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ABSTRACT

The modelling of biological systems often involves the insertion of a

functional form to represent the response of a state variable to a stimulus.

This technical report depicts the curves, describes a functional form for
that curve, and illustrates the effects of parameter variation. Other
functions have similar graphs and the FORTRAN code implementing the

function is not unique.



INTRODUCT ION

In developing models of biological systems a number of functional
forms (actually the curves) are encountered repeatediy. We have attempted
to present some of the most important such curves and to display a number
of their characteristics.

For each of these functions we have displayed In the upper right
corner of the first page of the description a curve giving the general
shape of the graph of that function. To get this curve some choice was
made of the parameters indicated for that function. Next one finds a
functional form for that function and for its derivative. Following these
expressions is a definition of each of the variables and parameters
appearing In the expression.

For each function we then display a series of graphs in which the
parameters are varied over a few values to illustrate the effects of these
parameters on the graph of the function. The reader is warned that, when
varying several of these parameters simultaneously, quite different shapes
may arise. To avoid erroneous use, it is wise to compute a few values of
the function in the neighborhood of the value(s) of interest. This will
provide the user with a 'feel' for the function,

The final section of each description contains one or more FORTRAN
implementations of the function. These have all been used on the CDC 6400

at Colorado State University and, to our knowledge, work correctly.



ARCTANGENT FUNCTION

functional Form

f(x,a,b,c,d) = b + %-arctan [rd{x - a)]

Derivative
1

f'(x,a,b,c,d) = cd 3
1+ [nd{x - a)l J

Parameter Definitions

a = '"x'" location of inflection point

b = "y'" location of inflection point

¢ = step size {(distance from the maximum point to the minimum point)
d = slope of line at inflection point

Graphs
1.00 i
1.00 }
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y = fix,4,.5,1,.4)




f(x,a,.5,1,1)

f{x,4,b,1,1)

f(x,4,.5,c,1)

1.00

.75

+50

1.25

.75
.50

.25

0.0 -

X
varY npt
b = .7
b = .6
b =.5
T3
X
vary ''¢"
c=1,2
L = 1.0
= .75
L c = .50
c = ,50
c = .75
C=‘-0 631.2
1 3 h 5 3 7 ¥



.

1.00

75

.50

f(x,4,.5,1,d)

.25

FORTRAN CnDE

C".
C...
C...
C..O

FUNCTION ATANF (XsAeHBeCeD)
ATANF=8+(C/3.14159)#ATAN (3, 141598 )8 1 X=0))
RETURN

End)

NOTE THAT 3.14159 1S AN APPROXTMATINON T9 BT
AND THAT ATAN TS A SYSTEM SURPLTEND RNUIT LuE
THAT COMPUTES THF PRINCIPAl, HeANCH (PI/2>
ATAN(X)>=RP]/2)




GENERALI1ZED POISSON DENSITY FUNCTION .

Functional Form

b-x]©
f(x,a,b,c,d) = [E:EJ e

Derivative

-4 |

- [ b-x}c-1 c_ , l¢b=xyd _
f'{x,a,b,c,d) = ¢ E:EJ 5= [(B:EJ 1]

Parameter Definitions

a = value of "x" where f(x) = 1.0
b = value of "x'' where f(x) = 0.0 (x < b)
¢ = shape parameter for part of the curve to the right of x = a
d = shape parameter for part of the curve to the left of x = a
¢ =-base of the natural logarithm = 2.71828

Graphs

f(x,7,10,11,.2)
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vary 'a
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f(x,5,10,3,d)

vary ''d!

1.00

.75

FORTRAN CODE

C...
C...
C...
C...
CO.‘
C'..
C‘..

FIMCTION GPNIF{(XebhoetigC o))

FRAC=(B=-X)/(H=4)

I[f (FRAC.LL.UL) GO TO 1
GPOF=EXP(C/NH* {1 ,~FRACH¥)))

GPDF = (FRACH##C)Y #GRIF

RF TURN

GPNF=0

RETURN

EM1) .

EXP IS A SYSTEM SUPRLIFD FUNCTION w=ICh
EXPONENTIATES (BASKE E) T+E ARGOAENT,

THE TF STATEMENT IS TNCLUDFED TH ASSURF
THAT ONE DOFS NOT ATTFE2RT TO FYPONENTIATF
A NEGATIVFE NUMRER, N2, [F £>H. GRNF=zY,
ALTHOUGH THE FUNCTION TIs ~FALLY NOT DFF [wE)
THERE .



f{x,1,.25)

EXPONENT [AL FUNCTION

Functional Form

f(x,a,b) = aebx

Derivative

f'(glf,b) = abebx

Parameter Definitions

the value of f(x) when x = 0.0
shape parameter for the curve

a
b

Graphs

' (x,1,.25)

10




vary "'a'

15

10

f(x,a,.25)
wn

vary ‘b

f(x,4,b)

2.5 5.0 7.5 10.0

FORTRAN CNODE

Cova
C...

FUNCTION FF(XxsAsR)

EF-a®EXR(R%X)

RETURN

END

EXP IS A SYSTEM SUPPLTEN FUNCTION we](
EXPONENTIATES (HBASFE £) ThE Al MENT,



f(x,2,1.20)

-10-

MODIFIED EXPONENTIAL FUNCTION

Functional Form

f(x,a,b) = ab™

Derivative

x

f'{x,a,b) = ab Tn,b

Parameter Definitions

a = the value of f(x) when x = 0.0
b = shape parameter for the curve, b > 0
Graphs

10 p
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f{x,a,1.25)

f(x,b,b)

vary ||b||
1
5 b= 1.5
b= 1.25
b = 1.15

10 .

b = 1,05
’ b=1,0

b=.9
h = .3 b
O.G - ‘ l l
2.5 5.0 7.5 10.0
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FORTDAN CNODE

FUNCTION FFM(XsAe3)

IF (BL.LE.NL.Y GO TO ]

EFM = A#daaX

RFTURN

1 EFM = 0§,

RFETURN

EnMD
Caee IF RE0s THIS FUNCTION T5 UNDEFTNE:D
Ceme (MULTTIPLE VALUEDY AL THOUGH THF 00T IF
Coae HFTURNS THE VAIUFE



NATURAL GROWTH FUNCTION

Functional Form

f(x,a,b) = a(l - ¢ P%)

Derivative

bx

f'(x,a,b) = abe

Parameter Definitions

the maximum or minimum value of f({x)

a =
b = parameter that controls the rate which f{x} approaches 'a"
ira>nsg
or 10 -
A a
w i o i
X > x 5
« T
0. : 4 0.0 = )
5 10 5 10
X X
vary 'a'
10 r
a=3
a==6
a=k
i a=2
X
Y=
i AL [
x 20 7.5 10.0
a= =2




10

-14-

5
)
o0
X
Y-
0.0
-5

FORTRAN CNDE

vary '"‘b"
1
b = .50
b= .25
b = ,10
= .05
—d I ' .
2.5 5.0 15 0.0
X
= ~.05
b = -, 10

FUMCTION GFN(XaAoH)
GFN = A#(],=Fad(H#x))

RFTURN
EMD



f{x,10,24,2)

LOGISTIC FUNCTION

Functional Form

f{x,a,b,c) = 2 X
1 + be
Derivative
-CX
f'(x,a,b,c) = +abce_cx 5
(1t + be %)

Parameter Definitions

a = the maximum value of f{x) [f(x) equals %—at the inflection
point of the curve]
b = control parameter for value of f(x) when x = 0.0
¢ = control parameter for the value of '"x!" at the inflection
point of the curve
Graphs
-
10 b 10
~
P o
N‘
=
5 | X2
L=
0.0 - A L L
5 10 0.0 5 10
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vary '"a"

A A

A
[N ¥ (Fa)
. .
P~ 3]

0.0

o
c
Ly

12‘5 -
10.0 |

(al-‘nz‘e'x)y

10.0

7.5

0

5

5

2.

vary ''b"!

12.5T

(qL°°q‘z1°%)4

10.0

7.5

5.0

2,5



f(x,12,24,c)
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vary ‘''c"
12.5 F
10.0 ¢
7.5 T o &
i (9 * ~* N (M)
) # & ’ g 2
5.0 o v < <
2.5 r
0.0 ] 1 1 i
2.5 5.0 7.5 10.0
X

FORTRAN CODE

FUNCTION FL{XsaaRs()

Fr

A7 (] +R¥EEXD(=C#x))

RFTURN

EnND



f(x,5"75)

~18-

ALLOMETRIC FUNCTION

Functional Form

f{x,a,b) = axb

Derivative

f'(x,a,b) = abx(b_1)

Parameter Definitions

a = the value of f(x) when x = 1.0
b = control parameter for the shape of the curve
Graphs
10.0 p
7.5
n
| pat
”i 5.0 ¢
X
— 2.5F
0.0 1 1
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f(x,a,.75)

vary "a"

f(x,a,1.5)




f(x,a,~+25)

f(x,4,b)

FORTRAN CODE

C--o
Ccl-

-20-

vary

IlaII

FUNCTTION AF{(Xesd«d)
IF (X LFN.) 6N T L
AF = AsXi#ip

RETURN
AF = 0,
RF THRN
D

IF X<0»
ROUTINE

THIS FINCTTON TS
RETURNS THFE vapur

GENFESYL LY CfUE T LR F

Al !'P.:

THIS Chist,

VoL ik

a1

CU-YI_E A,

[«



Functional Form

f(x,a,b,c,d) = ab

-21-

GENERAL |ZED GOMPERTZ EQUATION

Derivative

-dx

f£'(x,a,b,c,d) = acdb P . (Ineb)z . pT9x

Parameter Definitions

a =
b =
Cc =
d =
Graphs
1.00
o .75
Nﬁ
[
™~ .50
X
ha .25
0.0

the maximum value of f(x)

control parameter that changes value of f(x) where the inflection

point is located [f{x) = 2 at the inflection point for values

b
of 'b" between 2 and 6]
control parameter that moves the ''x'' location of the Inflection
point
control parameter that changes the slope of the curve at
inflection point

- 1.00 F
B (cili LI5 F
|
~
o '_' .50 B
X
! “ .25 f
A A 0.0 L L
5 10 5 10



f(x,a,2.7,20,1)

£(x,1,b,20,1)

f(x,1,2.7,¢c,1)

-22-

1t H)

vary ''a
15 ¢
a= 12
10 _a =10
a =3
a==6
5 -3
a=2=.
0.0 L L 1 1
2.5 5.0 7.5 10.0
X
vary ''b*
10.0
7.5
5.0
2.5
0.0
10.0F
7.5
5.0
2.5

0.0

2.5 5.0 7.5 10.0
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vary ''d"
10.0

7.5

5.0

f{x,1,2.7,20,d)

2.5

0.0

2.5 5.0 7.5 10.0

FORTRAN CONDE

FUNCTTION GGEF (X+AeRsCaeD)

IF (BJLELOLY GO TO 1

GGFF=C#BR#% (~D# X))

GHEF=A#R®H (-(GGEF Y

RETURN

1 GGEF=0,

RETURN

END,
Ceea THIS FUNMCTION TS GENFRALLY MULTIPLFE VALUFY AND (COM2| kX
Cove IF R<0, THE KOUTINF RFETUHNS THF VAL JF 0,
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QUADRATIC EQUATION

Functional form

f(x,a,b,c) = a + bx + ox?

Derivative

f'(x,a,b,c) = b + 2cx

Parameter Definitions

a = the value of f(x) when x = 0.0
b = parameter that controls the shape of the curve
¢ = parameter that controls the shape of the curve
Graphs
10.0 10.0
1.5 L 7.5 F
" o)
g S,
< 5.0 X 5.0 F
4 e
2.5 2.5 :/
0.0 1 L A i I | A A 1
2,5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0



f(x,4,b,.25)
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f(x,a,1,.25)

v

0.0 / 2.5 5.0 7" 100
X

-2.5}

vary ''b"

0.0

2,5 5.0 7.5 10.0



-26-

F(x,4,1,¢)

2.5 5.0 7_5 ]0.0

FORTRAN CODE

FUNCTION OEF(A«AeB4C)
DFF=A+X# (R+H X))
HFEFTURN

Erif
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SINE FUNCTION

Functional Form
. |2n
f{x,a,b,c}) = a - sun[—g (x - c)}
Derivative

f'{x,a,b,c) = ggi-cos[gg {x - c)]

Parameter Definitions

f(x,1,10,0)

a = the ampilitude of the sine wave divided by two
b = the wavelength of the sine wave
c = the parameter that moves the sine wave along the ''x'' axis
Graphs
1.0 p 1.0p
-5 - f'o-n .5 b
=)
0.0 i ~ 0.0 } }
10 X 5 10
-.5} X - -.51F X
~-1.0 ¢ -1.0 k




f(x,a,10,0)

f(x,1,b,0)

f(x,1,10,c)

0.

-1

0

.0

-28-

vary ''a"

a=1.5

vary '‘b"
3 Ve ~ o\ P -
7
/./ o \\6 . / .\ // ~
~// \c . . e
o, g \.-.-\ o / ® /
.\ \-J‘ o \ /
.l \\ : 1; .
2.9 ¥ // ] 10.0
° )(\ /o \ ./
] L]
o/ M_v o/
vary ''c'
i c = c = 2,5 c=25
-~ —_
e ~ @ L
. / 2 \o
® \ \\
/ /N .
, ! ® .
N, RS . 2N 0.0
i \‘ // ./ X \\
/\ / N
70— S
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FORT=2AN CODE
FUNCTION SF(XeAaHeC)
SE=ABSIM(G,, 22319 /H43(X=C))
RFTURN
END
Ceve SIN IS A SYSTEM SUPPLIFD FUNCTION T
Ceus CNMPUTE THE SINE OF AN ANGIE Tht RADTAMS,
Cese 6.28319 IS AN APPROXTMATION TO 2RI,



f(x,1,10,0)

COSINE FUNCTION

Functional Form

f(x,a,b,c) = a - cos{gg-(x - c)]

Derivative
f'(x,a,b,c) = -2%1 sin {3%-(x - c)]

Parameter Definitions

a = the amplitude of the cosine wave divided by two
b = the wavelength of the cosine wave
¢ = the parameter that moves the cosine wave along the '"x'* axis
Graphs
1.0 1 0 -
5P ) 5 F
o
0-0 : _lL '_“ 000
5 10 = 10
vl
-.5p X -.5T X
-1.0F -1.0 ©




f(x,1,b,0)

f(x,1,10,c)

f{x,a,10,0)
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va ry Ilall
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FNRTRAN CODE

FUNCTION CF{XeAsrte(l)
CF=A#COS(A 2RIl 3/ (X=C))
RE TURMN
END
Ceas CNS IS &2 SYSTFM Suinw) TR FUNCTTNAN TN
Case COMPUTE THE COSTr- 0OF AN ANGLE TN 2adTasi,
Cawe DelBILY IS AN aAPRRAXIMATION To 271,



f(x,3,.5)

LINEAR FUNCTION
Functional Form

f{x,a,b) = a + bx

Derivative

f*(x,a,b) = b

Parameter Definitions

a = the value of f{x) when x = 0.0
b = the slope of the curve
Graphs
10,0 F 10.0 p
7.5 —_ 7.5¢
W
o
5.0 5‘ 5.0}
-—
2.5 8 205 i
0.0 % 1 " L 0.0 |
2.5 5.0 7.5 10.0 2.5
X
n
©
X
LV .

5.0

2.5 5.0 7.5

10.0

7.5

10.0
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10.0
7.5
a
~ 5.0
X
LT
2.5
0.0 2.5 5.0 7.5 10.0
X

FORTRAN CODE

FUNCTTON ZFL(Xe AR
LZFL=A+8Bux

RETURN

EnD

ANOTHER USEFUL 1 INEAR FUNCTION AMD 175 Cnbe 19

CCIO
Cese
CII.
CC..

FUNCT TON CLI"\OA’*‘IQK]-X*))

IF (X1.FQ.X2) GO 0 1
CLIZ(A-R)/(X1=X2)#(X=X72) +1

RFETURN

CLI=(Aa+8) /2,

RF.TURN

END

THIS FUNCTION SUAROUT T4F COMPIITES A

LINEAR INTERPOLATINAN (EXTRARPOLATION) THwaynH
THE POIMTS (XK1lea) AND (X24R) Ly E58 x1=x2,
I THIS LATTER CASE e (A+Y /2 13 RE Turene D,
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PIECEWISE L INEAR FUNCTION

Functional Form

[ a if x < x,
_ {b - a) .
f(x,a,b,x],xz) = 1 [ X, = %, (x xl) +a if X, 2 X 2 X,
. b if x> x,
Derivative
(0 if x < x
: b-a
1 - 4 :
f (x,a,b,xi,xz) =\ if xy < x < x,
2 1
\0 if x > Xy
(The derivative is not defined at x, and xz.)
Parameter Definitions
a = the value of f(x) to the left of the.step
b = the value of f(x) to the right of the step
Xy = the value of '"x'"' at the left end of the step
Xy = the value of "x'"' at the right end of the step
Graphs
10.0 ¢ ' 10.0
— 7-5 - :B: 7-5 -
\D'~ o
e vy
v 5.0} ~ 5.0k
o~ X
X -
< 2.5 T 2.5t
/3 —en
0.0 2 L L - ) 0.0 0 1 " "
2.5 5.0 7.5 10.0 2.5 5.0 7.5 16.0



f(x,2,b,2,5)

f(x!2!7!x1 ’5)

10.0

-36-

vary ''a'

"
N.
~
5
X
[T
7.5 10.0
X
vary ''b"
10.0r
b =9
7-5 b - 7
5.0 b =5
b =3
2.5
0-0 A A A 3
2.5 5.0 7.5 10.0
vary ux‘u
10.0F
7.5F
5.0 ™
2.5F
0.0 L A A 1
2.5 5.0 7+5 10,0




10.0F

f(x,2,7,2,x2)

0.0% 4

ENRTDAN CODF

FOUNMCTION TRILF (Xt eBexXTex?2)
IF (Xx.LZ.x1) GO 1001
IF (X.GF.Xx2) GO 70 2
TRILF={R=A)/{X2=X1)#(X=X]}+A
REFTURN :
! TRILF=aA
RETURMN
2 TRILF=8
RETURN
Enb
Coae IF X1=X2e THE VALUEF RETURNFD IS A TF X<X)
Ceae AD R OTHERWISE,

ANOTHER PIECEWISF LIMEAR FUNCTION OF CONSIDERAMLE UTILITY @< THE TASLFE FUNCT T

OF FNARRFSTFR SHICH NDNES 4 LINEar INTERPOLATTION SETWEFN TukU|l AR FMTRIFES,

FOROFSTFRe JAY Wes WORLD DYNAMTCS AND PRINCTPLES OF SYSTEMS

FUNCTION TARLE(TRLsXAsX1sX24D0X)

DIMENSINON TRL (1)

IF (DX.EQ.0L)Y GO T0 ]

IF (XL LE.X1)} G 10 |}

IF (XL GFX2) GN TO 2

K={X=X1)y/DX

I=Kk+1

J=i+1

TABLE=(TBL I =T (1)) /DX {X=X1=k®)X)+THL(T)

RETURMN

1 TABLE=THL (1)
RE TURN
2 K={X2=-X1}/DX+1,

TARLE=TRL (K}

RFETURN

EMD _
Ceae THE TABLE TRL IS LINELOLY INTF&RQLATEN AY THIs
Ceae FUNCTION OVER THE PAMGF FQOM xt TO X2 IN (FluaL)
Coaa STEPS OF DX, FNR X LE . Xle TAKLF=13 (1) AnD
Coae FOR X GEoX2a TABLE=TRL ((X2=X1)r/X+1l,)a I¥ NX=(s
Cese TRL(1) IS RETURNFD,



fx,1,1,1,1)
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RATIONAL FUNCTION I

Functional Form

a + C
{1+ b/x) (1 + d/x)

f(x,a,b,c,d) =

Derivative

f'(x,a,b,c,d) = ab 79 * cd T 9
(1 + b/x)“x (1 + d/x)°x

Parameter Definitions

a and ¢ = the parameters which control the maximum value of the
function [a + ¢ = the maximum value of f{x)]
b and d = the parameters which control the rate that the function
approaches its maximum value
Graphs

frix,1,1,1,1)
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Vary Ilali

f(x,a,1,1,1)

f(x,1,b,1,1)

T var Hett
3r Y

f(x,1,1,c,1)




f(x,1,1,1,d)

=40-

Val’y Ildli

FORTRAN CODE

c-'.
C...

FUNMCTTION RETIXedsHaCai)d

IF (X EN.,)
Tuap=],+R/X
IF (THMP,EN.D,)
RFI=A/TuP
Tup=],+0/X

IF (TMP,F0D.0.}
RFEF[=RFI+CrTMp
RETURN

RETURN

EnD

IF Xe 1+H/% OR 1+00/X
RETURNS THE VAL LUF 5,

Gn 10 1

GO TO

6N TO

1

1

1< /FE0) e [HE DO [F
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