in this study,

The fact must be emphasized that the entire foregoing
analysis is based upon a boundary layer which has formed
over a smooth surface, In case the viscous influence in
the laminar sub-"ayer is either modified or completely de-

.stroyed by irregular terrain, the problem not only involves

a length parameter characterizing the geometry of the rough-
ness, but it requires an analysis of an altogether different
nature, In view of these consliderations it is quite under-
standable that considerable difficulty results in attempting
to correlate the measurements from an evaporation nan, which
in itself is a boundary irregularity of a very pronounced
nature, with the evaporation to be expected from a plane
surface,
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Nonmenclature‘
A, and A, Coefficients which depend upon x!'/x .
1

B Dimensionless evaporation parameter —5155Ei-
which does not include the ambient valocity.

C Local concentration of water vapor,

AC Difference between the ambient concentration
of water vapor and the total local concentras
tion,

A Cgq Difference between the ambient concentration
of water vapor and the concentration at the
evaporating surface,

Ce Coefficient of evaporation.

Ce Coefficlent of resistance.

D General coefficlent of diffusion.

80 Rate of evaporation per unit area of surface,

E Rate of evaporation over the distance x! per
unit width of surface.

k Boundary roughness,

m, and m, Ixponents which depend upon x'/x and S.

Né Nusselts number for diffusion of.water vapor
into air and the coefficient of evaporation
which does not include the ambient velocity.

n Concentration of any quantity,.

N Rate of diffusion of any quantity,

R Reynolds Number %?L o

1 .
S Pédclet number, a dimensionless evaporation
Ux'
parameter - o
Ve

t Time,

u Local velocity in the x~-direction,

5 e Ambient velocity in the x~directions
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-~

Distance from the upstream edge of the
boundary.

Distance from the upstream edge of the
evaporating surface.

Normal distance from the boundary.
Thickness of the boundary layer,
Thickness of the laminar sub-layers
General molar coefficient of diffusion.
Thickness of the evaporation layer.
Prandtl i-"mnber ;?#— o

Molecular coefficient of diffusion of
water vapor.

Molecular coefficient of diffusion of
momentum,

Mass density of air,
Intensity of shear at the boundary.

Shear veloclty.

Fisure Captions

Fig.

Fig.

1

=

Schematlis representation of boundary layer and evapora=
tion laye.,

Composite plot of €, as a function of & and x!'/x
for laminar boundary layer.

Gogposite rlot of C as a function of SC and
x'/x for turbulent goundary layer,

Combined plut of Nut as a function of B o
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