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ABSTRACT OF DISSERTATION

ESTIMATION OF STRUCTURAL BREAKS IN NONSTATIONARY TIME
SERIES

Many time series exhibit structural breaks in a variety of ways, the most obvious
being a mean level shift. In this case, the mean level of the process is constant
over periods of time, jumping to different levels at times called change-points. These
jumps may be due to outside influences such as changes in government policy or
manufacturing regulations, Structural breaks may also be a result of changes in
variability or changes in the spectrum of the process. The goal of this research is
to estimate where these structural breaks occur and to provide a model for the data
within each stationary segment. The program Auto-PARM (Automatic Piecewise
AutoRegressive Modeling procedure), developed by Davis, Lee, and Rodriguez-Yam
(2006) , uses the minimum description length principle to estimate the number and
locations of change-points in a time scries by fitting autoregressive models to each
segment.

The research in this dissertation shows that when the true underlying model
is segmented autoregressive, the estimates obtained by Auto-PARM are consistent.
Under a more general time series model exhibiting structural breaks, Auto-PARM’s
estimates of the number and locations of change-points are again consistent, and the
segmented autoregressive model provides a useful approximation to the true process.
Weak consistency proofs are given, as well as simulation results when the true process

is not autoregressive.
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An example of the application of Auto-PARM as well as a source of inspiration
for this research is the analysis of National Park Service sound data. This data was
collected by the National Park Service over four years in around twenty of the National
Parks by setting recording devices in several sites throughout the parks. The goal
of the project is to estimate the amount of manmade sound in the National Parks.
Though the project is in its initial stages, Auto-PARM provides a promising method
for analyzing sound data by breaking the sound waves into pseudo-stationary pieces.
Once the sound data have been broken into pieces, a classification technique can be

applied to determine the type of sound in each segment.

Stacey Hancock

Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Fall 2008
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Chapter 1

INTRODUCTION
1.1 The Change-Point Problem

In recent years, there has been considerable development in non-linear time series
modeling. One prominent subject in non-linear time series modeling is the “change-
point” or “structural breaks” problem. The change-point problem considers obser-
vations ordered by some index, usually time, and postulates that their distribution
changes at some unknown point in the sequence. The main objective is to detect the
changes and estimate their locations. According to Zacks (1983), “The change-point
problem can be considered one of the central problems of statistical inference....”
The most common change considered is a mean shift, where the mean of the process
is piecewise constant. These jumps may be due to outside influences such as changes
in government policy or manufacturing regulations. Structural breaks may also result
from changes in variability, changes in the spectrum, or changes in some other feature
of the process. Other examples of change-point problems can be found in Jassby and
Powell (1990), who consider problems in ecological time series data, and Dias and
Embrechts (2004), who discuss finance and insurance applications.

Change-point analysis, as discussed here, is concerned with a posteriori detection
of change-points with a fixed sample size. Another area of research is the sequential or
“on-line” study of changes in a process. Sequential methods are often used in problems
of statistical control of industrial processes. For example, when manufacturing a
product, data is collected and analyzed in real time, and the goal is to detect a

change in the product as soon as possible after it occurs. Cumulative sum procedures
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(CUSUM) are popular sequential change-point detection methods. See Zacks (1991)
for a review of sequential methods.

Fixed sample change-point analysis can be broken into two main problems: hy-
pothesis testing and estimation. Hypothesis testing is concerned with testing a null
of no change-points versus an alternative of one or more change-points. See Bhat-
tacharya (1994), Haccou and Meelis (1988), James, James and Siegmund (1987),
Picard (1985), and Yao and Davis (1986) for a more comprehensive review of testing
for change-points and for further references. This dissertation is concerned with the
estimation side of the change-point problem. Rather than testing if change-points
are present, we estimate the number of change-points and the change-point locations,
then fit models to each segment. Estimating the change-points not only determines
if one or more change-points are present, but gives further information about the
number and locations of the change-points.

The majority of the early literature on change-point estimation assumes inde-
pendent normal data. In their seminal paper, Chernoff and Zacks (1964) examine
the problem of detecting mean changes in independent normal data with unit vari-
ance. Both Yao (1988) and Sullivan (2002) estimate the number and locations of
changes in the mean of independent normal data with constant variance, and Chen
and Gupta (1997) examine changes in the variance of independent normal data with
a constant mean. Some research considers the change-point problem without as-
suming normality, but still assumes independence. For example, Lee (1997) assumes
independent observations from an exponential family, and Hawkins (2001) explores
maximum likelihood change-point estimates for a general exponential family. Also,
Lee (1996) considers a nonparametric approach for independent data with no distri-
butional assumption. Other papers that explore change-points in independent data
include Bhattacharya (1987), Jandhyala and Fotopoulos (1999), Yao and Au (1989),
and Yao (1987). Bayesian approaches have also been explored, e.g., Fearnhead (2006),
Perreault et al. (2000), Stephens (1994), Yao (1984), and Zhang and Siegmund (2007).



Recent literature is starting to focus more on detecting changes in dependent
data, though the majority of this literature concerns hypothesis testing. Research
on the estimation of the number and locations of the change-points includes Davis
et al. (1995), who consider change-points in autoregressive processes, Kiihn (2001),
who assumes a weak invariance principle, and Kokoszka and Leipus (2000) on the
estimation of change-points in ARCH models. This dissertation examines a method
for estimating the number and locations of the change-points that does not assume
independence nor a distribution on the data, e.g., normal, and does not assume
a specific type of change. The method can detect changes in the mean, variance,

spectrum, or other model parameters.

1.2 Automatic Piecewise Autoregressive Modeling (Auto-PARM)

Davis et al. (2006) developed a procedure for modeling a non-stationary time
series by segmenting the series into blocks of different autoregressive processes. A
random process {X;} is said to follow an autoregressive model of order p (or AR(p))

with mean p if

Xe—p=¢1(Xemr — )+ + ¢p(Xop — 1) + 06

where {€,} is a white noise process with mean zero and unit variance, and ¢(z) =
1—¢r1z—--—¢pz? # 0 for all |z| < 1. The condition on the autoregressive polynomial
¢(z) ensures that the process is causal. Autoregressive models have the unique ability

to model any covariance function up to a certain lag. More precisely, for every non-

p+1
i)j:l'

singular covariance matrix I'y 11 = {y(i — j) of a stationary process, there is a
causal AR(p) process whose autocovariances at lags 0, ..., p are exactly v(0), ...,
v(p) [8]. This property makes autoregressive models ideal for approximating non-
autoregressive processes.

The modeling procedure of Davis et al. (2006), referred to as Auto-PARM

(Automatic Piecewise AutoRegressive Modeling), uses a model selection criterion



called minimum description length to estimate the number of change-points, the lo-
cations of the change-points, the autoregressive model orders, and the autoregressive
model parameters. The class of piecewise autoregressive models that Auto-PARM fits
to an observed time series {y;} with n observations is as follows. For j = 1,... ,m,
denote the change-point between the jth and (j + 1)st autoregressive processes as 7;,
where 75 := 1 and 7,47 := n + 1. Then the jth piece of the series is modeled as an

autoregressive process
Y, = X, b=750,. 1y — 1, (1.1)
where {X,;} is the causal AR(p;) process
Xej= @50+ &K1+ + @jp; Xep; s + 056,

Y; = (650, @15+ bjp,,05) is the parameter vector corresponding to this AR(p;)
process with ¢;,, # 0, and the sequence {¢,} is a white noise process with zero mean
and unit variance. To ensure identifiability of the parameters, the model assumes
that v; # 1, for any j = 1,...,m. That is, between consecutive segments, at
least one of the AR coefficients, the process mean, the white noise variance, or the
AR order must change. Note that if we denote the mean of the jth segment as y;,
then ¢;0 = p;(1 — ¢j1 — - — ¢;j,,). Given an observed time series {y;}7;, Auto-
PARM obtains the “best”’-fitting model by finding the “best” combination of the
number of change-points m, the change-point locations 7,...,7,,, and the AR orders
D1, - Pma1. Once these parameters are specified, we can easily compute maximum
likelihood estimates of the AR parameters 1, for each segment.

The model selection criteria that Auto-PARM uses to obtain the best-fitting
model is called minimum description length (MDL). The minimum description length
principle is a method for model selection developed by Jorma Rissanen in the 1980’s
(see, e.g., [40] and [41]). Underlying the concept of MDL is the insight that any

regularity or pattern in the data can be used to compress the data [17}. In terms of



coding theory, the “best” model for the data is the one that describes the data with
the shortest code length, or the least amount of memory space required to store the
data. Rissanen developed a universal coding system in which the code length of a
data set using a given model can be expressed as the sum of the code length of the
fitted model plus the code length of the residuals given the fitted model. In other
words, the data can be described as patterns in the data plus leftover “noise”. This
interpretation is not unlike model selection criteria which fit a model to the data by
minimizing the likelihood plus a penalty term for model complexity, however, MDL
prevents overfitting automatically and does not require the often ad hoc estimation of
a tuning parameter for the penalty term nor the assumption of an underlying “true”
model. Using MDL as a model selection criteria has many other advantages. For
example, MDL chooses a model that trades off goodness-of-fit with model complexity,
adhering to the principle of parsimony. For further review and discussion on minimum
description length, see Lee (2001), Hansen and Yu (2001), and Griinwald et al. (2005).

If we denote the whole class of piecewise AR models by M and any model from
this class by F € M, then the MDL principle defines the “best”-fitting model from
M as the one that produces the shortest code length that completely describes the
observed data y = (y1,%2,...,%n). Denoting the code length of an object z using

model F by CLx(z), the code length of the observed data can be expressed as
CLr(y) = CLr(F) + CLr(&|F),

where CLz(F) is the code length of the fitted model F and CLx(&|F) is the code
length of the corresponding residuals € = y — ¢ conditional on the fitted model F.
Thus, deriving expressions for CLx(F) and CLx(é|F) results in an expression for
CL#(y). The MDL principle states that the best-fitting model is the model F that

minimizes C'Lz(y). Using Rissanen’s results for encoding integers, bounded integers,



and maximum likelihood estimates, we obtain the code length of the fitted model F,

CLr(F) = logym+ (m+1)log,n
m+1 m+1

p;+2
+ D logop + ) T logyny,
j=1 =1

where n; is the number of observations in the jth segment. Rissanen demonstrated

that the code length for the residuals é given the fitted model Fis given by the
negative of the log-likelihood of the fitted model F. Assuming the segments are
independent, we can apply quasi-likelihood inference procedures to obtain the ap-

proximation

+

m+-1
. . R B
CLr(e|lF) ~ bl log(2m) — 5 log [V + 'Q"y;rvjyj log, e.

1

il

J
where V;l is an estimate of the covariance matrix of the vector of observations in
the jth segment.

Using logarithm base e rather than base 2, and using the standard approximation
to the likelihood for AR models, we define the minimum description length for the
piecewise autoregressive process model (1.1) used by Auto-PARM as

MDL(maTla vy Tms Py e e )pm+l) - 1Ogm + (m + 1) IOgn
m+1 m+1 m+1

p;+2 n; .
+ Z log p; + Z J ; logn; + Z —éj— log(2m673), (1.2)
=1 =1

J=1

where (}JZ is the Yule-Walker estimate of the white noise variance in the jth segment
(see [13] for further details on the derivation of the MDL).! Auto-PARM selects

the best-fitting model for y as the model 7 € M that minimizes (1.2), which is

!The consistency proofs in the following chapters use conditional maximum likelihood estimates
rather than Yule-Walker estimates. We can think of using conditional maximum likelihood estimates
as being true the to MDL principle since these estimates then result in the exact -2log(likelihood)
term (assuming a normal distribution on the errors) rather than the approximation that results from
using Yule-Walker estimates. In the end, the Auto-PARM estimates are weakly consistent in both
cases.



equivalent to choosing the model with the minimum code length CLg(y). If the
number of change-points m is zero, logm is taken to be zero. Likewise, if an AR
order p; is zero, logp; is defined to be zero. Of the five terms in (1.2), the first term
represents the code length for m, the second the code length for ny, ..., n,; (which
determine 71,..., 7y ), the third the code length for the AR orders py,...,pm+41, the
fourth the code length for the AR model parameters, and the fifth the code length
for the residuals given the fitted model. The best-fitting model is then found by
minimizing the MDL with respect to the number of change-points, m, the change-
point locations, 71,...,7,, and the AR orders, py,...,pmy1. Note that once these
parameters are specified, the AR parameters within each fitted segment, 1;, can be
easily estimated using maximum likelihood. This minimization is carried out using a
genetic algorithm which is a numerical minimization technique that mimics natural
evolution. See Pasia et al. (2005) for a review of genetic algorithms and Davis et al.

(2006) for implementation details in Auto-PARM.

1.3 Statement of the Problem

This dissertation explores the theory behind Auto-PARM. Davis et al. (2006)
showed that if the true number of change-points is known, the estimated change-point
locations obtained by Auto-PARM are consistent for the true change-point locations
if the underlying model is assumed to be piecewise autoregressive. They also demon-
strated through simulations that the estimated number of change-points seems to be
a consistent estimator for the true number of change-points. This research will prove
that the estimated number of change-points and the estimated AR orders are weakly
consistent for the true number of change-points and the true AR orders, respectively,
and under certain circumstances, are strongly consistent. In addition, we will show
that the estimated number and locations of change-points are weakly consistent as-

suming only that the underlying process is piecewise stationary, strongly mixing and
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satisfies a few other minor assumptions. This has implications for Auto-PARM’s ap-
uplicability to real data in which the assumption of a piecewise autoregressive model
is overly restrictive.

Previous consistency proofs for the number of change-points in the change-point
literature have been demonstrated by, e.g., Yao (1988), Lee (1995), Lee (1996), Lee
(1997), and Kuhn (2001). Many of these papers use a modified version of the BIC for
model selection, and all of the papers aside from Kuhn (2001) assume independent
observations. In general, we will prove consistency by considering the difference
between the MDL with the true number of change-points and the MDL with the
wrong number of change-points. Strong or weak consistency follows if the MDL for
the wrong model is larger than the MDL for the correct model for large n almost
surely or in probability, respectively. An outline of the results is as follows.

In Chapter 2, we show that, assuming the true process follows a piecewise au-
toregressive model, the estimated number of change-points and the estimated AR
orders are consistent for the true number of change-points and the true AR orders,
respectively. As a tool for the proofs, in Lemmas 2.1 and 2.2 and Theorem 2.1, we
use conditional maximum likelihood estimates in the MDL rather than Yule-Walker
estimates. We first address the case where the true process has no change-points.
Lemma 2.1 assumes that the AR order of the true process is known, and shows that
the MDL using m > 1 change-points is larger than the MDL using no change-points
for large n with probability 1. Lemma 2.2 extends Lemma 2.1 to the case where the
AR orders are estimated from the data. Lemmas 2.1 and 2.2 imply that the estimated
number of change-points and the estimated AR orders are strongly consistent for the
true number of change-points (0) and the true AR order when the underlying process
has no change-points. Theorem 2.1 uses Lemmas 2.1 and 2.2 to prove that if the true
process has my > 0 change-points, then the estimated number of change-points and
the estimated AR orders are weakly consistent for mg and the true AR orders. The

last section of Chapter 2 shows that the estimated number of change-points and the



estimated AR orders are still weakly consistent for the true number of change-points
and the true AR orders when we use Yule-Walker estimates in the MDL. Lemmas
2.3 and 2.4 show weak consistency in the case where the underlying process has no
change-points, and Theorem 2.2 shows weak consistency when the underlying process
has mg > 0 change-points.

Chapter 3 shows consistency of the Auto-PARM estimates when the underly-
ing process is not necessarily piecewise autoregressive, but piecewise stationary and
strongly mixing, and satisfies some other general assumptions. The second section
mimics the consistency proofs in Davis et al. (2006) to show that under this general
model, when the number of change-points is known, if we choose a large enough AR
order for each fitted segment, the estimated change-point locations are again strongly
consistent for the true change-point locations. This result is stated as Theorem 3.1.
In the third section, we adapt the arguments for Lemma 2.1 and Theorem 2.1 to show
that the estimated number of change-points is weakly consistent for the true number
of change-points if large enough AR orders are fit to each segment. These results are
stated as Lemma 3.1 and Theorem 3.2. In the last section of Chapter 3, we describe
some simulations using Auto-PARM on non-autoregressive data.

Chapter 4 addresses a specific application of Auto-PARM to sound data ob-
tained by the National Park Service. In this project, the National Park Service was
interested in determining the proportion of man-made sounds in the parks. We used
Auto-PARM to break the sound waves into approximately stationary segments, and
then applied a classification algorithm to each segment. We also explored a method
of windowing the sound wave and using linear discriminant analysis to classify each
window. This second method of windowing the data showed promising results, and
future work may include examining this problem in more detail possibly using statis-

tical learning methods.



Chapter 2

CONSISTENCY OF AUTO-PARM ESTIMATES FOR A PIECEWISE
AR PROCESS

2.1 Introduction

Consider the problem of modeling a nonstationary time series by segmenting the
series into blocks of different autoregressive (AR) processes. Let m denote the number
of change-points, and for k = 1,..., m, denote the change-point between the kth and
(k+1)st AR processes as 7y, where 75 := 1 and 7,,41 := n+1. Let py, ..., pms1 denote
the AR orders of the m + 1 segments. As described in Chapter 1, the number and
locations of change-points plus the autoregressive orders, (m, 1, ..., T, D1, - -+ y Pm+1)s

are estimated by minimizing the minimum description length (MDL),

MDL(m, 7y, ..., Tm;P1s -+ s Pmt1) = logm + (m + 1) logn

m-+1 m+1 P + 2 m+1 n
k k .
+ E log px, + E 5 log ng + E 5 log(2n6%), (2.1)
k=1 k=1 k=1

where 67 is the conditional maximum likelihood estimate of the noise variance when
fitting a prth order AR model to the kth segment, and ny is the number of obser-
vations in the kth segment, & = 1,...,m + 1. Note that the dependence of the
minimum description length on the autoregressive coefficient parameter estimates is
only through the white noise estimates, 47.

This chapter shows consistency of the estimates obtained by minimizing the

MDL. Davis et al. (2006) showed that if the true process follows a piecewise auto-

regressive model, and the number of change-points is known, then the estimated



11

change-point locations are strongly consistent. We will prove that the estimate of the
number of change-points and the estimated AR orders are weakly consistent. The
proof of consistency will rely on detailed behavior of the sample covariances, which
we examine through the functional law of the iterated logarithm. In the next section,
we will introduce the functional law of the iterated logarithm and show how it applies
to the sample covariances of autoregressive processes. In Section 2.3, we will review
the piecewise autoregressive model introduced in Chapter 1. Conditional maximum
likelihood estimation will be discussed in Section 2.4. Section 2.5 proves consistency
of the estimated number of change-points and the AR orders for the case where there
are no true change-points. Section 2.6 uses the results from Section 2.5 to show the
main consistency result for the estimates of the number of change-points and the AR
orders.

The MDL defined in (2.1) uses conditional maximum likelihood estimates for the
white noise variances. Alternatively, Davis et al. (2006) use Yule-Walker estimates in
their implementation of the MDL. We use conditional maximum likelihood estimates
as a tool to simplify the consistency proofs. In practice, Yule-Walker estimates are
preferable due to computational speed and stability (numerical), and resulting causal
estimates. We will address this difference in Section 2.7, denoting the MDL using
Yule-Walker estimates as MDLy, and show how the consistency results extend to
the case where the MDL is defined with Yule-Walker estimates. The only difference
in the consistency results between conditional maximum likelihood estimation and
Yule-Walker estimation is in the case where the true process has no change-points.
When we use conditional maximum likelihood estimation in this case, we can show
that consistency holds almost surely. However, when using Yule-Walker estimation,
because Yule-Walker estimates use partial sums of the sample autocovariance function
in which the sum index starts at ¢ = 1 + h rather than from ¢ = 1, we can only show

consistency in probability.
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2.2 Functional Law of the Iterated Logarithm

An underlying principle used in this dissertation when proving consistency is the
functional law of the iterated logarithm. Some background on this principle will help
in understanding the proofs that follow. Suppose we are given a sequence {Y;} of
independent and identically distributed random variables with mean 0 and variance

1, and define the partial sum
Sp=)_ Y
1=1

There are three fundamental asymptotic results about the behavior of S, as n — oo:
the strong law of large numbers, the central limit theorem, and the law of the iterated

logarithm. The strong law of large numbers states that

Sn,
— — 0 a.s.
n

The central limit theorem states that

Sn D
— — N(0,1).
N0

Notice that the strong law of large numbers normalizes S,, by dividing by n, which
results in a constant, the mean, as its limit. On the other hand, the central limit
theorem provides a normalizing factor for 5, that results in a distributional limit
with a random variable as its limit. This difference in limits is due to the size of the
normalizing factor. In the strong law of large numbers, the normalizing factor n is
too large to determine an exact order of convergence for S,, but in the central limit
theorem, the normalizing factor \/n is too small. The law of the iterated logarithm
addresses the delicacy of the normalizing factor by giving the exact normalizing factor
necessary to insure that the supremum of the limit points is 1 and the infimum of the

limit points is —1. It states that

Sn
Pl — =]
( lflsogp 2nloglogn )
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ie.,
Sp =0 (\/nlog logn) a.s.

Equivalently, the law of the iterated logarithm can be stated in terms of the sample

mean:

P limsup——————sn/ n
nmee [ 2loglogn

Heyde and Scott (1973) proved a law of the iterated logarithm for stationary

=1)]=1

processes, and Hannan and Quinn (1979) used this result on sample partial auto-
correlations to show consistency of AR order estimates. We will use the law of the
iterated logarithm on sample covariances within each stationary segment of the pro-
cess. However, since the boundaries between fitted segments are not fixed, we need
a functional law of the iterated logarithm to determine the order of convergence for
sample covariances with random boundaries found by minimizing the MDL.
Strassen (1964) defined a functional law of the iterated logarithm for independent
and identically distributed processes. Consider the continuous function 7, on [0, 1]

obtained by linearly interpolating
o W S
)T V2nloglogn
at t = k/n, k=1,...,n.2 In other words, for k¥ < nt < k+ 1,
n(t) = (2nloglogn) 2 (S + (nt — k)Yey1) -
Consider the set
1 /
K :={feC[0,1]: f(0) =0, fabsolutely continuous, / fr<i}.
0

Note that if f € K, then |f(¢)] < 1 for all ¢ € [0,1] and K is uniformly bounded

[5]. Let L({n.}) be the set of a.s. limit points of the sequence of functions {n,}.

2The function 7, need not be a linear interpolation. Any continuous function such that the
values of 7, (k/n) match the values Si/+/2nloglogn is sufficient.
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Then Strassen’s functional law of the iterated logarithm (FLIL) states that L({n,})
coincides with K a.s., and for any continuous functional 6 on CI0,1], L ({0(n,)})

coincides with #(K') a.s. For example, letting

)\S’n

Onn) =1(1) = —————
(n) = 1a(1) v2nloglogn

results in the basic law of the iterated logarithm.
2.2.1 Applying the FLIL to Autoregressive Processes

Throughout the consistency proofs in this dissertation, we use the functional
law of the iterated logarithm on the sample covariances and sample means of auto-
regressive processes. In this subsection, we will describe how to apply the FLIL to
AR processes and discuss sufficient conditions in order for the FLIL to hold.

Suppose the process {X;} follows the causal AR(p) model with mean p
Xe—p=¢1(Xeor —p) + -+ ¢p(Xip — p1) + o€

where {¢;} is a white noise process with mean zero and unit variance. It is always

assumed that the AR process is causal. That is, we can write
oo
Xy —p = ij TE€—j,s
—

for t = 0,+1,..., where 3" |¢;| < oo and g = 1. The coefficients ; are deter-
mined by the relation 1(z) = 3°77 ;27 = 1/¢(2) where ¢(2) =1~ 12—+ — 2",

If we observe a sample of size n from this process, the sample autocovariance
function (ACVF) is defined for 0 < h <n —1 as

B = 23 (=B (X - ) 2.2)

t=1+h

1< 2
= = D XXpw =X,
n

t=1+h
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where X is the sample mean. Let v(h) = Cou(X;, X;_1,) be the true covariance
between X, and X, . Then Hannan (1974) showed, under very general conditions,

the uniform convergence of sample autocovariances a.s. to the true covariances,

lim sup [4(h) —~v(h)| =0, as.,

N—=0 g<h<oo
where 4(h) := 0 for h > n. An et al. (1982) improved on the order of this result by

showing that if p(n) = O(logn)* for some a < oo, then

max [5() = ()] = O (\/ ~loglog n) . (2.3)

For a sequence { X} of real-valued random variables with finite variance defined
on the probability space (€, F, P), one measure of dependence, introduced by Rosen-
blatt (1956), is the set of strong mixing coeflicients. For any two sigma algebras A

and B in (Q, F, P), let

a(A B) = S [P(AN B) - P(A)P(B)|
= sup |Cov(I4lp)| <1/4.
A€ A; BeB

Then the strong mixing coefficients {c,}n>0 of the sequence {X,} are defined by
A = Supgez ¢(Fks Grin), Where Fy = o(X, 1t < k) and G = o(X, : t > l). We make
the convention that oy = 1/4. The sequence {X;} is called a strong mizing sequence
if lim, oo, = 0. Omne can think of a strong mixing sequence as one in which
observations become independent as the lag between them tends to infinity. Rio
(1995) showed that the functional law of the iterated logarithm holds for stationary
strong mixing sequences under the following condition. Suppose { X }icz is a strictly
stationary and strong mixing sequence of real-valued mean zero random variables,
with sequence of strong mixing coefficients {a, }n>o. Define the strong mixing function
a(-) by a(t) = o) and denote the quantile function of | Xy| by . Then the functional

law of the iterated logarithm holds for the sequence {X,};cz if

/01 a HH)Q (t)dt < oo (2.4)
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This condition simplifies if the process is strong mixing at a geometric rate. In this

case, the functional law of the iterated logarithm holds if
E (X2 log*|X,|) < o0 (2.5)

(see Rio (1995) for proof).

In order to apply the functional law of the iter.ated logarithm to sample co-
variances of a stationary strong mixing process, the cross products {X;X;_5} in the
sample covariances must also satisfy the assumptions in Rio (1995). Assume for no-
tational convenience that the mean of the process is zero. Under the assumption that

the mean is zero, we can use the function
1 n
i (h) = — ; XX (2.6)

for the sample covariance rather than (2.2) since (2.6) has the same asymptotic prop-
erties as (2.2) (see Brockwell and Davis (1991) p. 226). Assume the process {X;}
is strong mixing at a geometric rate. Then the processes {X;X;-} are also strong
mixing at a geometric rate, and we can apply the functional law of the iterated log-
arithm to the sample covariances as long as the cross product processes {X;X;_,}

satisfy (2.5). That is, the process { X;} must satisfy the condition
E (X5log* (X)) < oc. (2.7)

Note that condition (2.7) is automatic if the (4+¢)th moment is finite for some § > 0.

Thus, assuming strong mixing at a geometric rate and (2.7), if we let

: Sk
O1a) Olﬁ?él o (1)} 1r}‘cxf { 2nloglog n} ’

where
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then we can apply the functional law of the iterated logarithm to sample covariances
calculated using the change-point locations that minimize the MDL. In other words,

e.g., for an AR(p) process {X,;} with mean zero, the function

1) = g | Qalt) =1(0)/yVar(XiX,y)
0<Al m

is bounded by one in absolute value a.s., where (., (h) is the sample covariance calcu-

lated between observations X, and X[,y and y(h) is the true autocovariance function
of the process. This implies that infocrci(Fo.r(h) — v(h)) is O(y/loglogn/n) for
each fixed h, and thus, supyc,<pinfocrai(foa(h) — v(h)) is O(y/loglogn/n) for

some upper bound P < oc.

Remark 1. When examining sample covariances, we can assume without loss of
generality that the process mean i is zero since the distribution of X; — X is invariant
to p. To show that the FLIL holds for the mean-corrected cross products used in the
sample covariance function (2.2), consider, e.g.,

[sn]
SN - XP = (-t 2R -+ (R —p(28)

" =1
where s € (0,1). If we subtract off the variance of the process from the first term
of (2.8), this term satisfies the functional law of the iterated logarithm. The second
two terms in (2.8) are both of order loglogn/n since each consists of a product of
two random variables which each satisfy the FLIL. By the same argument, the FLIL

will hold for cross-covariances (1/n) E‘Z‘J(Xt - X)(X_n — X).

In many of the proofs, we use conditional maximum likelihood estimates for the
AR parameters. This estimation method will be discussed in more detail in Section
2.4, but we will state here the assumptions necessary for the FLIL to hold in this

case. When fitting an AR(p) process, conditional maximum likelihood estimation
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uses a definition of the sample covariance that includes initial unobserved values

X_py X _pt1,...,Xo. In other words, conditional maximum likelihood estimates use
- 1< — —
v (h) = n Z(Xt = X10)(Xe-n = X1 hmn)
t=1

for the sample covariance, where X o = Zi’:a Xi/(b—a+1). It follows from previous
arguments that for a stationary strong mixing process { X;} satisfying (2.7), the FLIL
holds for 4*(h). However, in order to apply the FLIL to these sample covariances when
using conditional maximum likelihood estimation, we must show that the FLIL holds
for 4*(h) when we condition on any initial values X_,, X_,11,..., Xo.

Suppose {X;}2; follows an AR(p) process with mean p conditioned on some

initial values X_,, X_p41,..., Xo. Then this conditional process can be expressed as
t-1
Xi—p= ij O€; + aoe(Xo—p) + -+ (lpt(Xw — ),
=0
where a; is a function, depending on #, of sums and products of ¢;,...,¢, for i =

0,...,p. Defining the stationary process
Xi—p=) oa,
7=0
it follows that
Xt — X; = Z’QbH_j geE_j + aOt(XO — [J) 4+ 4 a’pt(XAI) - IU)
3=0
If we assume that Z]O‘_i_t Yy oe_; tends to zero at a geometric rate as t goes to

infinity, then since each coefficient a;; tends to zero at a geometric rate, X; — X also

tends to zero at a geometric rate a.s. as t goes to infinity.

Remark 2. We can show that the functional law of the iterated logarithm ap-
plies to the sample covariances of the process {X;} conditioned on initial values
X_p,X_py1,...,Xp for some prespecified upper bound P by showing that the dif-

ference between the sample covariances for this process and the sample covariances
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for the stationary process {X/} over an interval [1,[sn]] are of order y/loglogn/n

uniformly in s where s € (0,1). This can be shown by considering the difference

[sn]

1
=N (XX - XIXL)
t=1

[sm] [sn]

- _Z Xth+1ZXth-X;h)X’

= I+H.

Note that [¢p;| < Cr? for some fixed C > 0 and 0 < r < 1. Therefore,

[sn} [sn]
C
I < EE a;f (| X_p| +-- +|X0|>‘Xt—hl+'g§ (E :rt+J|€_]||Xt hl)

t=1 j=0

1 [sn) . fos) '
= "ﬁ; ai(|Xop[ -+ + | Xo|) + C (ZME-A) Tt} | X1l

J=0

Choose a > 0 such that alogr < —1/2 and write

[sn]

[alogn] 1
n = - Z > ()
t [alogn]+1
= A+B.

Examining the first sum, we see that

Z | Xinl.

CUXpl 4+ + X)) +C D e

=0

[alogn]
A ]

Now
[alogn]
” Z ’Xt hl < — alogn]M[alogn]u

where Mig1ogn] = MaX]1<t<lalogn] | X;-n|. By Markov’s inequality, we have

-1
1 /
ZP (a ogn < loglogn) Miprogn > €>
n n

n

-1
l log1

< ZalognP a8 <\/ °8 Ogn) | Xi—n] > €
- n n

oy ilolosn? Bl
- n? (loglogn)?’

n
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Thus, by Borel-Cantelli,

Turning to B, we have

1 n
Bl < Croe (Xl + -+ Xo])~ > 1Xel
t=1

C oo ' n
+— (ZT]'E—H) > X
Jj=0 t=[alogn]+1

,lOglOgTL alog 1 .
0 ( ——“"’“7""-—) ‘I’ O(l)f gn'r—l z lXt—hl
( /loglogn)
= 0 —_— |,
n

2.3 DPiecewise Autoregressive Process

IA

by the choice of a.

In order to show that the estimates obtained by minimizing the MDL are consis-
tent, we need to assume a true model for the data. Throughout this dissertation we
denote the true value of a parameter with a zero in the subscript or superscript when
necessary (except for the AR coefficient parameters ¢ ; and white noise variances o7).
We assume in this chapter that the true process follows a piecewise autoregressive
model with mg change-points where the AR order in the kth segment is denoted by
pY, k=1,...,my+ 1. The change-point between the kth and (k + 1)st AR processes
is denoted by 7, where 7§ := 1 and 73 _,; = n + 1. We define A° = (A9,..., A0 )
such that 0 < A} < .- < A0 < 1and 70 = [A)n] for k = 1,...,mg, where [z]
denotes the integer part of . We set A} := 0 and AJ, |, := 1, and define [\Jn] :=1
and [A, . n] i=n+ 1. Defined in this way, knowledge of A} determines 2, and both
will equivalently be referred to as “change-points”, A} being a “relative change-point”.
This is the standard setup when deriving asymptotic results in the change-point prob-
lem. Asn tends to infinity, the number of observations in each segment, ny, also tends

to infinity, but time is re-scaled to the interval [0,1] (see [13]).
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Let {ex:}, K = 1,...,mo + 1, be independent sequences of independent and
identically distributed (iid) random variables with mean zero and unit variance. Then
for given initial values X_p, X _pyq, ..., Xy with P a preassigned upper bound, AR
coefficient parameters ¢y ;, k = 1,...,mo+1, = 1,...,pY, and noise parameters oy,

.oy Omes1, the piecewise autoregressive process {X,;} is defined as
Xi= kot Gra Xt + -+ Gupp Xyopp + Okcny for t €, m). (2.9)

where ¥, = (fro, Pr1, - -5 qﬁkw% ok) is the parameter vector corresponding to the
causal AR(px) process in the kth segment and v, # 1, , for any k = 1,...,mg
(i.e., between consecutive segments, at least one of the AR coefficients, the process
mean, the white noise variance, or the AR order must change). Note that if we
denote the mean of {X;} in the kth segment by p, then the intercept ¢4 o equals

pr(l = dp1 — -+ — dryp, ), and for t € [7x_1,7x), we can express the model as
Xe =t = G (Xemr — p) 0 + G0 (Xy 0 — 1) + ot

In order for the functional law of the iterated logarithm to apply to the sample
covariances of this process, we will need to assume throughout this dissertation that

the process

Al. is strong mixing at a geometric rate, and

A2. satisfies the moment condition (2.7) within cach segment.

When estimating the change-points, it is necessary to require sufhicient separation
between the change-point locations in order to be able to estimate the AR parameters.

Choose ¢ > () small such that

e<< min (A} = A,), (2.10)

1=1,...,mqo+1
and set

A;n:{(/\l,...,/\m>10</\1<"‘<Am<1,Ak—/\k_1Zﬁ,kzl,...,m+1},
(2.11)
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where Mg := 0 and A4 = 1. Setting p® = (p?, ... ,p‘r)noﬂ), the parameters mg, A,

and p° are then estimated by minimizing the MDL over m < M, 0 < p < P, and
A € A ) where M and P are preassigned upper bounds for m and p,. Denote these
estimates by

N . 2
m,Ap= arg inf {—MDL(m, A;p)} .
m<M,0<p<P, AeAs, (T

Though not explicit in the notation, it is important to note when studying asymptotic
properties that the estimates m, 5\, and p all depend on n.

Davis et al. (2006) showed that when the true number of change-points, myq, is
known, the estimated change-point locations, ;\k, are strongly consistent for the true
change-point locations, A]. That is, XA — A% as. asn — co. We would like to show
that the estimated number of change-points, ™, and the estimated AR orders, p, are
also consistent estimators for mg and p?, respectively.

For large n, it is easy to show that the estimated AR orders will not underestimate
the true AR order, so in our consistency proofs, we only need to consider the case
where the estimated AR orders might overestimate the true AR order. To see this,
consider the special case where mg = 0 and the true AR order is p where the pth AR
coefficient, ¢,, is not zero. Suppose we fit an AR(p — 1) model to the observations.
Then the estimated variance converges to the minimum of £(X, — ap — a1.X,—; —
ce — ap_1X1)2 over all ag,...,ap-1, which is greater than the true noise variance.
Therefore, underestimating the true AR order results in an increase in the last term
of (2.1) by an amount of O(n). Likewise, for large n, the estimated number of change-
points, 7, will not underestimate the true number of change-points. Consider the
MDL using m change-points where m < my. Even though the penalty term for the
MDL with m change-points is smaller than the penalty term for the MDL with mg
change-points, when we divide by n, the difference in penalty terms goes to zero. The
estimated white noise variance(s) under a model with too few change-points will be

larger than the true white noise variance(s) for large n with probability 1, and thus,
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the difference (MDL(m) — MDL(my))/n converges to a positive constant as n tends

to infinity.

2.4 Conditional Maximum Likelihood Estimation

Before stating any results, we develop notation for the conditional maximum
likelihood estimates of the autoregressive parameters. Consider fitting an AR(py)
model with mean u; to the kth segment, i.e., the segment starting with observation
Te—1 = [Ak—1n] and ending with observation 7, — 1 = [\yn] — 1,1 < k < m + 1. For
simplicity, let @ = 74,1, b = 7, — 1, and p = p,. Assume we are given initial values

X_p, X_pi1, ..., Xg for the process. Let

Xa
Xy = X‘f“ , (2.12)
X,
and
1 Xaor Xaco oo Xaop
M?, = 1 X X‘f“l X“‘__”“ . (2.13)
1 Xor X . X,

Then the projection of X, onto the linear subspace spanned by the columns of M? |

is
~p
PMZ:b<Xa:b) = Mzzbwa:bv
where

—1
o P T T
'lvbatb - (MZ:b MZ:b) Mz:b X‘lib

T ] T
Tp0 Ipl pp . gp0 HP
<¢Z:b7 ¢Z:b’ ] Z:b) — <¢Z:b’ d)a:b)

il

is the conditional maximum likelihood estimate of the intercept ¢§?b and autoregressive

coefficients, ¢¥, = (o7, PNT, when an AR(p) model is fit to the kth segment

ab?
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[a,b]. The conditional maximum likelihood estimate of o} is then
R 1 ap |2
Gip = m“xa:b - M Yoy l
1

= e — p )
[()\k - )\k_l)n] HXQ:b Ma:bd)a:b

(2.14)

‘2

For the remainder of this paper, we will use the divisor (A — Ay—1)n rather than

(A = Ag—1)n] in (2.14). Since

T;ﬂ‘i%s[xi1220(%>’

this substitution will have no effect on the asymptotic results.

2.5 Case of No Change-Points (my = 0)

We will prove consistency of the estimates for the number of change-points and
the AR orders by first focusing on the case where there are no change-points in the
underlying process. Lemmas 2.1 and 2.2 state strong consistency results for this
specific case. Lemma 2.1 assumes the AR order is known, and Lemma 2.2 extends
Lemma 2.1 to the case where the AR order is unknown and estimated by minimizing
the MDL using conditional maximum likelihood estimation.

Assume throughout this section that the true process follows the causal AR(p)

model with mean g and no change-points
Xt = QSO + ¢1Xt—l +-+ qstt—p + g€y, L= 1; ey 1, (215)

where ¢y = pu(l — ¢ — -+ — ¢,) and the noise sequence {¢,;} is iid with mean zero
and unit variance. Initially, we will assume that the AR order p is known, and will

fit the following two models to the dataset:

Model 1: Fit an AR(p) model with no change-points.

Model 2: Fit a piecewise AR(p) model with m relative change-points,
A€ A
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The MDL for Model 1 is

7

MDL(0;p) = logn+logp+p

p+4
= p;— logn + logp + g [log(27) + log (67)]

+2 n R
5 logn + 3 log (2#02)

where 62 is the conditional maximum likelihood estimate of the AR(p) noise variance

over the entire dataset. The MDL for Model 2 is

MDL(m, A;p,...,p) = logm+ (m+ 1)(logn + logp)

m+1p+2
+ log (A, — Ay )
; 5 g ((Ax k—1)7)
m—41
(/\k"—/\kﬁl)n ~9
+ ———t og (276
kZ:; 5 g( k)

p+4

= logm+ (m+1) < logn+logp>

m—+1

+ 2
+ ?-T ; log(/\;c - /\kﬁl)

n

T3

k=1

m—+1
log(27) + Z(/\;C — Ap-1) log &i} ,

and 47 is the conditional maximum likelihood estimate of the AR(p) noise variance
in the kth segment, £ = 1,...,m+ 1. The next result states that the estimate of the
number of change-points is strongly consistent when there are no true change-points

and the AR order is known.

Lemma 2.1. Assume the true process {X;} follows the AR(p) model gen in (2.15)
with no change-points (mgy = 0) and initial values X_p, X_p;1,..., Xo, and satisfies

assumptions Al and A2. Then with probability 1, for any m > 1,
MDL(0; p) < )\irhf MDL(m, X;p,...,p)
eAs,

for n large.



26

Proof. Let A = arg min {2MDL(m, A;p,...,p)}, and consider the quantity
AeAg,

2

n

[MDL(m, Xip,... \p) - MDL(O;p)}

21 1 2m]
_ 0gm+m(p+4) ogn+ mlogp
n n
+_27n+1 ) R
+ Qn— S log(Ae — Ay-n)
k=1
m-+1 ) )
+ Y (A = M) log 67 — log 6”. (2.16)
k=1

We will show that (2.16) is strictly positive for n large with probability 1. The first

four terms in (2.16) are positive, and each of these terms converges to zero at a rate of

either 1/n or logn/n. Since there are no change-points in the true process, 62 — o2

asn — oo for all k=1,...,m+ 1. Thus, since 62 also converges to o?, the quantity
m—+1
> (A = Aio1) log 67 — log &7 (2.17)
k=1

converges to zero as n — 0o, We will use the functional law of the iterated logarithm
on a Taylor series expansion of (2.17) to show that this quantity is of order loglog n/n.
Since logn/n > loglogn/n for n large, the lemma follows.

First consider the kth fitted segment. For simplicity of notation, let a = 7_; =
[Ag_1n] and b = 7 —1 = [\gn] —1. Then the conditional maximum likelihood estimate

for the mean and autoregressive coeflicients in the kth segment is

~

-1
¢2b:: (hdnghdsb) hdeT>(mb’ (2‘18>

where X5 is defined in (2.12), and M?, is defined in (2.13). The conditional maxi-

mum likelihood estimate of the variance in the Ath segment is

=l vl
O'2 = —= S )(a:'— hd? dﬁ'
k (/\k — /\k—~l)n b ab¥ab

(2.19)
Substituting (2.18) into (2.19) and taking norms, we obtain

b
1 , -
0f = | > X7 - XLME, (METME, ) ME T X |
k O — A1) { i b4 ab ( ab a.b) b b

t=q
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If we define the sample means X ;_;.5—; Zt o0 Xi— 1/((5\,0 - j\k_l)n) fori=0,1,...,
and define the matrix V := {m—l——— Zt 0 Xt—i X ]} it , then we can express
MZ:bTMZ:b as

<T
T o S 1 X
MZ:b MZ:b = (/\k - /\k—l)n ( X VvV ) ’

where X is the p x 1 vector X := (Xo_16-1, - - - ,.—X_a,p:b_p)T. Using the formula for the
inverse of a block matrix (e.g., p. 51 of [6]), we can express the inverse of MZ:bTMgzb

as

(M,, o )—1 B 1 14X (V-XX')X X (V-XX')!
@b b (M = Ne1)n ~(V-XX)X (V-XX)Ht |’

Similarly, we can write
- <.
MZ:bTXalb = (/\Ic — /\k_l)n ( ‘:"b ) .
where w is defined to be the p x 1 vector

T
w = (g Tt XX (s Do XeXio)

Note that the above expressions imply that the estimated AR parameter vector can

be written as

[ — [ n
. Xap— X (V~)(_1)() (w=XXa) \ ( e )
= T = (}pb .

Now through tedious but straightforward algebra, by using the shortcut formula for

sample covariances

1 b - _
_(_j\—__;\—) Z(Xt—-i — Xa—io—i)(Xi—j — Xajib—j)
k— Ak—1)N o

= X zX— x 1X~‘:—'a
(/\k__)\klnz t— t—j — a b— F:ib—j

t=a
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we can write log 47 as a function of the sample covariances,

b
R 1 _
log 62 = g <(————-——-— S (Xis = Xautms) (Xeey — X jiog)

j‘k - j‘k—'l)n t=a
i7j:0)"'7p>)

where
. Up1
g (uij N Z,_] = 0, N ,p) = log Ugy — (u01, P 7u0p) [{uij ij=1:|
Ugp
Note that w; = wu; for all 4,7 = 0,...,p, so that g is actually a func-

tion of only p(p + 1)/n + p + 1 independent (or free) variables. —However,
for ease of notation, we will treat the vector (uy; : 4,7 = 0,...,p) as
(U005 U0, -« » Upps ULps UTTs « - o s Ulps - « s Up0s Uply - -+, Upp)-

Since the log 6} terms only depend on the sample covariances, and the sample
covariances are invariant to shifts in the mean, we can assume without loss of gen-
erality that the process mean is zero (u = 0) for the remainder of the proof. Under
this assumption, let v(i) = E (X, X;_;) denote the true covariance between X; and

Xy, and let v = (y(J¢ — j|) : 4,7 = 0,...,p) be the vector of covariances ranging

over lags 0, ..., p defined in such a way to match the indices of the vectors of sample
covariances,
1 %
':7/ - < < X Xa,—':b,~')(Xt~'—Xa»':b—')3
k ((/\Ic—/\kA)”t—Eak:( t—1 k00K —1 J k710K —]

'é,j=0,.-.,p),

for segments k = 1,...,m + 1 where a := 74— and by := 7x — 1. Carrying out a

second order Taylor expansion about g(-) on each of the log 67 terms and the log &2
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term in (2.17), we obtain

m+1

Z(S\k — A1) log 62 — log 62

m+1
Z(j\k - :\k—l)g(’Y) - 9(’7)}

+ % (;\k — /A\k—1>(7k - V)Tv2g(72>(7k - 7)
— (¥ —="V(v) (¥ — 7)} (2.20)

where 4 = (1 30 (Xioi = X1-in-i)(Xeej — X1-jm—j) 0,5 = 0,...,p). The term
Vg(v) is the gradient of g(u;; : 4,7 = 0,...,p) evaluated at . The Hessians of
g(us; 14,5 =0,...,p) evaluated at ~; for k =1,...,m + 1 and at v* are denoted by
V2g(~3) and V2g(v*), respectively. The variables v* and ~} are between ~ and 4 or
between v and 4, respectively, for £ = 1,...,m + 1, and each variable converges to
~ almost surely as n goes to infinity.

The first quantity in (2.20) is zero since Zznjll(;\k ~ M_1) = 1. The second

quantity is of order O(loglogn/n) since

m+1 m+1
D= M )Ee = -G =) =) M)A -
k=1 k=1
m+1 A . 1 Fr—1
= (/\k - /\k—l) = ~ XtVth__
; (/\k - /\k—l)n t=Fp_1 !

— X —it—1—iX 5 —jir-1-j 1 6 7 = 0,... ,P>

1 ¢ — — -
B <ﬁ Z X i Xe 5 — Xicim—iX1 jm—y 16,5 =0,... 7P>

t=1
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T1—1 T2—1 n
= ;71‘ ( lz: X Xy + Z X Xpj+-o-+ 2 X Xi—j
' t=1

t="1 t=Tm
- ZXtAiXH 24,7 =0,... 717)
t=1
_ _1_ . tﬁ:Il Xt ) Z;l Xt—-j bt 1 i Z?:'fm Xi ) Z?:%m Xt—j
A n n (1= ) n n
n » X, .
_ Zt:lXt i Zt:l t—J :i,ij,...,p)
n n

1
= 0+4+0 (lloglogn) =0 (—loglogn> .
n n

The last line follows by the functional law of the iterated logarithm for partial sums
of X,_; (since we are assuming z = 0) and because A; and (1—A,,) are bounded away
from zero. When necessary, we can apply the functional law of the iterated logarithm

by looking at the partial sums as

Y 0=Y0-3 6

t=TK_1 t=1 t=1

Thus, (2.20) becomes

m+1
. . 1
Z:(/\;c — A1) log 6% —log6® = O (;L— log log n)

% Z(S‘k — M) Bk = NIV A = ) = (3 = V) TV29(v) (3 = 1) |-

Within the second order term of the Taylor series expansion, we can apply the func-
tional law of the iterated logarithm to the sequences of mean-corrected cross-products
as demonstrated in Section 2.2.1. It is then readily seen that the second order term
in the Taylor series expansion is of order loglogn/n with probability 1. Thus, (2.16)

becomes

2 ~
= [MDL(m, A;p, .., p) = MDL(0; p)]

1 1 log1
= m(p+4) Ogn+0(g> +O(Og Ogn), (2.21)

n n



31

which is greater than zero for large n with probability 1. d

Still under the assumption that the data follow the AR(p) process defined in
(2.15), now we will fit a model to the data which does not assume that the AR order

of the true process is known:

Model §: Fit a piecewise autoregressive model to the dataset with m
relative change-points, A € A{,. Estimate the autoregressive orders from

the data, and denote these orders by p1, ..., D1

Then the minimum description length for Model 3 is

m+1
MDL(m, A; 1y« -+ Pmy1) = logm + (m + 1) logn + Z log P
k=1
m+1 . m+1
Py + 2 (M — Ae_1)n R
+ Z k2 log ((/\k - /\k—l)n) -+ Z J—-—-——z—k‘il—" log (27”]13,[%) .
k=1 k=1

Recall that the minimum description length for Model 2 is

MDL(m, A;p,...,p) =logm + (m + 1)(logn + log p)

m+1 m+1
p+2 (A = Ap—1)n ~2
+ ; 5 log ((Ae = Ae_1)n) + fi‘: S og (2r62 ),

and the minimum description length for Model 1 is

2 .

MDL(0;p) = logn +logp+ pr log n + g—log (2m6?)
4

= p-; logn+logp+g [log (276?)] .

The next lemma states that with probability 1, the minimum description length for
Model 1 is strictly smaller than the minimized MDL for Model 3 for n large, implying
that the estimate of the number of change-points and the AR order estimates are

strongly consistent when there are no true change-points.



32

Lemma 2.2, Assume the true process {X;} follows the AR(p) model given in (2.15)
with no change-points (my = 0) and nitial values X_p, X_p1,..., Xo, and satisfies

assumptions Al and A2. Then with probability 1, for any m > 1,
MDL(QP) < AH,IAf MDL(mv )‘;.ﬁl» e 7ﬁm+l>
€A,
for n large.

Proof. Let A = argmin {MDL(m, X; p1, ..., Pm+1)}. Note that

AEAS,
MDL('I’TL, X;ﬁl) co 7ﬁm+1> - MDL(O7P>
= [MDL(m, X, ... , Pma1) — MDL(m, S\;p, o ,p)]

+ [MDL(m, Aipy..ip)— MDL(O;p)} .

We know from Lemma 2.1 that MDL(m, A; p, ..., p) —MDL(0; p) > 0 for n large with

probability 1. Therefore, to prove Lemma 2.2, we need only show that
MDL(m, A;pi, - .- pus1) — MDL(m, Aip, ..., p) > 0

for n large with probability 1.

For Model 3, since the estimated AR orders will not underestimate the true AR
order p for n large, it suffices to consider the case of fitting an autoregressive model
of order p+ 1 to the kth segment, and autoregressive models of order p to each of the
other m segments, so pr = p+ 1 and p; = p for 5 # k, where p is the true order of

the process. Then

2 - i
[IMDL(m, A;p1, ..., Pm+1) — MDL(m, X;p, ..., p)]

n
2(log(p + 1) — logp) n log(Ak — Ae—1)
n T

logn

+ — + (Ae — A1) (log &,%’pﬂ —log E)",%’p) . (2.22)

We will show that log &7 ,,, —logd; , = O(loglogn/n), and the result follows.
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Again define a = #_; = [Men] and b =7 — 1 = [\en] =1, 1 < k < m 4+ 1,

Recall that
52 - 1A ‘
S VR W

where Pypi1 (Xqu) is the projection of X, onto the (p+2)-dimensional column space
ab

2
Xa:b - PMztl (Xa:b) II )

of
1 Xoon Xgoo oo Xa—p Xa~(p+1)
- R
1 Xoo1 Xpo o0 Xop Xo—(pr1)
= (1 Xoneor Xaczvz  Xapbp Xao(pri)b—(p+1) ) -

This projection is equivalent to the projection of X, onto the (p + 2)-dimensional

column space of

I X, —_Xa—lzb—l T Xa~(p+l)_: Xa-—(p+1):b—(p+l)
Mp+1 .__. 1 Xa - Xa—l:b—l T Xp - Xaf(p—i-l):bA(p—i—l)
ab T : .
1 Xb-—l - Ya—l:bvl R Xb-—(p+1) - 7(qa~(p—|—1):b—(p—|—1)
= ( 1 Xoo1p-1— Ya—l:b—ll Tt Xa-(p+l):b-—(p+1) - Ya~(p+1):b—(p+l)1 ) )

denoted by PMP»’ZI (Xgap). Since the second through (p+ 2)nd columns are orthogonal

to the first column of 1\7[7;?;1, it is not difficult to show that

(Xa:b - 7(-a:b]-)

PMZ:;I (Xa:b) Xabl + PM Pl

where Moa b is the matrix Mp *1 with the first column removed,

KXo __z(—a—lzb—l T Xa—(p+l): Ya—(p+1):b—(p+l)
p+1 Xo— Xa—1b-1 v Xp - Xa—-(p+l):b—(z)+1)
Xp1 — —X—a~1:bA‘1 T Xb—(p-H) - Ya—(79+1):114(71+1)
= ( Xa—l:b—l - —X—a——lzbvll e Xa~(p+1):b-~-(p+1) - —X—a—(p+1):b—(p+l)1 ) .

Therefore, the estimated white noise variance when fitting an AR(p+ 1) model to the

kth segment becomes

2
.9 —
O'k,p—H — m“Xab - Xabl PMOZII (Xa:b - Xa;bl) H .
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Likewise, the estimated white noise variance when fitting an AR(p) model to the kth
segment can be expressed as

_ 2
62, = W}’Xab Xasl = Py (Xaw = Kand)
Ak — Ae1)

where My, is defined accordingly.

Let Ya:b = Xa:b - —X-a;bl. Then

p+1

Mo,, = (Yooro-1 Yoo pit)yb—(pr1)) »

e ~ p+l
and we can express the projection of Y, onto the column space of MOZ;b as

ptl 4 ptl

PMOz:f{-jl Ya:b == MOa b ¢a b
_ gptll Tp+1,p+1
- ¢ Ya -1+ + ¢ Ya* (p+1):b—(p+1)
= ptil Tp+1,p
- d)g;b Ya—l:b-1 +t ¢ Ya p:b—p

1,p+1
+ G ( Moﬁ;b(Ya—(P-H):b*(PﬂLl))+PJI\_,ioglb(Ya—(P+1)ib"(P+1))>’

where

~ptl ~ ptlpn w pl ~ ptlp
bop = (Moa Mo, Moa:b Yo

and

Paio?, (Yoo 1-41) = Ya-eno-r1) — Paig?, (Ya-pano- o))

The projection of Y,_(p41)5-(p+1) onto the column space of PM » will be denoted as

PMOZ;b(Yaf(p‘fl):b P‘H) Moab¢ab —Z¢ab a—3,b—7»

7=1

where we use ¢ rather than (b to distinguish the estimated coeflicients

b =P = p \ loaxp
¢a:b = (Moa:bTMOa:b> MOa:bTYa'(PJrl):b—(P-H)
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from the estimated coefficients
-1
~p =~ p ~ p = p
¢a:b = (Moa:bTMOa:b> Moa:bTYaib'
Since PMoﬁibYa*(pH):b—(pH) is in the span of MOZ:I;:

1p+1,1 ip+1,p Ip+1,p+1
¢a:b Ya—l:b~1+ ¢ Ya pb—p + Cba;b PMOZ:bYa-—(p—H):b—(p—H)

= 4Pl 2P
e Cba;bYa-l:b—l +oot a;bYa—p:bwp,

and thus the difference between the conditional maximum likelihood variance esti-

mates in the kth segment is

1 2

—— Ya' —-M Z, AZ,
(Mg — A 1)" ? s Pas

I

) ~2
Tkp ~ Tkpt1

2

v, M §+1¢p+1
(/\k“'/\kl ” b T 0ab Faib
1 2
= p+1,p+1 1L
- (;\k - ;\k—l)n (¢ ) HPMOZ;:,(Ya*(P+1):b~(p+1))H '
Note that
WHPJ— Y 2
(/\}C - Mo 1 Mok, (p+1):b—(p+1)
! ? Tyr—1
= s e wmign | -uvn
— Ak-1
where
mzt W Yiep1Yin
u = .

b
T Lovma Yerp1 Vi

’ Y [—
m Yotma(Xemp1 = Xaepr-p-1) (X1 — Xom1:-1)

b — _
(ik";\lk—l)ﬂ Zt:a(Xt“p_l - X““'P“lib"Pﬁ)(XFp - Xa—p:b—p)

and V = {v;; }f’jzlwhere

Vi = Yi_.Ye;
’ (/\k'—/\k—l)ntzza ‘ ’
b
1 _ —
= T T X—i—Xawi:—i X—'_Xa—':—'-
(/\k A 1)71 ;( ¢ b )( t—j 7:b J)



36

From this observation, it is readily seen that

2
()\ )\ “PMOab Ya—(p+1):b—(p+1))H — Cp > 0,
kT Ak— 1

with probability 1, as n goes to infinity, where

= min E[X, , 1 —(a0+aXpq+-+ apXt“p)]z.

AQ,01,.. ap

2
Therefore, if we can show that <¢p+l’p+1> = O (loglogn/n), it follows that
log 6, —log 63 ,,, = O (loglogn/n).

p+1 p+ip

Recall that ¢~ = (MOZHTMOM) Mo oY, We would like to apply
the functional law of the iterated logarithm on the (p + 1)st component of qAbz:gl,
denoted by ¢>p Ll As discussed in Section 2.2.1, we can apply the functional law
of the iterated logarithm to the sample covariances of the process { X;}. Assume the
true order of the kth segment is p. Then adapting the argument given on p. 171

of Brockwell and Davis (1991), where we assume inner products are dot products in

Euclidean space, we have,

<Yab,Y (p+1):b—(p+1) — Paig?, Ya—(p+1):b (p+1)>

gAb;u—i-l,;u—i-l
a:b
HYa—(p+1>:b~(p+1> — Pagr, Ya- Lanialas H
_ <Ya=b’Ya—(p+1):b*(p+l)> - Z] 1 | <Yavaa2 Jhb— J)7 (2'23)
))Ya“(p-irl):b—(p-irl) - E]‘:l ﬁ??yYa—j,b—j
where PM P Y —(p+1):b~(p+1) = Moab¢ab = ¢pJYa =i

Define sij('r') =3 Y Y, jforr=12 . and y(|i — j|) = Cov(Xy, Xp1pi-j|).

+1,p+1

To apply the functional law of the iterated logarithm on gbp , we need to show

that it is a function of the s;;(.)’s. Consider the numerator of (2.23)

p
<Ya:67 Ya«(p+1):b—(p+l)> - Z ¢5% <Ya:b, Ya—j,b'—j>

Jj=1

b P b
> v - 3o (#3300 ).
t=a 7=1 t=a
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where 32, iV ps1) = So,p41(b) = S0p41(a—1) and 3, Y- = s0,(b) =so,(a—1).

By the projection theorem, the denominator of (2.23) becomes

]

P]
HYa (p+1):b—(p+1) Z Pap Ya—jb-j

-~ 2

= ]lYa—(p+1):b—(p+1)H “I|Z¢§§§Ya—j,b—j

=1

2 ~p =p 2
= 11Ya—(p+1):b-(p+l) - ”MOa:bd)a:b ‘
b

P T P P

= Z Y'tz*(p-i-l) - ¢ Moa bTMOa:b¢a:b'

t=a

As in the numerator, Zf:a Yt2_(p+1) = Spr1,p41(b) = Spr1p+1(a — 1), and

b
~ ~ P
Mo,," Mo,, = [E Ym‘Yt—ijﬂ
t=a L
P
= [su®)=syla-1)]"

In both the numerator and the denominator of (2.23), @, is a function of the s;;(.)’s

since

-1
b T P T P T P
d)a:b = (Moa:bTMOa:b) Moa:bTYa“(P+1)5b”(P+l)

, ]—1 S1p+1(b) = S1p11(@ — 1)
1 :

= [{sij(b) — sij(a — 1)}”: :
7 Spp+1(0) — Sppy1(a —1)

Therefore, (2.23) becomes

b
1 1
gyt = [m > YY) — P
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where Z = (Zf:a ViV, .., Zf:a Yth,p). Let y(Ji — j|) = Cov(X¢, Xiti—jj)- Using

a first order Taylor expansion about v = (y(]i — j|);4,7 =0,1,...,p+ 1) on gb”“ Pl

VP = h(y(fi — j]);4,5 = 0,1,...,p+ 1)

1
L — 714,73 =0,1,... | ———s—
# G- =0 1) (e ).

where s = (s45(b) — s;;(a — 1);4,5 =0,1,...,p+1). Note that s”( ") goes to (|t =4I

as r goes to infinity. Since a = [\y_1n] and b= [\yn] — 1, forany i,5 =1,...,p,

1 o
b oo Biulb) = sila—1)) = (li = jI)
1 Sij(;\kn hae 1) - Si]'(j\k_ln - 1) N a . i

= = — (g — Ak 1—]

. ( ~ (M = Ak-1)y(le = 4l)
1 (syGun=2) — Gen = (i~ )

A — M1 n

LSOwean = 1) = (eean = Dol =dl) _ 20l = J|)>

n n

1 1 1 1
= — |0 —loglogn | +0O —loglogn —O<—> , (2.24
/\k“)\k—1< (\/n g g) (Vn g g> - (2.24)

where (2.24) follows by the functional law of the iterated logarithm. Since
Mo — M1 > € > 0 and h(y(Ji = 71);4,5=0,1,...,p+ 1) = ¢PTLPHL = (, then
(¢p+1’p+l) = O (loglogn/n). By induction, log o}, — logd} ,,, = O (loglogn/n)
for any positive integer s. Since the segment k was arbitrary, the result holds for any

segment or segments. L

2.6 Consistency of the Number of Change-points and AR Orders Esti-
mates

Lemmas 2.1 and 2.2 imply that if the true model is an autoregressive process

with no change-points, then for any m > 1, the minimum description length for

a fitted model with m change-points will be larger than the minimum description
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length for a fitted model with no change-points for large n with probability 1. In
other words, when the true model has no change-points, m is a strongly consistent
estimator of 0, and p, ..., Pm-1 are all strongly consistent estimators of the true AR
order, p. Now we would like to show that if the true number of change-points is
mo > 1 and the true AR orders are pY,...,p%, ., then 7 is a consistent estimator
for mg and (p1,...,Pmy1) is consistent for (p?, ... ,pgmﬂ). Since we can only show
that the difference between minimum description lengths for a model with the true
number of change-points and a model with more than the true number of change-
points includes terms O,(1/n) rather than O(1/n), we only obtain weak consistency
of m and (P1,...,DPms1).

Assume throughout this section that the true model is the piecewise autoregres-
sive process defined by (2.9). In order to prove weak consistency for the estimator of

the number of change-points and the AR order estimates, we need only compare the

following two fitted models:

Model 1" Fit a piecewise autoregressive model to the dataset with mg
relative change-points, A € A; , where the AR orders, ... ,p?nOH, are

known.

Model 2': Fit a piecewise autoregressive model to the dataset with mg+ 1

relative change-points, a € A;, ,,. Estimate the autoregressive orders

from the data, and denote these orders by pq,. .., Pmy+2.

If we can show that the MDL for Model 2’ is larger than the MDL for Model 1’ for
large n in probability, then it follows that the MDL for a model with mgy + s change-
points for any 1 < s < M —myg, where M is a prespecified upper bound for the fitted
number of change-points, is larger than the MDL for Model 1’ (the true model) for
large n in probability. Since for large n, the estimated number of change-points cannot

underestimate the true number of change-points with probability 1, this implies that
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the MDL for a model with m changepoints, where m # mg and m < M, is larger
than the MDL for a model with mg change-points for large n in probability, and thus,
- mg as n tends to infinity.

The minimum description length for Model 1’ is

Aé%g MDL(TTI(), A p17 v >p?no+1)7

where

MDL(mo, A;p}, .., poys1) = logmg + (mp+1)logn
mo+1 mo+1

Zlogpksz k+ g((A — Ae-1)n)

e (A —/\
+Z e = Au)n log(27r&£,m0),

G4 e 15 the conditional maximum likelihood estimate of the process variance when
fitting an autoregressive model of order p? to the kth of the my + 1 segments, and

As,, is defined in (2.11). The minimum description length for Model 2 is
inf MDL(mo+ 1,001, -, Dmg+2)s
aeAm0+1

where

MDL(mg + 1, a;p1, . - ., Pmg+2) = log(me + 1) + (mp + 2) 1ogn

mo+2 mo—+2 ,\
+ Z logp; + Z log —a-1)n)
m0+2 —
1)
+ Z ] log(27r0] mot1):

6]2m0+1 is the conditional maximum likelihood estimatc of the process variance when

fitting an autoregressive model of order p; to the jth of the my 4+ 2 segments, and

A5, 41 is defined in (2.11). Let

~

2
A= arg min {——MDL(mo, )\%P(l)a v 7p'?n0+l)} )
Aedg, AT
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and

. . [2 . R
G = argmin {EMDL(mO +1,;p,... ,pm0+2)} .

aGA;mO-H

The next theorem states that the estimated number of change-points and the esti-
mated AR orders are weakly consistent for their respective true parameters when
the true process follows a piecewise AR model and meets the assumptions for the
functional law of the iterated logarithm to hold for sample covariances within each

segment.

Theorem 2.1. Assume the true process {X,;} follows the AR (p) model given in (2.15)
with mg change-points and initial values X _p, X_py1,..., Xo, and satisfies assump-
tions A1 and A2. Then 1 > mq, where m s the estimated number of change-points
obtained by minimizing the MDL defined using conditional maximum likelihood white

noise estimates.

Note that the statement i mg is equivalent to the statement

Jl—»n;o P (miQLO{MDL(m, &P, Pmar)} > MDL(mo, A;pt, ... ,p9n0+1)> =1
m<M

for a fixed upper bound M. We will show that this result follows if

lim P (MDL(TNQ + 1, &0, ... ,ﬁm(ﬁ_g) > MDL(mo, Ao;p(l), Ce ,pgl0+1)) = 1.

n—o

Before we prove Theorem 2.1 in the general case, we will outline the proof for
the simple case where the true number of change-points is my = 1, each segment
follows an autoregressive model with mean zero and order 1, and we fit AR(1) models
to the data. Let A be the true relative change-point location®, i.e., 7 = [An] is the
observation at which the change occurs. Denote the autoregressive coeflicient in the

first segment by ¢; and the autoregressive coefficient in the second segment by ¢s.

3For this simple case, we drop the zero superscript on the true parameters for notational conve-
nience.
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Likewise, denote the white noise variances in the first and second segments by o? and

o2, respectively. Thus, ¢ # ¢» and/or o2 # 2. Compare two fitted models:
1. Fit AR(1) models to two segments with relative change-point location A.

2. Fit AR(1) models to three segments with relative change-point location esti-
mates &; and &» obtained by minimizing MDL(2, a1, ag; 1, 1) with respect to

(a1, a9) € A§, where AS is defined in (2.11).

We would like to show that

lim P(MDL(2, dy,d5;1,1) > MDL(1, A; 1)) = 1,

n—ooo

where MDL(1, A;1) is the MDL for the first fitted model, and MDL(2, &3, &9; 1, 1) is

the minimized MDL for the second fitted model. Equivalently, we show that

lim P(MDL(2, 4, a0, 1,1) > MDL(1, A; 1)

n—0o0

Val,agze<a1<a1+e<a2<1~e)=1. (2.25)

In proving (2.25), we can assume without loss of generality that oy < A <y since if
A < aj or ay < A, the same argument can be applied to the fitted segments (0, @) or
(ag, 1), Tepectively, as the argument we will use for the fitted segment (o, @) when

@) < A < ag. Therefore, (2.25) follows if each of the following statements hold.

(i) lim P(MDL(Q, a1,09;1,1) > MDL(1, A; 1) Vg,

n—ooo

e<a <A—(loglogn)®/logn; A +¢€/2<as<l—¢) =1
(ii) For each finite positive integer IV,

lim P(MDL(2, a1, a0;1,1) > MDL(1, A1) Voo,

n—oQ

A=N/n<ar <X\ A+e/2<ay<l-¢) =1L
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(iii) For every 6 > 0, there exists a positive integer N such that
P(MDL(Q, aq,a;1,1) > MDL(1, A1) Vg, aq
A — (loglogn)?/logn < ay < A — N/n;
Ate/2<op<l—¢) > 1-9¢
for sufficiently large n.

In addition to these three statements, three corresponding statements where ay
(rather than ;) is allowed to be close to A must hold. These corresponding state-
ments can be proven in a similar manner as the previous three statements, and thus,
it suffices to show only that the above three statements hold.

Consider the difference
2
—[MDL(2, a1, a5 1,1) — MDL(1, A; 1))
n

1
= (ﬁ) [2 log 2 + 3(log a; + log(az — aq) + log(1 — a)

5logn

— log A —log(1 — )\))] +
n
+ a; log &%)2 + (ovg — o) log 655 + (1 — ) log 63

— [Alog &f,l + (1= X)log &3,1}

(1 1
= O <__) + O ( Oi”) + ay log 6’%»2 + (a2 — ) log 5’5,2

n

+ (1 — ag)log 63’2 — [)\ log&f’l +(1—A)log &3,1] ,
We will show that the probability this difference is positive for any a; and ay with
€< <A< A+€/2 < ay <1-—econverges to one as n tends to infinity. The penalty
terms, O(1/n) and O(logn/n), are positive, so we need only show that the remaining
terms are of a smaller order than the first two terms in probability. Partition the
interval [0, 1] into the intervals (0, 1), (a1, A), (A, a2), and (az,1). The fundamental

idea of the proof is to break the term

0110867 5 + (0 — a1) log 65 5 + (1 — az)log 63,

— [Mog 7, + (1 — A)log 63| (2.26)
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into a sum over our partition of intervals. Then we can look at each true segment
individually, and show that the difference between the terms in the two fitted models
within each true segment is either positive or of smaller order than logn/n. The

method we use to compare terms within each true segment will differ depending on if
(i) (loglogn)?/logn < X\ — ay,
(ii) A — a; < N/n for some positive integer N, or
(iii) N/n < A — a; < (loglogn)?/logn for some positive integer N.

These three cases correspond to statements (i), (ii), and (iii) made earlier.

In order to look at (2.26) as a sum over the true segments, we must determine
how to break up the terms from the fitted segments. The segments (0,a;) and
(ag, 1) do not contain any true change-points, so we can leave the terms o, log [7%2
and (1 — ap)log 3, as is. However, the interval (ay, az) contains one true change-
point, A, so we will break up the term (o — ay)logés, as follows. Let ¢ be the
autoregressive coefficient estimate when fitting an AR(1) model to the second fitted

segment, (a;, az). Then

[aan]—1 n 2
Zt:[aln] (Xt - ¢Xt“1>

(g — ) log &3‘2 = (az — ay)log

(ag — ap)n
1 [An]—1 X 9 [aam]—1 A 9
= (a2 —)log Ton — ) t;[: (Xt - ¢Xt—1) + Z (Xt - ¢Xt—1)
=[a1n] t=[An]
Define
[An]—-1 i 9
RSSQ,] = Z (Xt - @Xt—l)
t=[a1n)
and
[aan]—1 X 9
RSSpzi= 3. (Xt - ¢XH) .
t=[An]
Then we can write
. RSS2, RSS, 9
- 1 i, = - 1 ’ ’ .
(a2 —ay)logds, (az — 1) log i:(&g Tan + (g — al)n}


file:///a2r1}�
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Keep in mind that since q% is calculated using observations [oqn),...,[cen], even
though RSS,; is a sum over observations [ain], ..., [An], it also depends on the ob-
servations [An|, ..., [agn]. Likewise, RSS; 2 depends on all of the observations between
[aan] and [apn] even though it is a sum only over observations [An],. .., [asn].

We will first show that statement (i) holds. If A — a; > (loglogn)?/logn, or

equivalently, if A — a; >> loglogn/logn, and if A + €/2 < ag, then for large n,

RSSQJ RSSQ,Q }
+
as—a)n (a2 —a)n

A— 87 RSSQJ n Qg — A RSS2,2 :I

ag—a; A—a)n  a—o - (ag — A)n

(ag — ) log 63,2 = (g —a)log [<

= (og— ap)log {

RSSz 1 RSSQ 2
— ! LA, — LT TS
> (A —ap) Og((/\—al)n> + (o /\)log<(a2_/\)n)
RSS3, RSS;,
> — )] — — — 5
> et (= )+ e (=5
where
[An}—1 X 9
RSS; | := Z (Xt — ¢1Xt~1) :
t=[a1n]
[oan]—1 A 9
RSS;, = Z (Xt*éthq) ;
t=[{An]

1 is the AR(1) coefficient estimate fit to the segment (o, A), and ¢ is the AR(1)
coefficient estimate fit to the segment (A, ). The first inequality follows by concavity
of the log function. The second inequality holds since, by definition, the conditional
maximum likelihood AR coefficient estimates used in RSS;, are fit to the segment

(aq, A), by minimizing the quantity

with respect to a. Likewise,

[aan]—1

RSS;, = arg min Z (X, —aX; )

¢ t=[An]
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The term (2.26) now becomes for large n,
aylog 67, + (02 — a1) log 05, + (1 — ag) log 63 ,
— [Mogdt, + (1 - A)logd3 ]

RSS
> [&1 log 67, + (A —ay)log (———“)—> — Mlog 531}

(A —a1)n
RSS;2
+ (O[Q — /\) log (m)
+ (1= ag)log 5, — (1 — A)log &g}l} : (2.27)

If we expand the first term in brackets using a second order Taylor series expansion
on each of the log functions, as in (2.20) in the proof of Lemma 2.1, then we can show
that the constant and first order terms cancel, and we are left with the second order
terms. The first order terms are exactly zero rather than of order loglogn/n as in
the proof of Lemma 2.1 since in this case, we are assuming the mean of the process
is zero, and thus can study asymptotics without estimating the mean. If we were to
estimate the mean, i.e., minimize the quantity (X, — ag — a,X;-1)? for the residual
sum of squares, then the first order terms would again be of order loglogn/n a.s. In
Lemma 2.1, by applying the functional law of the iterated logarithm, we were able
to show that the second order terms were o(logn/n) with probability 1, but since o
may now be within € of A, it is not clear if the functional law of the iterated logarithm
still holds. This is because the second order terms involve sums of the type

Z /\n] 1 Xt_iXt‘_j

t=[c1n]

(A —ai)n '

and the functional law of the iterated logarithm may not apply to these sums if a; is
too close to \. We will show that if A — a; > (loglogn)?/logn, the functional law of
the iterated logarithm between observations [ayn] and [An] still holds.

Let 4 denote the vector of estimated covariances for the segment (a1, \),

(X T XX N Xee Xy X X
V= (A—oaq)n’ A—ay)n A—=ai)n 7 (A—a)n |
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Then the “(4, j)th” component of 4 -~ for ¢, 7 = 0,1, where « is the vector of true
covariances for the segment (0, \), is
An]— . .
5 et (XX = (i = 41)
(/\ — Ot])n

1 Ex_\vﬁ]_l (Xe—iXey — (i = 41))
A— q n

ﬁﬂ”c&%nﬁ—vm—jm>
n )

which, by the law of the iterated logarithm, is bounded by

0 (\/%loglogn)' 2.28)

/\—-Ckl

Since A — a; >> loglogn/logn, (2.28) is o(1), implying that 4 — -y, and hence the
term ~* in the second order term of the Taylor series expansion (which is between ~

and 4) converges to «y. Thus, the corresponding second order term is bounded by

loglogn/n  loglogn/n log n
A — = =o|—].
( al) (/\—Oll)2 /\—Oq 0 n

Since this is of smaller order than the penalty terms when we subtract
(2/n)MDL(1, A; 1)
from
(2/n)MDL(2, a1, as; 1, 1),

and since the second term in brackets of (2.27) is of order loglog n/n by Lemma 2.14,

we conclude that

lim P(2 [MDL(2, ay, c¥9;1,1) — MDL(1,A;1)] > 0 V ay, cxp -

n—00 n

A —a; > (loglogn)?/logn; A +€/2 < ay < 1—6) = 1.

o.n

4We can apply Lemma 2.1 to the segment (A, 1) since apy — A > €/2, treating €/2 as the “¢” in
Lemma 2.1.
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Next consider statements (i) and (iii), where (loglogn)?/logn > A — a;. In
statement (i), since A — a; < N/n for some positive integer N, we cannot consider
the quantity RSS;,/[(A — a1)n] since this quantity does not necessarily converge to
the true variance in the first segment. Instead, since RSS;; only depends on a finite
number of terms and hence is O,(1), we can use the fact that
(a?-s—sii)n =0 <%> '

In this case, letting y := RSSy5/((cs — A)n) for simplicity of notation,

(az —ap)logds, = (a2 —ay)log

[ RSS,, L BSSy ]

(g —ay)n  (ag —aq)n

1 Qg — A
= (ag—al)log Op (">+ 2 Y

n Qo — X
(83] (67
+ Y- y}
Qo — () Qg — (X1
[ 1 A—w oy — &
- (o ovao (£) - 222 2o
n Qo — (X g — (X

= (o2 —on)log (O (;1%—) +y] (2.29)

since A — a; = O(1/n). If we perform a Taylor expansion on the log function about

1 1
(Ctg - O(l) <logy+ 'y" . Op (E) +R> s

where R is a remainder term with order O,(1/n?). Therefore,

RSS 1
— 52 _ P22 =
(g —ay)logoy, = (g —a;)log ((a2 — )\)n) + O, (n)

which equals
RSS., ., 1
— A1 —_— O, {—
(02 = A log ((062 - )\)n> T (”)

since (A — o) log (RSSy5/[(ca — A)n]) = O,(1/n). By the definition of conditional

y, then (2.29) becomes

maximum likelihood estimates, for large n,

. RSS; 1
(a2 — on)log 03,2 > (g —A)log (ﬁ) + Oy (ﬁ) )
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where RSS; , is defined as before. This implies that for large n,

o log &ig + (2 — 1) log 635 + (1 — ag) log 63 5

RSS; 1
> oqlog 6%)2 + (g — A) log ((—&2—_—%\277:) + 0, <;)

+ (1~ az) log 3,
and, therefore, (2.26) becomes

ay log (3%2 + (g — ) log 63,2 + (1 — ay)log 63’2 — [)\log &12’1 + (1 =) log 631]

1
> {(11 log &12,2 + O, (E) — Mlog (31271}
RSS7, . .
+ [(02 — )\) log <m> + (]. - C!z)lOgO'g’Q — (]. - /\) 10g0’§)1 .
The first term in brackets is O,(loglogn/n) by a Taylor series expansion argument.
The second term in brackets is again of order loglogn/n a.s. by Lemma 2.1. Thus,
(2.26) is greater than or equal to something of order loglogn/n in probability, and

therefore, for each finite positive integer N,

lim P(MDL(2, o, a2;1,1) > MDL(1, ;1) ¥V oy, p -

n—o0

A=N/n<og <\ A+e/2<ap<l—¢)=1

Now consider statement (iii): N/n < A—a; < (loglogn)?/logn for some positive

integer N. We showed previously that

. RSS;
- 2 — e
(g —on)logds, > (A—ap)log <(>‘ - al)n>

RSSQ,Q >

o (2.30)

+(a2—)\)log<

by concavity of the log function. In this case, we will show that with high probability,
RSSs1/((A —aq)n) is greater by a fixed (small) constant # > 0 than the true variance
in the segment (0, A), o%. This will allow us to replace RSS,; in the inequality (2.30)

with (A — ap)n(of + n) for some small 5 > 0.
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Suppose that ¢; # ¢,. Intuitively, since a; — A as n tends towards infinity,
for large n, the fitted AR coefficient in the segment (o, az), qAS, should be close to
the true coeflicient of the segment (A, 1), ¢o, rather than the true coeflicient of the

segment (0, \), ¢;. Thus, if we define
¢i=E(Xy — ¢2Xt)2,

where {X,} is a stationary process following an AR(1) model with AR coefficient ¢,
and white noise variance o7, then if N — oo, RSS,;/[(A — a;)n] converges to ¢ in

probability as n — oo, and

¢ = E(Xyg1—¢oX,)’
= B[(¢1Xe — 62X0) + (Xer1 — X))
= B((¢1 — ¢2)X0)* + E[2(¢1 — ¢2) Xi(Xew1 ~ ¢1.X0)]
+ B(X1 — 01.X¢)?
= BE((¢1 — ¢2)X1)* + 0F

2
> 07

The cross-product term is zero since X;,; = ¢1X; + 016,41 where {¢;} is white noise

with mean 0 and unit variance, X, is independent of {¢;},~,, and thus,
E(X(Xip1 — 01 Xy)) = 01E(Xye41) = 0.

We would like to show that for every d > 0, there exists a positive integer N

such that with probability greater than 1 — 9,

RSSzyl ¢+ O'%
>
(A —am)n 2

(2.31)

for every ay such that [(A—aq)n] = N+ 1, N+2,..., (loglogn)* Recall that RSSy;
depends not only on a;, but also on «ay, since the fitted AR coefficient in the residual

sum of squares is calculated between observations [ayn] and [aqn].
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To prove (2.31), first assume that the fitted coeflicient between «; and «y is

exactly the true AR(1) coefficient of the second true segment, ¢,. Then

[An}—1

RSSon = Y (Xe—doXia)”

t:{aln]
Since the process {X;} is stationary in reverse time, we have, with probability 1,
-K

5 o 2Xi1)'
K

t=—1
as K goes to infinity. This implies that for every § > 0, there exists an N > 0 such
that with probability greater than 1 — 9,

-K

Z (Xq —¢2Xt~1)2 S C+012
K 2

t=-1
for all K > N. Now, stationarity of the process implies that with probability greater

than 1 — ¢,

RSSQJ > c+ 012
(/\ - al)n 2

for all o such that [(A —a1)n] =N +1,N+2,..., (loglogn)?.
To remove the assumption that the fitted coefficient is the true second coefficient,

note that for any ¢/,

Zt—zK—l [(Xe — ¢ Xi1)? — (X; — ¢/ Xi-1)Y]
K
> XX
K

~-K
Zt:—l Xt2—1

= 20 - ) + (65— (¢)1) ===

It follows that for any 6 > 0, there exists N > 0 and (small) » > 0 such that with

probability greater than 1 — 9,

Sl (X — ¢ X 0)? _ et 20
K 3

for all K > N and all ¢/’ satistying |¢,—¢'| < r. Finally, note that the fitted coefficient
in the segment (v, az) with (loglogn)?* < (A —aq)n and (@ — A\)n > en/2 should be

close to ¢, with high probability.



52
Therefore, since (2.31) holds, in the case where ¢ # ¢, for any 6 > 0, there
exists an integer N > 0 such that with probability greater than 1 — 4,

RSS; 1

et 2 2.32
(/\_al)n>01+77 ( )

for every o such that [(A—ay)n] = N+1,N+2,..., (loglogn)? and for some 1 > 0.

Thus, for N/n < X —a; < (loglogn)?/logn and for A +¢/2 < ay < 1 —,

(a2 — a1) log &g,z > (A—a)log (’—————*'( B35, ) + (ag = A) log <—-—-——( RSSy. >

A —aq)n ay — A)n
RSS
> (A—a1)log (62 + 1) + (2 — A) log ((-6;2_——%7—1>

for large n with high probability, so (2.26) becomes

a1logat, + (a2 — ar)log 63, + (1 — as)log o3 ,
— [Aog6?, + (1~ N)loga3 ]

> [ log &iQ + (A —ai)log (o + ) — Alog (3?,1]

+ (1= ag)log 65, — (1 — A) log &g,l} : (2.33)

+

Consider the first term in brackets in (2.33). Let QASMI denote the fitted AR
coefficient between observations 1 and [na,] — 1, and let é1., denote the fitted AR

coefficient between observations 1 and [nA] — 1. Then

o PN X ) — draXy)?
Ul 1™ \n

and
£alln (Xt+1 - le a1Xt)
an '

~ 9 ___
019 =

Define Sl
n] (Xt+1 - ¢)1 Otht)

~2 t=[ain]

! ()\—Oél)
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Then since
[An]-1 [Anj-1

Z (Xt — ¢21:/\Xt>2 < Z (X1 — ¢21:a1Xt>2,
t=1 t—=1
we have

~9 ~9 -
Andi, < ainéiy + (A = ar)ndy,

which implies

Also, since (3%1, (3?,2, and 62 all converge to o? as n goes to infinity, by choosing N

large enough, we have |61, — of| < 7/, |6, — 03| <7/, and |6} — ¢%| < 7/ with high
probability, where 1’ is a small positive number depending on 7 to be determined
later. If |67, — of| < and |6 — 02| < 7/, then the first term in brackets in (2.33)

becomes

o log (31272 + (A — o) log (012 + 77) — Alog (712‘1

N
> allog&f72+()\—a1)log(al+77)——)\10g [%\— f2+___/\_gl6f}
2 ay .9 A 1/ 2 '
> a1108‘712+()‘—“1>108(01 +77)—)\10g 7‘71,2+ \ (o7 +1)
= o 10g612,2 + (A — 1) log (U% +77) — Alog [51,2 + (1 - %\l) (‘7% +7n - 5%,2)]

; 2 /
> (A= aq)[log(of + 1) —log&i,) — A <1 — %) (‘71;;77 _ 1)
since log(1l + z) < z, and thus,

ay log &?’2 + (A — ) log (a% + 77) — Alog &12’1

2
> (A=) [log (0{;77) 01+77 +1]

012 ‘712

oy +n ol +1'
> (A=) {log <U121+77/> - 012 - + 1} (2.34)
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since o3 — 7' < (}ig < o2 + 7. Now we choose ' > 0 so small that the term inside

the brackets in (2.34) is positive. This implies that for any given 6 > 0, there exists

a positive integer N such that

P(a logﬁig + (A — ) log (07 + 1) — Aloga7, > 0

Vor=A=N/nA—(N+1)/n,...,A—loglogn/logn) >1—14

for large n. Again, the second term in brackets in (2.33) is of order loglogn/n by
Lemma 2.1. Thus, (2.26) is greater than or equal to something nonnegative plus
something of order loglogn/n in probability, and therefore, for every § > 0, there

exists a positive integer N such that

P(MDL(Z, ay,ag; 1, 1) > MDL(1, A1) Vg, as
A — (loglogn)?/logn < a; < A — N/n;

Ate/2<a;<l—¢€ > 1-96 (2.35)

for sufficiently large n.

In the case where ¢ = ¢ = ¢, but g2 # o3, the argument is slightly modified.
Note that since the three fitted autoregressive coefficients for the segments (0, o),
(a,aq), and (ag,1) should all be close to the true autoregressive coefficient, ¢, we

have RSSy1/((A — a1)n) — 0% and RSSy2/((aa — A)n) — 3. Define

2 2
R:so—;—l—log(o—;>.
93 93

Since z > log(1+z) for all z # 0, we know that R > 0. By expanding log(u+w(v—u))
about u using a Taylor series expansion, we can show that there exists a small ¢ > 0
such that for every u, v, w satisfying |u — 02| < ¢, |[v — 0%| < cand 0 < w < c,

1 R
log(u + w(v — u)) > logu+ —w(v —u) - %——
U

Since lim,_¢(v/u — 1 — log(v/u)) = R, by continuity, R > 0 implies that
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for u and v satisfying |u — 02| < ¢ and |v — 0}| < ¢ (if necessary, making ¢ smaller).

Then, since

(1 —-w)logu+wlogv = logu+ wlog (E)
u

it follows that

log[(1 — w)u+wv] = loglu+ w(v — u)]
> lo u+1w(v—u)—@
=z g iy 3
> (1-w)logu+wlogv + —%}z (2.36)

for every u, v, w satisfying |u — 03| < ¢, |[v — 0?] < cand 0 < w < c¢. Letting
(A—oaq)/(ag — 1) =w, RSS21 /(A —a1)n) = v, and RSS, 5/ ((aa — A)n) = u, we can

now apply (2.36) to (az — 1) log 3, as follows:

(g —oq)logds, = (o2 —an)loglwv+ (1 — w)y]
> (ag —ap)[(1 —w)logu+ wlogv +wR/3]
= (ag—A)logu+ (A —a1)(logv + R/3)

> (ag — A)logu+ (A — 1) log Q,

where () is any number satisfying @ > o2 and log @ < logo? + R/3. (Note that Q
plays the role of ¢ + n in (2.32).) The first inequality above holds if |u — o3| < ¢,
|v —a?] < cand 0 < w < ¢. For n large, w < ¢ since A — a; < (loglogn)?/logn.
Also, for large n and large N, RSS;;/((A — a@)n) and RSSs2/((ag — A\)n) are close to
o2 and o3, respectively, with high probability. The second inequality holds when v is
close to o%. It follows that the above inequality holds with probability greater than
1 -4 if N is large enough.

Therefore, for N/n < A — a; < (loglogn)?/logn and for A +€¢/2 < ap < 1 — ¢,

(g — o) log 63,2 > (g — \)log <( RS5,.,

m) + (A —o0q)log@
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for large n and large N with high probability, so (2.26) becomes

aylog 67, + (2 — o) log 63, + (1 — @) log 63,
— [Mogé? | + (1 - \)log63,]

> [ozl log 6%,2 + (A —a1)log @ — Mlog 6%,1]

+ (1 — ap)log 63, — (1 — A)log 63’1} :

+

As in the case where ¢; # ¢, since 67, — of and 63, — 0} as n goes to infinity,
the first term in brackets is nonnegative with probability approaching 1. Again,
the second term in brackets is of order loglogn/n by Lemma 2.1. Thus, (2.26) is
greater than or equal to something nonnegative plus something of order loglogn/n
in probability, and therefore, for every § > 0, there exists a positive integer N such

that (2.35) again holds for sufficiently large n.

Suppose now that the true process still has one true change-point where each
segment follows an AR(1) model, but now the means of the two true segments, w,
and p,, are not necessarily zero. Then when examining residual sums of squares,
rather than minimizing the quantity > (X; — aX;_)? with respect to a, we minimize
the quantity > (X, —ap — a1 X;-1)? with respect to ag and a;. In this case, we denote
the true AR parameters in the first true segment by ¢, and ¢;;, and the true AR
parameters in the second true segment by ¢ and ¢q1, where ¢ = pu1(1 —¢1,1) and
$o0 = p2(1 — ¢2y). For cases (i) (loglogn)?/logn < A — ay, and (ii) A — a; < N/n
for some positive integer N, this difference has no effect on the previous arguments.
For case (iii) N/n < A — a; < (loglogn)?/logn for some positive integer N, we need
only show again that with high probability, RSSs1/((\ — a1)n) is greater by n > 0

than the true variance in the segment (0, \).
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Under the assumption of case (iii), if we assume ¢; 1 # ¢2, and define

¢ = E (X1 — d20 — d21X1)?

where {X,} is a stationary process following an AR(1) model with mean p;, AR
coefficients ¢ o = p1(1 — ¢1,1) and ¢ 1, and white noise variance o?, then if N — oo,
RSS21/((A — a;)n) converges to ¢ in probability as n — oo. To see that ¢ > of, we

have

¢ = B(Xp1— ¢oo— ¢21X)°
= E((Xip1 — p2) — b0 (X = pa))*
= E(¢11 = ¢20)(Xe = ) + (Xio1 — ) = 11 (Xe — )]’
= B((d11 — ¢21)(Xe — ))* + 0}

2
> o7.

By replacing X; by X, — y; in the mean zero argument, (2.35) follows accordingly.
If 11 = @21 = ¢ and o? # o3, the proof of (2.35) is analogous to the proof in the
mean zero case.

In the mean zero case, p; = po = 0. Now, we may have the case where p; # ps.
For case (iii) N/n < A — oy < (loglogn)?/logn for some positive integer N, we have
shown how to prove that with high probability, RSS;1/((A — a;)n) is greater than
the true variance in the segment (0, A) when ¢1; # ¢o1 or when ¢1; = ¢21 = ¢ and
0% # o3. We must now address the possibility that ¢q; = ¢21 = ¢, 0% = 05 = 02 and

p1 # po. In this case, ¢19 = p1(1 — ¢) and ¢oo = po(1 — ¢). As before, if N — oo,

RSSs1/((A — a;)n) converges to ¢ in probability as n — oo where c¢ is defined as
¢i=E(Xpy1— d20 — ¢ X.)"

with {X;} a stationary process following an AR(1l) model with mean p;, AR

2

coefficients ¢; o and ¢, and white noise variance o®. We can show that ¢ > ¢? as
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follows:

¢ = E(Xu oo 0X)’
= E((Xi1 — o) — $(Xi — o))’
= E[(Xey1 — ) = (X = ) + (11 = p2)(1 = )]
= E(oer1)’ +2(m — p2)(1 = @) Elersr) + (1 — m)*(1 — 9)?
= o+ (1~ p)*(1 - ¢)?

> a?.

The rest of the argument to show (2.35) follows as in the case where ¢;1 # ¢q1.

Keeping the outline of the proof for this special case in mind, we will now prove

Theorem 2.1.

Proof of Theorem 2.1. It suffices to show that

lim P (MDL(mO 1,851,y Prgra) > MDL(mo, A; 20, .. ,pE,mH)) =1

Nn—0oo

since this implies

nh—>nolop mi;%;o {MDL(m7 &;ﬁla"' 7ﬁm+1>} > MDL(mOaX;p?a"wpgno-}—l) - ]-)
m<M

where M is a prespecified upper bound, and the result follows.

By definition of 5\,
MDL(mo, X pY, -, PPy r1) < MDL(mo, A% 03, ..o 00, i),

where A° is a vector of the true change-point locations. Therefore, we need only show

that

lim P (MDL(mo+ 1,6 p1,. .., Pmot2) > MDL(mo, A% p},....p0 1)) = 1. (2.37)

n—oo
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Equivalently, as the simple case outlined above, we can show that

lim P(MDL(mo + 1, 0501, Pmot2)

n—00

> MDL(mg, A% p%, ... po 1) Vo € Am0+1) =1 (2.38)

where As, ., is defined as in (2.11).

Consider the difference

9 . )
~[MDL(m + 1, i, - , Prmo+2) — MDL(mg, A% pY, .., i)
mo+2

1 n -
= <;> [2 log(mg + 1) — 2log mg + Z (2logp; + (pj + 2) log(a; — aj-1))

i=1
mo+1

— Z (2logpp + (pp + 2) log(Ap — A3_1)) }

logn mo+2 mop+1
- (2 )[4+sz > i)
k=1
mo+2 mo+1

+ Z T -1 log O"] mo+1 Z (/\2 - )‘2—1) lOg &I%,mo

k=1
RIORICS
n n
mo+2 mo+1
+ Z — aj-1)log 6} dmo+l T Z (A~ )‘2—1)105513,7710' (2.39)
k=1

Since for large n, the estimated AR orders are greater than or equal to the true AR
orders, the sum of the O (1/n) and O (logn/n) penalty terms in (2.39) is strictly
positive for large n. The O (1/n) term itself may not be positive, but since it goes
to zero faster than the O (logn/n) term and since the O (logn/n) term is strictly
positive, the sum of the two terms is strictly positive for large n. Therefore, it suffices

to show that for all a € A;, 4,

mo+2 mo+1 logn

0 o
Z (aj - Q- 1) log U] mo+1 Z (/\2 - /\khl) IOg Ul%,mo > Op ( n > :
j=1 k=1

(2.40)

This will imply (2.38), and the theorem follows.
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We will show (2.40) by combining the two summations on the left side of the
equality into one sum over the true segments, and applying the arguments demon-

strated previously to each term within the sum. In other words, rather than summing

the terms (o; — ;1) log 6%, ., over the indices of the fitted change-point locations,

]va“"
j=1,...,mg+ 2, we will break up each term and sum over the indices of the true
change-point locations, £ = 1,...,mg + 1. Then within each true segment, we can

look at the difference between the Model 2’ term and the Model 1’ term. This will
require some fairly complicated notation, so please bear with us.

We first give the argument for the case where the true process has mean zero in
every segment, and then describe extensions to the non-zero mean case at the end.
First focus on the jth fitted segment, (®;_1,¢;). If this segment does not contain
any true change-points, there is no need to partition the interval further. Suppose,
however, the segment contains 1 true change-point, denoted by /\2( i) where and k(j)
denotes the index of the true change-point contained in the jth fitted segment. We
can partition the interval (o; 1, ;) into the 2 sub-segments (-1, /\2(]'))7 ()\2(].), o),

and write

(O[j — ij_l) log OA'2

jymo+1
ognl=1 (e _gpl e ey )
( )1 t:[aj,ln] t ¢ijlia3 t—1 ¢CX]_1:Q]‘ t—-p]
= (a; —a;.1)log
s R ( — aj1)n
[ 1 igpyni -1 [y -1
— - . 1 - Y Y
(cj — j-1)log (o) — a;1)n Z ()" + Z ()
t=[oj-1m] t:[/\g(“n]
1
= . — ;1) log RSS; SS, , 2.41
(@5 = a1 o | s (RS, + RSS2 (2.41)
where ( “ﬁf_,%, o Azfi ’l.a;) is the vector of conditional maximum likelihood AR co-

efficient estimates when fitting an AR(p;) model to the jth fitted segment, (o1, o),
and RSS;; is defined to be the residual sum of squares over the ith sub-segment of

the jth fitted segment. Notice that both of the residual sums of squares, RSS;;, are
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based on the fitted AR coefficients between observations [o;_1n] and [o;n] — 1, so the
index ¢ only specifies the limits of the sum.

In the case where the fitted segment («;-1, ;) contains one true change-point,
this segment corresponds to (a, @) in the simple case demonstrated previously. In

other words, we need only consider the cases
(i) (loglogn)?/logn < A} ;) — @1,
i) A% . —a;_; < N/n for some positive integer N, or
k(5) J
(i) N/n <Ay — a1 < (loglogn)?/logn for some positive integer N.

Then, using the same arguments as in the simple case, but applying Lemma 2.2 rather

than Lemma 2.1 to account for the estimated AR orders, for case (i),

o, )loga?, > (A% —a, )] L
(o — aj1) 08 0 mg+1 ( k() — Y 1) Og((/\g(j)—aj_l)n

RSS?
+ (0 — X)) log (—-——-—-—]—3——> :

(o — )‘2(1'))”

where
0
PRni-1 2
/\",1 /\ﬁﬁ
RSS*, = E X, — " Xi g —o =7 Xy,
]71 t ¢C¥j_12/\2(j) i—1 ¢aj_1:)\2(j) t Py
t=[a;-1n|
and
[ajn]—-1 2
* E : 7Pl 1P;P;
RSSjaz T (Xt - /\2(, :ant—l - ’\(13 , :ant—ﬁj>
3 0 (4) 0 (4)
t=Dhy)nl

are the residual sum of squares over the ith sub-segment of the jth fitted segment,
but using AR coefficients estimated only within that sub-segment rather than using

the entire jth fitted segment. For case (ii),

A ) , RSS7,
(e — j-1)108 67 i1 2 Op (ﬁ) + () = Aggy)) log <m |
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and for case (iii),

(aj — ;1) log (}]2',m0+1 Z (/\2(]‘) — ;1) log (013(1') + 17)

RSS?
+ (o — /\g(;j)) log (Mﬁ;ﬁ) :
2

for some small n > 0 where Ui(j) is the true variance in the k(j)th true segment.

Suppose now that (o1, ;) contains more than one true change-point. In the
simple case, since there was only one true change-point, we only needed to consider
when either «; was close to A, or when «, was close to A, but both a7 and a4 couldn’t
be close to A simultaneously. Now, both «;_; and «; could potentially be close to a
true fitted changepoint. We will address this case by adding a fictitious fitted change-
point at the center of each true segment completely contained within the jth fitted

segment, This can only reduce the log-likelihood term of the fitted MDL,

mo+2

Z (e — _1)10g 67 1 11

j=1
but we can show that even with this reduction, the MDL of the fitted model is still
greater than the MDL corresponding to the true model. With the addition of the
fictitious fitted change-points, each fitted segment will then contain either no true
change-points or one true change-point.

For each true segment that does not contain a fitted change-point, add a fictitious
fitted change-point at the center of this segment. For instance, if (A — A? ) does
not contain any fitted change-points, add a fitted change-point at (AQ + AY_;)/2.

Once we have added the necessary fictitious fitted change-points, re-label the fitted

change-points as af, af,..., a;, ,, where b > 1. It follows that
mo+2 mo+1
~2 0 40 A2
Z (aj — cjo1) 10865y — Z (Ae = Ak-1) 108 G5 1,
j=1 k=1
mo+b mo+1

k=1

Z Z (Oé; - CY;'wl) log OA-JQ',mOer - Z ()\2 - Alg—l) lOg 6}%,1710
=1
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ot RSS;,
R )
Z:: { R (0 = Xy)n

+
= Y (A=A 1)log 6t (2.42)

k=1
where &]zmm 4 is the estimated variance within the re-labeled jth fitted segment and

A, is
() (Al — 0 1) 0BRSS}, /(M) — 05 ),
(i) O,(1/n), or

(ifl) (M) — @j-1)log(og;) + n) for some 7 > 0,

depending on how close o, is to Ag(j). Note that since «g := 0, if the first fitted
segment contains one true change-point, then A; must equal A} log(RSS],/(A\{n)).
Note also that if the jth fitted segment does not, contain any true change-points, then

the term in brackets in (2.42) is simply

/

(o — 1) logd ‘7] mo-+b*

The next step is to combine the two sums in (2.42) into one sum, indexed over the
true change-points. In order to make this step, we need some further notation for the
re-labeled fitted change-points contained within the kth true segment. Consider the
kth true segment, (A} ;, A?). This segment must contain at least one re-labeled fitted
change-point, so we can break the segment into sub-segments, with the partition
being determined by the re-labeled fitted change-points contained in the kth true
segment. Let v, + 1, 0 < 7, < myg, be the number of fitted change-points contained
in (AR_, AR). Then we can partition (A}_;, A}) into the 7y + 2 intervals (AQ_, oy ),
(@) Xgyr1)s o (X A?), where j(k) denotes the index of the first re-labeled
fitted change-point contained in the kth true segment. Then we can re-index

mo+b

Z ((1; - OZ ) IOg UJ mo+b

=1
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according to the true change-points as follows:

mo—+b
Z (a] — a )log(f]m0+b
=1
mo+b [ *
RSS%,
> Aj + (0 = Ajgy) log (""““—/ 0 )}
=1 L (aj - )‘k(j))n
mo+1 [ RSS*
(k)2
= (a;(k) - )‘2—1) log ( 7 : 0 )
k=1 | (g = Ak
+ Z ke~ ) 1)10ga (k)+iymotb T Aj k)+”'k+1}7 (2.43)
wherefork=1,... ,mg+landi=1,... 7, &f(k)ﬂmlo” is the conditional maximum

likelihood estimate of the variance when fitting an AR(;(x)+:) model to the (j(k)+7)th
re-labeled fitted segment, and Ajgyr+1 is defined as before for the (j(k) 4 + 1)st

re-labeled fitted segment. Thus, the difference (2.42) becomes

mo+b mo+1
Z (Oz; - a ) 10g U] mo+b Z (/\0 /\2 1) 10g Uk mo
7=1 k=1
mo+1 RSS*
Z (@) — Me-1) log ke
; [ o : (Q;(k) — A

+ Z ](k)+z k)+z 1) lOg U](k)+z mo+b
A~ 08 oea|. 249

Now, within each summand of (2.44), we can apply the same arguments as in the
simple case using Lemma 2.2 rather than Lemma 2.1, and (2.40) follows. Note that if
we compare the MDL of Model 1’ to the MDL of a model with mg + s change-points,
1 < s < M — my, rather than to the MDL of a model with mgy + 1 change-points, the
proof is identical.

For the case where the means of each segment are not necessarily zero, we can
follow an argument similar to that used in the simple case of one true change-point

as demonstrated previously. When calculating the estimated white noise variances,



65

rather than minimizing the quantity Y (X, — a1 X,y — ... — a3 X;—5)?, the estimates
minimize the quantity Y (X; — ap — a; X4-1 — ... — a3 X¢—5)?. Since Lemmas 2.1 and
2.2 hold for non-zero means, the result follows, d

2.7 Consistency of Auto-PARM Estimates Using Yule-Walker Estima-
tion

In the previous section, we used conditional maximum likelihood white noise vari-
ance estimates in the definition of the minimum description length. However, Auto-
PARM uses Yule-Walker white noise estimates. Yule-Walker estimation is specific
to an autoregressive model of order p where the estimates are obtained by equating
the sample and theoretical autocovariances at lags 0, 1,..., p. Due to its computa-
tional simplicity via the Durbin-Levinson algorithm, Yule-Walker estimation is the
most common method of estimating autoregressive parameters. Also, Yule-Walker
estimates always produce a causal estimated model and have the same asymptotic
distribution as the conditional maximum likelihood estimates (see Section 8.10 in [8]).
In this section, we will show that the estimates of the number of change-points and
the AR orders are still weakly consistent when using Yule-Walker estimates.

First, we will define the Yule-Walker estimates of the autoregressive coefficients
and white noise variance. We then show that the differcnce between Yule-Walker
estimates and conditional maximum likelihood estimates is O,(1/n). This result
allows us to extend Lemmas 2.1 and 2.2 and Theorem 2.1 to prove that the estimate
of the number of change-points is weakly consistent when using Yule-Walker estimates
in the MDL. Lemmas 2.3 and 2.4 consider the case where the true process has no
change-points (mg = 0). Theorem 2.2 extends the weak consistency results of Lemmas
2.3 and 2.4 to the case where my > 0.

For an autoregressive model of order p with mean g,

Xy —p=¢01(Xpo1 —p) + - + Op(Xe—p — 1) + 06y,
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where ¢, is a white noise process with mean zero and unit variance, the Yule-Walker

estimate of the AR(p) coefficient vector is defined as

where I, is the sample covariance matrix {(i — ) Pi_yand g, = (3(1),...,5(p)".

The Yule-Walker estimate of the white noise variance is then

0 AT,

0" =4(0) - & A,

and the Yule-Walker estimator of the mean  is the sample mean, X =Y ;" X,/n.
In a sample of size n, Yule-Walker estimates use the following definition of the

sample covariance:
. I < -
A(h) = = 3 (X = X)(Kion — X)),

t=1+h

In contrast, conditional maximum likelihood estimation (in our formulation) uses the

sample covariance

n

&*(h’> = '717 Z(Xt - Yl:n)(Xt—h - j(1-—}7,:77,—}7,)7

" t=1

where X, = Zf:a X¢/(b—a+1). This is not quite equivalent to
1< - -
=Y (X = X)X - X)
=1

where X = X.,, but the two quantities have the same asymptotic properties.
Assume again that the true model is piecewise autoregressive, as defined in (2.9),
but we now estimate the number of change-points, change-point locations, and AR or-

ders, (mg, 7Y, ... ,T%O,p?, e ,p?noﬂ), by minimizing the minimum description length,

m~+1
MDLy (m, A\;p) = logm + (m + 1)logn + z log px
k=1
m+1

Pr + 2
+y = 5 log (A = Aeoa)n)
k=1

m—+1
Ak — Ago1)n .
+> (—L—Q—Ll)— log(2762), (2.45)
k=1
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with respect to m < M, 0 < p < P, and A € A%, where G2 is the Yule-Walker
estimate of the noise variance when fitting a p,th order AR model to the kth segment.
Here we adapt the proofs of Lemmas 2.1 and 2.2 and Theorem 2.1 for Yule-Walker
estimates. The fundamental difference between the proofs using conditional maximum
likelihood estimation and the proofs using Yule-Walker estimation is in the definition
of the sample covariances. Therefore, we would first like to quantify the order of the
difference between the two sample covariance definitions.

For notational simplicity, assume that the mean of the process is known to be
zero. Consider the case where there are no change-points in the true process, i.e.,
mo = 0. Suppose we fit one change-point to this data at observation 7 = [An]. Using
conditional maximum likelihood estimation, the sample covariances in the last fitted

segment involve terms like
1 n
—— X Xin.
T > XX
t:[/\n]

However, if we use Yule-Walker estimation, the sample covariances in the last fitted
segment will involve terms like
Z X Xi-h:
t [An]+h
We can examine the difference between the two sample covariances in the last fitted

segment as follows:

Vl— Z X1 X4 h'—“ Z XXy
=[An] =[An|+h
= ‘X[/\n]X[/\n]—h +et X{/\n]+h~1X[/\n]~ll
< ‘X[/\n]X[/\n]—hl 4 ’X[/\n]J,hle[,\n]~1‘~ (2.46)

Note that X is not treated as being fixed in the expression above. Define (2.46) as

W = [ Xpa Xpag-n| + -+ [ X a1 X g1 |
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Using stationarity of the process, then, for any M > 0,

P(&f‘iﬁ - Z X Xoon — 5 Z X Xooh

e

An| t=[An]+h
< P (l max Wy > M)
7 0<A<1
< nP(Wy>nM)
< —E W
- nM (Wo)
— 0 as M — oo,

where the last inequality follows by Markov’s inequality. This implies that

sup /E:xxh—— X:XJH1_0<>

OA<IH  Z(an) [Wn]+h
and in general, when fitting m change-points,

S2(h) — A(h) = O, <1> , (2.47)
where 4} (h) is the conditional maximum likelihood sample covariance in the kth fitted
segment, and 44 (h) is the Yule-Walker sample covariance in the kth fitted segment.

In the case where there are one or more change-points in the true process, still
assuming that the mean of each segment is zero, we can again show (2.47) by the
following argument. Assume there are my > 1 true change-points and we fit m >
1 change-points to the data. Denote the true relative change-point locations by

0 0
A0 A

mo

and the fitted relative change-point locations by «q,...,a;,. Then the

difference between the two sample covariance definitions in the kth fitted segment,

k=1,...,m+ 1, can be examined through the expression
1 [agn]—1 1 [agn]—1
7—7- Z XtXt h ™ ;" Z XtXt~—h
t=[ak-1n] t=(ag-1n]+h

Zi&wﬂﬁ%mw+”+XMMWA&mwﬂ

< 'X{ak—m]X[ak—m]—h +oeet X[ak—lth—lX[ak—ln]—l ‘ (2'48)
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For large enough n, the indices of the h terms in (2.48) can be split over at most 2
true segments. Suppose, for example, that the sum (2.48) straddles the true relative
change-point A)_,. Then for t = [a,-1n], ..., [ax-1n] + h — 1, the distribution of the
cross-product X, X,_;, corresponds to one of three possibilities: (1) t — h < [A)_;n]
and t > [N0_n], (2) t, t —h < [A}_,n], or (3) t,t — h > [A)_n].

Let n be large enough so that {An] — [\)_jn] > h for any j =1,...,mg +1, and

define (2.48) as
Woroy = | Xiaworn Xiag_ini-n |+ | Xiaw_ sl +h-1X 0 yn) -1

Then W,

.., may take on n distinct sets of indices, where each set of indices corre-

sponds to one of 2hmg + 1 distributions (mg + 1 possibilities if W, . lies entirely in

one true segment plus (2h — 1)my possibilities if W,,, . straddles two true segments).

Ok—1

Let V1, ..., Vopme+1 be random variables corresponding to the 2hmg + 1 possible dis-

tributions of W,

ak 17?7

and let x;, ¢ = 1,...,2hmy + 1, be the number of W,, ,’s that

have distribution V;, which implies Z%moﬂ k; = n. Then, for any M > 0,

lagn|—1 1 [ogn]—1
P< I Z XeXin = = Y XX > M)
t [cp—1m] t=lag_1n]+h

Qg1 te<ap <l

< P<l max W, 1>M>
n O0<ag_1<1
2hmo+1
< > wmP(Vi>nM)
7==1
2hmo+1
EVi)
< .

— 0 as M — oo,

where € is defined in (2.10), and thus, (2.47) again holds.
If the mean of each segment is not necessarily zero, the previous argument be-
comes slightly more complicated. We can use the shortcut formulas
1 [agn]—1

N -—2
Jth) = Z XeXeon = Xay_1n]:forn]-1

(ak - ak—l)n t:[ak_ln]—i—h
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and
[agn]—-1
’?*(h) - (ak — Gy 1 Z XtXt h ™ ak_ln]:[akn]—lX[ak_ln]—h:[akn]~1~ha
t [ak 1Tl]
then look at the differences
[ogn] 1 [agn]-1

1 1
—————r Z XtXt h — T Z XtXtvh
(o — ap1)n T (o = o) t=[ag-1n]+h
and
. — =52
\X[ak,ln]:{akn]—lX[ak‘ln]—h:[ak,n]—l—h - X{ak~1”]5[akn]"1 .

separately. The supremum over 0 < a1 < 1 of the first difference is again O,(1/n),
and it is straightforward to show that the supremum over 0 < a4, < 1 of the second
difference is also of order 1/n in probability.

In extending Lemmas 2.1 and 2.2 and Theorem 2.1, we can use (2.47) to show
that for the kth fitted segment found by minimizing the MDL calculated using Yule-
Walker estimates, the difference between the conditional maximum likelihood white

12, and the Yule-Walker white noise estimate, denoted

noise estimate, denoted by &
by 62, is Op(1/n).° Since each of these estimates are functions of sample covariances,

we use the mean value theorem for multivariable functions and (2.47) to show that

log 5;% —log 62 = O, (%) . (2.49)

The extensions of Lemmas 2.1 and 2.2 and Theorem 2.1 will then follow immediately
from this result.
Assume that the true process follows the piecewise autoregressive model defined

n (2.9). Though (2.49) holds for the non-zero mean case, for notational convenience,

we will only show the proof for the case where the true process mean is zero. The

5We use a “~” rather than “A” on the conditional likelihood estimates since the estimates
are obtained using estimated change-point locations found by minimizing the MDL calculated with
Yule-Walker white noise estimates.
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extension to the non-zero mean case follows accordingly. Suppose we fit a piecewise
AR model to the data with m change-points and estimated change-point locations
:\1, cey ;\m, where the estimated locations are found by minimizing the MDL calcu-
lated with Yule-Walker estimates with respect to A € Af,. Then, by definition, the
Yule-Walker estimate of the white noise variance for an AR(p) model in the kth fitted

segment is a function of the sample covariances:
~2 _ » ~T T7—-1~
O = /Yk(()) - ’Y}c,prk,p’}/k,p)

where Ty, is the sample covariance matrix of the kth fitted segment, {4x(i — j 1 =1

Yip = (Gx(1), ..., %(p))", and the sample covariance function in the kth segment is
defined as
Te—1
Y (h) = X Xion,
(/\’“ B /\’“ )n :;M
where Tx_; = [;\k,m] and 7 = [;\kn] Therefore, for k = 1,...,m + 1, we can write
1 Fr—1
lOg&]%:g T S S —— Z Xt_iXt-in,j:O,...,p ,
(/\k N Ak_l)n t=Fp—1+i— 5l

where, as in the proof of Lemma 2.1,

B Uo1
g(uy:4,7=0,...,p) =log [ug — (¥o1, ..., Ugp) [{u” = J

Ugyp
Note that the definition of the function g(-) is the same for both the conditional
maximum likelihood and Yule-Walker estimates; only the argument of the function
changes. If we replace 9(h) by the conditional maximum likelihood estimate 7} (h)
using the estimated change-point locations found by minimizing the MDL calculated

with Yule-Walker estimates, then

! Fo—1
loga,c =g | ——F Xy i X :1,7=0...,p
(A = A1) 2—; ’
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Note that the conditional maximum likelihood sample covariances %;(h) obtained
using the Yule-Walker estimated change-point locations are different than the condi-
tional maximum likelihood sample covariances 4;(h), which use the estimated change-
point locations found by minimizing the MDL calculated with conditional maximum
likelihood variance estimates. This will be employed in the proofs later in the section.

First assume that the true process has no change-points (mgy = 0). Denote the
true covariance between X; and X;_j, by v(h) = E[X,X,_s], and let v = (y(]¢ — j|) :
i,7 =0,...,p) be the vector of covariances ranging over lags 0,...,p defined in such

a way to match the indices of the vectors of sample covariances,

) 1 o o
Y T ST R — Z Xt—iXt—j 1,7 :O,...,p
EIES SN
and
1 Tr—1
’7: = T s Z Xt_iXt_in,j:O,...,p
(A = Ae-1)n 7
for Kk =1,...,m + 1. By the mean value theorem for multivariable functions, the

difference in white noise variance estimates becomes

~ % ~

loga;? —logdy = g(¥5) — 9(Fx)

= Vg(¥) (¥ —¥«)
_ o, (%) (2.50)

where the variable 4 is between 4* and 4, and converges to « almost surely as n tends
to infinity. The gradient of g(u;; : 4,7 = 0,...,p) evaluated at 4 is denoted by Vg(7).
It is important to note that in (2.50), ;% is calculated using the estimated change-
point locations found by minimizing the MDL which uses Yule-Walker estimates.
Again, this is not the same quantity as the estimated white noise variances obtained
by minimizing the MDL using conditional maximum likelihood estimates. This will

be apparent in the proofs that follow.
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It is straightforward to show (2.49) for the case where mg > 1 by defining ~ as the
linear combination of true covariances to which the sample covariances converge. For
the case where the true segment means are not necessarily zero, we calculate sample
covariances using the mean corrected observations. Again, the previous arguments
will ensue if we define « as the linear combination of true covariances to which the
mean corrected sample covariances converge.

We can now extend Lemmas 2.1 and 2.2 and Theorem 2.1 to the case where
Yule-Walker estimation is used. Note that when Yule-Walker estimates are used, the
results corresponding to Lemmas 2.1 and 2.2 show consistency in probability rather

than almost surely.

Lemma 2.3. Assume the true process {X;} follows the AR(p) model given in (2.15)
with no change-points (my = 0) and initial values X_p, X_piy,..., Xo, and satisfies

assumptions Al and A2. Then for any m > 1,

lim P (MDLy(O;p) < Air%f MDLy (m, A;p, . .. 710)) = 1.
€A%

n—oo

Proof. Let A = arg min {%MDLy(m, Aipy ... ,p)}, and consider the quantity
AEAS,

2 .
= [MDLy (m, A;p,....., p) = MDLy (0; p)]

2logm logn  2mlo
= 208 np 4 a)-Bl  SOBE
n n n
m+1
p+2 . .
+ > log(Ae — Aeor)
k=1
m+lA
+ ) (A = A1) log 67 — log 6”
k=1
= )87 o () mHX-} Vogs? —logs?  (2.51
= m(p+ n + - +Z(k k—1)10g 0y — 1080 51)

k=1
We will show that (2.51) is strictly positive for n large in probability by showing that

the quantity
m+1

D (A = Aem1) log 67 — log 6° (2.52)
k=1
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is of order loglogn/n in probability.

Let 32 denote the conditional maximum likelihood estimate of the white noise
variance in the kth fitted segment where the change-point locations are obtained
by minimizing MDLy (m, X;p,...,p), and 6*?, the conditional maximum likelihood
estimate of the white noise variance for the entire data set. Then by (2.49), (2.52)

can be expressed as

m+1
Z [()\k — Me-1)log 752 + (A, — A—1)(log 62 — log &;2)]
k=1
~log 62 + (log 6** — log 6?)
m+1 . ) 1
= Z()\k - )\Ic——l) log 5';2 _- log 5+ + Op (Z) . (253)
k=1

Denote the fitted change-point locations obtained by minimizing the
MDL calculated using conditional maximum likelihood estimation by
& = argming, {2MDL(m,c;p,...,p)}, and the conditional maximum like-
lihood white noise variance estimates using these fitted locations by ;2. Then (2.53)
is greater than or equal to

m+1

~ ~ ~ %2 ~ 2 1
Z(ak — Gy-1)log oy —loga™ + O, ~
k=1

which, by Lemma 2.1, is O(loglogn/n). Therefore, (2.51) becomes

2

n

[MDLy (m, A;p, ..., p) — MDLy(0; p)]

1 1 1
= m(p+4) Oin+0< )+Op (Eloglogn>,

! n

which implies

n 2

oen n IMDLy (m, Xip,...,p) — MDLY(O;p)]

1 loglogn
= m(p+4)+0 +0, (2280
logn logn

logl
= m(p+4)+0, ( Oig()in) : (2.54)
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Since m > 1, for any € > 0, there exists an integer N such that

loglogn
OP( log n )

for all n > N. 1t follows that

4
- m(p2+ )

P (MDLY(O;p) < Airi‘f MDLy (m, A;p,. .. ,p)> >1—¢
€A%

for n large, and the result follows. O

The extension of Lemma 2.2 to the Yule-Walker case again follows from (2.49).

Lemma 2.4. Assume the true process {X,;} follows the AR(p) model given in (2.15)
with no change-points (my = 0) and initial values X_p, X_pi1,..., Xo, and satisfies

assumptions Al and A2. Then for any m > 1,

lim P (MDLY(O;p) < inf MDLy(m,Aip,. .. ,pm+1)) —1,
A,

n—oo

where py,...,Pma1 are estimated from the data by minimizing the MDL calculated

with Yule-Walker estimates.

Proof. Let A = argmin {MDLy (m, A\; f1, ..., Pm+1)}. Note that
A€AS,

MDLy (m, A; 1, ., pms1) — MDLy (0; p)
= [MDLy(m, 5\;[31, oo vy Pm+1) — MDLy (m, Xip, ... ,p)}

+ [MDLy(m, Ap, .., p) - MDLy(O;p)] :

We know from Lemma 2.3 that MDLy (m, X;p, ...,p) — MDLy (0; p) > 0 for n large

in probability. Therefore, to prove Lemma, 2.4, we need only show that

lim P (MDLy(m, A:pry- .o Prst) — MDLy (m, Asp, ..., p) > 0) =1 (2.55)

n—oo

As in the proof of Lemma 2.2, it suffices to consider the case of fitting an auto-

regressive model of order p+1 to the kth segment, and autoregressive models of order
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p to each of the other m segments, so P = p+ 1 and p; = p for j # k, where p is the
true order of the process. Denote the conditional maximum likelihood white noise
variance estimate when fitting an AR(p) model to the segment (:\kﬁl,;\k) by 6;?1).

Then by (2.49),

2

- [MDLy(m, X PL- s Pms1) — MDLy (m, Xi p, . .. ,p)}

2(log(p +1) —logp) log(\ — Me1)
n n

+ (M — k1) (log 62 41 — log 62,,)

logn
| log

1 logn . N . 5*
- 0 (};) + - + (/\k — >\k~l) [ (log Uz’p+1 - lOgUk,z[H»l)

+ (log &Z?p — log &;%‘,) + (log 5;,2p+1 — log &/:,21) }

1 logn 1 o o . s
= 0 (ﬁ) + i + O, (E) + (Ax — Aee1) (1og Uk?p+l — log Uk?p> .

Since the specific change-point locations had no effect on the argument in the proof

of Lemma 2.2, log ;% ., — log ;> = O(loglogn/n), and thus (2.55) follows. O

We can also use (2.49) to easily extend Theorem 2.1 to the Yule-Walker estima-

tion case.

Theorem 2.2, Assume the true process { X} follows the AR(p) model given in (2.15)
with my change-points and tnitial values X _p, X _py1,..., Xo, and satisfies assump-
tions A1 and A2. Then m 5 mp, where m s the estimated number of change-points
obtained by minimizing the MDL defined using Yule- Walker white noise variance es-

timates.

Proof. As in the proof of Theorem 2.1, the statement mn L my is equivalent to the

statement

7}1_{{)1() P(mi;élrlio {MDLy(m, &;p1,.-.,Pms1)} > MDLy (my, 5\;;0[1), L ,p?n0+1)> =1

m<M
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for a fixed upper bound M. By previous arguments, this result holds if

lim P (MDLy(mo +1,8 71, Pmgre) > MDLy (g, Ay, ... ,pgmH)) =1

n—oo
For any vector a € A;, .y, consider the difference

2

E[MDLY(WO +1,0;5p1, ., Dmg2) — MDLy (mo, /\O;p?, o ’pgmﬂ)]
logn ot? mo+1
= O( - )+ Z(CY»—-CYJ 1)logcrjm0+1 Z(Agv—/\g_l)loggkmogw)
/ =1 k=1

where 67, ., is the Yule-Walker estimate of the white noise variance when fitting an
AR(p;) model to the segment (o1, o), 82, is the Yule-Walker estimate of the white
noise variance when fitting an AR(p?) model to the segment (A} _,,A?), A° denotes
the true change-point locations, and the O(logn/n) term is strictly positive. Denote
the conditional maximum likelihood estimate of the white noise variance when fitting

an AR(p;) model to the segment (o;_1, ;) by 67 and the conditional maximum

7 mo+1 )
likelihood estimate of the white noise variance when fitting an AR(p}) model to the

segment (A_;, Ap) by 632 . Then we can write the difference between the two sums

n (2.56) as

mo+2

§ i |:<Oé - X 1) lOg U] mo—+1 + ( - &y 1) (log U] mo+1 lOg U] m0+1) ]
Jj=1
mo+1

= 30 [0 = M) logail, + (A = ALy) (log 2, — log 72, |
1 mo+2 mo+1
= Op (‘) + Z (o — 1)10gajm0+1 Z (AL — A1) log 672,., (2.57)
j=1 k=1

where the last equation follows by (2.49). By Theorem 2.1,

mo+2 mo+1 logn
Z(O‘j—% 1)10g03m0+1 Z(/\O Mo 1)1080*2 >0p< )7

- n
7=1 k=1

and the result follows. O



Chapter 3

CONSISTENCY OF AUTO-PARM ESTIMATES FOR A PIECEWISE
STATIONARY PROCESS

3.1 Imtroduction

In the previous chapter, we showed that the estimates of the number of change-
points and the AR orders obtained by Auto-PARM are weakly consistent when the
underlying model is piecewise autoregressive. Davis et al. (2006) showed that the
estimated change-point locations are strongly consistent under this model when the
true number of change-points is known. In this chapter, we will relax the assumption
that the underlying model is piecewise autoregressive, and examine the behavior of the
estimated change-point locations and number of change-points under a more general
model. In fact, we only need to assume the underlying process is stationary and
strong mixing plus a few easily met assumptions to show that the estimates of the
change-point locations and the number of change-points are consistent.

The first section shows that when the true number of change-points is known,
the estimated change-point locations are strongly consistent under a general station-
ary strong mixing model. In the second section, we show weak consistency of the
estimated number of change-points assuming a stationary strong mixing model plus
conditions to ensure that the sample covariances satisfy the functional law of the
iterated logarithm. The third section demonstrates some simulation results when the

underlying process is not piecewise autoregressive.
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3.2 Estimating the Change-Point Locations

Assume {Y;}7, is a segmented stationary process such that the jth segment is

modeled as

Yi=Xer 141 Tj-1 St <y, (3.1)
where 7p := 1, Typor1 :=n+1, and for each j = 1,...,mo+1, {X;;}2, is a stationary
ergodic process with mean p; := E(X,;) and, for h =0, 1, ..., autocovariance func-

tion v;(h) := Cov(X¢;, Xi1p ;). We assume that the pieces {X;,}, 7 =1,...,mg+1,
are independent. The next section will require further assumptions on the underlying
process, but the results in this section only require that the underlying process is
segmented stationary ergodic with finite second moment where changes between seg-
ments are in the mean or autocovariance function. Define the relative change-points
0 <A <o <A < 1such that 7; = [AIn] ([] is the integer part of ), where
A =0,A% .1 =1, and [0] ;= 1.

We will emulate the proofs in the Appendix of Davis et al. (2006) which show that
the estimated relative change-points 7;/n are strongly consistent for the true relative
change-point locations /\?, j=1,...,mg under the assumption that mg, the number
of change-points, is known. When the true model is piecewise autoregressive, the
change between segments may be in the mean, variance, or autoregressive parameters.
Changes in the variance or autoregressive parameteré are equivalent to changes in the
autocovariance function. Under the weaker assumption that the process is stationary,
we will assume that for j = 2,...,mg + 1, either p; # p;_; or there exists an h such
that 7;(h) # % 1 (h).

Throughout this section, we will approach the problem by assuming that each
stationary segment of {Y;} has mean zero, as in [13], though the results can easily be
extended to the non-zero mean case. Thus, changes between segments will be in the
covariance functions. That is, for every 7 = 2,...,mgp+ 1, there exists an h such that

v;(h) # 7vj-1(h). First, we need the following result from Davis et al. (2006).
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Proposition 3.1. [Proposition A.1 of Davis et al. (2006)] Suppose that {X;} is a

stationary ergodic process with E|X1| < oco. Then, with probability 1, the process
[sn]

DX

t=1

converges to the process sEX; on the space D[0,1], the space of functions on the

Sn(s) =

3|

interval [0, 1] that are right-continuous and have left-hand limits.

Proof. See Davis et al. (2006).

Recall that the zero mean autoregressive model of order p is
Xi=01 Xi1+ -+ opXip + 2y,

where Z, is a white noise process with mean zero and variance ¢2. The Yule-Walker

estimate of the AR(p) coefficient vector is defined as
=1,

where I, is the sample covariance matrix {%(i — 3)Y oy and §, = (5(1),...,%(p))".

The Yule-Walker estimate of the white noise variance is then

The following proposition states that if we fit an autoregressive model of order p to
a stationary ergodic process, then the estimates of the autoregressive coeflicients and
the white noise variance converge to quantities determined by the covariance function

of the process. The proof of this proposition follows the proof of Proposition A.2 in

Davis et al. (2006).

Proposition 3.2. Suppose that {X:} is a stationary ergodic process with E(X;) = 0,
B\ X1 X144 < o0 forallh =0,1,..., P, and covariance function y(h) := E(X1X14n).
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Forr,s € [0,1) (r <s)andp=0,1,...,P, let ¢(r,s,p) and 3(r,s,p) be the Yule-
Walker estimates of the AR(p) coefficient vector and process variance, respectively,
based on fitting an AR(p) model to the data Xjynj41, ..., X[sn). Then, with probability
1,

¢(r,5,p) = ¢(p)  and  6%(r,s,p) — o*(p),

where ¢(p) and o2(p) are defined in the proof.

Proof. Assume 1 < p < P. Define the sample covariance function
Y(h) = Z XeynXt,
={rn|+1
and let I', be the sample covariance matrix {5(i — j) V=1 and 4, = ((1),...,%(p)"

Then ¢(r, s,p) and 62(r, s, p) are defined as

¢(rs,p) =1;'%,  and  8%(r,s,p) = 4(0) - d(r,5,0)"%

Since c}b(r, s,p) and 6%(r, s, p) are continuous functions of the sample covariances, their
asymptotic properties will follow immediately from the asymptotic properties of 5(h).

We can examine the asymptotic properties of 4(h) by considering

[sn]

A (h) = Z XeynXe.

’I‘TL +l
since 4(h) and 4*(h) have the same limiting behavior and, using the same argument
as in the proof of (2.47), ¥*(h) — 4(h) = O,(1/n). Because {X,} is a stationary
ergodic process, { X, X;} is also a stationary ergodic process. Applying Proposition
3.1, let By, be the probability one set on which the partial sum process for { Xy, X;}

converges, and set

Since P(B) =1, for h =0,...,p,
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[sn]

- ([i:%) G 2 e

t=[rn]+1

[Sn]
N <[§ ; > Z XernXe =~ Z Xipn Xy
— . i [SE(X1+hX1) — rE(XH_th)] — ’7( )

as n goes to infinity with probability 1. Thus, for each h = 0,...,p, 4(h) — y(h) as

n — oo with probability 1, and therefore,

o(r,s,p) =114, — Ty, = ¢(p),

and
3*(r,5,p) = 4(0) — (r,5,p)"%, — 7(0) - @(p)Tv, = o*(p),

as n goes to infinity with probability 1, where ', = {v(i — j)}} ., and

Yo = (v(1),.. ()T
In the case where p = 0, we model X; as a white noise sequence with mean zero
and variance 0. The estimate of o2 is 4(0), which converges to v(0) = o2 =: 62(0)

with probability 1. 0

The next proposition extends Proposition 3.2 to a piecewise stationary ergodic
process with mean zero. The proof of this proposition follows the proof of Proposition

A.3 in Davis et al. (2006).

Proposition 3.3. Suppose that {Y.} is the segmented stationary ergodic process de-
fined in (3.1) where p; =0 for each j =1,...,mog+1. Forr, s€[0,1] (r <s) and
p=0,...,P, let ci)y('r',, s,p) and 6% (r, s, p) be the Yule-Walker estimates of the AR(p)
coefficient vector and process variance, respectively, based on fitting an AR(p) model

to the data Yjpyq1, ..., Yien). Then, with probability 1,

ci)y(r, s,p) — ¢y (p) and 62(r,s,p) — o3 (p),

where ¢y (p) and o3 (p) are defined in the proof.
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Proof. For the kth true segment, k = 1,...,mo + 1, let B} be the probability one

set on which

[ns] [ns] [ns] [ns]

1 1 1 1
-y Xk, — Xekl, =) XimixXi—jr, and — X Xi—jk
n; nml | n; j n;l il
converge as n — oo for all 7,7 =1,...,p. Set
mo-+1
B* = ﬂ B;Ck’
k=1

and note that P(B*) = 1. Since 7, s € [0,1], 7 < s, then r € [A?_,\)) and s €
(A 14k ALyy), for somed =1,...,mg+1and k=0,...,mg+1—4 That is, r is in

the ith segment, and s is in the (i + k)th segment. Then for w € B*, we have
[s

. . 1
’YY(h) - [Sn] B [TTL] t={rn|+1

()
A0, n]—h

1

+ - E Xithori41i01 Xt ri+ 1,041

t=[A%n]+1

n|—h
YinY:
frn]

(A9n]—h
1
—T; § Xt+h-71~1+l,iXt——'r1..1+l,i

t=[rn}-+1

[sn]—h
+oeet ;l Z Xt—Ti+k-1+1,i+kXt—T~;+k.—1+11‘i+k + 0<1):|

t=[A) 4 ml+l

1

(A = m)lh) + Ay = M)y (h) + -+ (s — )‘?—l-f-k)%ﬂ—k(h')}

= agYi(h) +. .. + axvies(h)

by Proposition 3.2. For 1 <p < P, let f‘ym be the sample covariance matrix {%y (4; —

i?) ?],izzl and ;YY,p = (’?Y(l), Ve v&Y(p))T~ Then

k -1 g
N e A (Z alr”l’l’) Z i+t
=0 =0
=: ¢y (r,s,p) (3.2)

and

; k k
63 (r,s,p) = Ay (0) — py (r,s,p) 4y, — Z aryivi(0) — @ (r, s,p)" Z WYl p
=0 =0
*2

=: oy (r,s,p) (3.3)
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where Tip = {vip(in — d2) ] 5,0y a0d ¥, = (via(1), ., %y0(p))". Note that if
k=0,
qb:)k/ (Tv S:p) = F;’;’Y'L,p

and

0—;2 = rYZ(O) - ’7;1:pr;731’71p

If p =0, no AR coefficients are estimated, and

K
63(r,8,0) = (0) — > @mu(0) = oy’(r,s,0).
=0

We are now ready to prove that the estimated change-point locations converge
to the true change-point locations a.s. when the true number of change-points my is
known. If we fix the fitted autoregressive order large enough such that covariances
between true segments differ at some lag between zero and the fixed autoregressive
order, and fit autoregressive models of this order to the data, then the estimated
change-point locations will converge to the true change-point locations. Note that we
cannot choose the autoregressive order too large since we only have a finite number of

observations in each segment. The proof of this result follows the proof of Proposition

A.4 in Davis et al. (2006).

Theorem 3.1. Suppose that {Y;} is the segmented stationary ergodic process defined
in (3.1) where pu; = 0 for each j = 1,...,my + 1. Choose p* such that for each
j=2,...,mg+1, there exists an h € {0,...,p*} such that v;(h) # v;—1(h). Let Ag,
be defined as in (2.11). If

A = arg min {—%MDL}/(mm /\§P*)} ,

XeAg | n

where p* = p*1 and 1 is an (my + 1) x 1 vector of ones, then A= A% as.
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Proof. Let B* be the probability one event described in the proof of Proposition
3.3. For w € B*, suppose that A # A, Then, since the sequence of A is bounded,
there exists a subsequence {n}} such that A — A* on the subsequence for some
A" = (A}, A%, ). It follows that

9 . . mo+1 . . § . .
=MDLy (o, A p") — D (5 =X log o (N A5,

J=1
where 037 is defined in (3.3), within the proof of Proposition 3.3.

Consider the jth limiting segment, (A}

LA IEXD ) S AF <Ay < A for some

i=1,...,mg+ 1, then

0-;‘/2()‘* 1 /\],P ) ’Y (O) 71,17 Fz’_,;*'h,p* :

Note that this quantity is the one-step mean squared prediction error based on the

previous p* observations. In other words, o}?(\* ALY = E(X Xt,¢)2, where

Kt = Opr1: X1+ o+ Qpep i X pr s,

and
¢p*,z‘ = (¢p*l,ia ) ¢p*p*,i)T = P;;*'Yi,p* .
Since I'; ,» is nonsingular, the one-step prediction coefficients are uniquely determined,
and, by the projection theorem, the one-step mean squared prediction error is the
minimum error over all possible coeflicients.
IFA) ) SN <A < <A <A <A, forsome i = 1,...,mg+ 1 and
k=1,...,my+ 1—14, then

k k r /% -1y
* *
(/\] 15 j,P E az%+l - E Y 41, p E alFi—H,p* E Y 541,p%
=0 1=0 1=0

=0

where

(ao,aly ey Qg—1, ak)

1 « x
= e A0 M = A W = N = W)
-

J
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We can again think of a;‘,z(/\* 1» A5, p*) as a one-step mean squared prediction error,
but since the prediction coefficients are calculated over more than one true segment,

the prediction coefficients do not minimize the prediction error. Therefore,

;’2(/\;—17 ;)p*)
2 aoa)}k’z(/\?—b /\gvp*) + alUY (>‘?7 >‘?+1a *) T

2

*2/4y0 0 * * 0 0 *
+ Qp-10y (>‘i+k~2> Aitk—1>P ) + aroy (>‘i+k—1’ Aisks P )-

By strict concavity of the log function,

(N = Xj-) log 032 (As_y, A5, )

> () = X [0 log AL, AL p) + an log (N0, AL 1, p7)

+ a1 108 03 (Moo Mk, 07) + i 10g0§f2(>\?+k—1’/\?+mp*)}
= (N = X)) log o (N, N p") + (A2 — AD) log o3P (W), A,y p%) + -+
(>‘z+k 1 >‘z+k o) log ay? (>\1+k 2a>\g+k-1ap*)
+(/\;_/\?+k—1)10g0;’2(/\?+k b Ak DY),

This implies that
mo+1

2 ~
lim —MDLy(mo,A;p*) > Z(AO >\? 1)10g0 (/\1 17/\gap*)

n—oo 71} 1
1=

= lim gMDLy(mm S\;P*)

n—oo 1)

2 ~
> lim =MDLy (mg, \; p*),

n—oo 1,
where the last inequality follows from the definition of A. Since this is a contradiction,

we conclude that A — A° a.s. ]

3.3 Estimating the Number of Change-Points

As in the previous section, we will assume the underlying process {Y;}}_, is a

segmented stationary process such that the jth segment is modeled as

Y= Xirj 141 Ti-1 St <71y, (3.4)
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where 75 = 1, o1 :=n+1, and foreach j = 1,...,mg+1, {X:,}:2, is a stationary
process with mean p; := E(X,;) and,for h=0,1, ..., autocovariance function ~y;(h)
= Cov(Xy;, Xeyny;). Recall from Chapter 2 that Rio (1995) showed the functional
law of the iterated logarithm holds for stationary strong mixing sequences under

condition (2.4). Therefore, if we assume the underlying process
Al. is strong mixing at a geometric rate, and
A2. satisfies the moment condition (2.7) within each segment,

then we can again apply the functional law of the iterated logarithm on the sample
covariances to prove consistency of the estimate of the number of change-points.

Many general processes satisfy these conditions, for example, linear processes
with geometric coefficient decay and generalized autoregressive conditional het-
eroscedastic (GARCH) models under certain conditions. Examples of linear processes
with geometric coefficient decay include all autoregressive moving average (ARMA)
models. In particular, Athreya and Pantula (1986) showed that an ARMA(p, q) pro-
cess {X;} where

Xe— 1 Xeo1— o = dpXyp =€+ 161 + -+ 064
is strong mixing if
(i) B(log” jea]) < o0,
(i) the distribution of €, has a nontrivial absolutely continuous component,
(ili) Xo = (Xo,X_1,...,X1p) Is independent of {¢},
(iv) {e:} are independent and identically distributed random variables, and

(v) () =1— 12— — ¢pzP # 0 for all |2] < 1.
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Another interesting example is the GARCH (generalized autoregressive conditionally
heteroscedastic) process, which plays a central role in modeling financial time series
with volatility. For example, it is well known that the GARCH(1,1) process is geo-
metrically strong mixing (see, e.g., Proposition 5 in [9]). We will demonstrate the
application of Theorem 3.2 to a piecewise moving average process (ARMA(0,q)) and
a piecewise GARCH process through simulations in the next section.

Lemma 2.1 stated that if we assume the process is AR(p) with no change-points,
then the estimate of the number of change-points is strongly consistent. We can now
relax the assumption that the process is AR(p) and generalize Lemma 2.1 as the

following result.

Lemma 3.1. Assume the true process {X;} follows the model given in (9.4) with no
change-points (mqg = 0) and satisfies assumptions Al and A2. Then with probability

1, for any order p =0,1,...,
MDL(0;p) < Air}f MDL(m, A;p, . ..,p)
€A

for n large, where

4
MDL(0;p) = p-;— logn + logp + g [log(27) + log (67)],

and

4
MDL(m, A;p,...,p) = logm+ (m+1) <p+ 10gn+10gp>

m+1

+ 2
+ ]—)'-2—" k;l log(/\k - /\k—l)

m+1
log(2m) + Z(/\k — Ag—1) log &4 :

k=1

+n
2

As before, 5% is the conditional mazimum likelihood estimate of the AR(p) noise vari-
ance over the entire dataset, and 6,3 1s the conditional maxzimum likelihood estimate
of the AR(p) noise variance in the kth segment, k = 1,...,m + 1. The set A5, is
defined in (2.11).
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Proof. The proof of Lemma 3.1 follows the same argument as the proof of Lemma
2.1. For simplicity of notation, assume the mean of the process is zero. The argument
for a non-zero mean follows accordingly, Let A= arg nzin {%MDL(m, XD, ... ,p)},
and consider the quantity e

%[MDL(m, A;p,...,p) — MDL(0; p)]

2lo
= §m+m(p+4)

loen  2mlo
i+ gp

n
+9 m+1 . .
+ p——“ Z log(/\k - /\k—l)
n k=1
m+1 ) A
+ Z(/\;C — A1) log 67 — log 6°. (3.5)
k=1

Recall that we can write log 67 as a function of the sample covariances,

b
1
logop=g| ————> XXy ;:1,j=0,....p],
§ (/\k"/\k-l)n;t "

where

-1
g(ui; 4,7 =0,...,p) =log |ueo — (uoy, ..., Uop) [{Uij}ijzl}
qu

Let v(i) = E[X:X;_;] denote the true covariance between X, and X;,, and let
v = (y(lt—3l) 4,5 =0,...,p) be the vector of covariances ranging over lags 0,...,p
defined in such a way to match the indices of the vectors of sample covariances,

) 1 ' .

Y 1= (m ;Xt,iXt_j D] = O,...,p) ,
k=1,...,m+1. Then since g(-) is a continuous function, by the strong law of large
numbers, g(%,) converges to g(v) with probability 1. The equation (2.20) follows,

and the rest of the proof matches that of Lemma 2.1. 0

Lemma 3.1 states that for any fixed autoregressive order p, if the true process

has no change-points, then the estimated number of change-points will converge to
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zero a.s. The next result generalizes Theorem 2.1 for a fixed fitted AR order. If we
fix the fitted AR order such that covariances between true segments differ at some lag
between zero and the fixed AR order, then the estimated number of change-points

will converge to the true number of change-points in probability.

Theorem 3.2. Assume the true process {Y,} follows the model given in (3.4) with
mg change-points and satisfies assumptions Al and A2. Choose p* such that for each
J=2,...,mg+1, there exists an h € {0,...,p*} such that ;(h) # v;_1(h), and fit
AR(p*) models using the minimum description length. Then L mo, where L is
the estimated number of change-points obtained by minimizing the MDL defined using

conditional maximum likelihood white noise estimates with fited AR order p*.

Let

. 2
A = arg min {—T;MDL(mo, A;p;0+1)} )

AEAG,
and

R : 2
& = arg aerglem {EMDL(mo +1, Oé;P:nﬁz)} )

where pr, o = P Limgy2, Phys1 = P Lmot1, 1 is an m x 1 vector of ones, and Aj, is

defined in (2.11). Then, as in Theorem 2.1, Theorem 3.2 follows if

lim P (MDL(m0 +1, 6P 1a) = MDL(mo, A Pl 1) > 0) =1.

n—od

As in the special case preceding the proof of Theorem 2.1, we will first examine
the case where the process mean is zero and mg = 1 with true relative change-point

location A. Assume we fit AR(p*) models to the data and compare two fitted models:

1. Fit AR(p") models to two segments with relative change-point location A.

2. Fit AR(p*) models to three segments with relative change-point location esti-
mates &; and &; obtained by minimizing MDL(2, oy, ag; p*, p*) with respect to

(o, ag) € A, where AS is defined in (2.11),
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We first show that

lim P(MDL(2, 1, dg;p",p") > MDL(1, X;p")) = 1.

n—oo

where MDL(1, \; p*) is the MDL for the first fitted model, and MDL(2, &1, &q; p*, p*)

is the minimized MDL for the second fitted model. Equivalently, we can show that

lim P(MDL(Q,al,az;p*,p*) > MDL(1, A; p*)

n—oo

Val,agze<a1<a1+e<a2<1—e)=1. (3.6)

The main difference between the proof of Theorem 2.1 and the proof of Theorem
3.2 is in the treatment of the white noise variance estimates. In Theorem 2.1, we
assumed that the underlying process followed a piecewise autoregressive model. We
no longer make that assumption for the proof of Theorem 3.2, and thus must consider
the behavior of the white noise variance estimates under less restrictive assumptions.
Note that when the process is not piecewise autoregressive, these estimates are not
necessarily estimating a white noise variance, but rather, are estimating the one-step
prediction error in their respective fitted segments.

Assume, without loss of generality, that a; < A < ag, and consider the white

noise variance estimate within the segment (o, ap),

2
agn]—1 n n
9 7{3:2{&}1”] (Y'f; - ¢1Y2—1 — (pp*}/;—p*)
050 = ,
22 (g — a)n
where the autoregressive coefficient estimates (51, e (ﬁp* are calculated by minimizing
the quantity
[agn]—1
2
S (Y—aYi - —apYi)?,
t=[cq1n]
with respect to ay,...,a,-. We can again break 6%2 into two sums,
1 [An]—-1 9
~2 _ (Y _ " e 2
oy = L= 1Y B Vi)
22 (g — a1)n t_z t e
=[a1n]

[agn] -1

S i

t={An]
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If a; and ay are not too close to A, then,

[An]—1

1 A . 2
52 Y, — Yo —+— ,Y_,)
0'212 el (a2 _ al)n t[z ] ( t (rbl,l t—1 (;bp JAdt—p
=[a1n
[asn]—1 i R 9
+ Z (Y;: - ¢51,2Y;:—1 — (ﬁp*,QY;:—p*) ] )
t=[An}
where 95171’ e (ﬁpw is the minimizer of
[An}-1
S Vi—aYia— - g Vi),
t=[a1n]
and <;A51,2, o ,qung is the minimizer of
[azn]—l
Y Vi—aVi = —ap Vi),
t=[An]

both with respect to ai,...,a,-. This inequality holds by definition of conditional
maximum likelihood estimation and does not rely on any assumption about the true

process. Define the residual sum of squares quantities as follows:

[An]~1

RSSQ’] = Z (Y; e (}31)/;_1 —_ e — Qgpx}/t_px)2

]
[agn]—1

~ ~ 2

RSS2 = Y (YimdiYir—r = dpYip)
t=[An]
[An]—1

. R 2
RSS;,I = Z (Y} —Pr1aY1 — o — (ﬁp*,lthp*)
t=[a1n|

fagn]—1

RSS; = 0 (Yo dia¥io — = dpaViye)
t=[An]

As in the special case before the proof of Theorem 2.1, without loss of generality,

assume € < o < A < A+¢€/2 < ay <1 —¢, and consider the following three cases:

(i) (loglogn)?/logn < A — ay,

(i) A — a3 < N/n for some positive integer N, or
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(iil) N/n < XA —a; < (loglogn)?/logn for some positive integer N.
If (i) holds, we can use the above argument to break the term

aq log 6%2 + (a2 — 1) log 635 + (1 — &o) log 63,

~ [Alogé? | + (1 — A)logd,] (3.7)

in the difference between the two minimum  description lengths,
2IMDL(2, o1, g p*, p*) — MDL(1, A;p*)], into a sum over the intervals (0,c),
(e, A), (N, az2), and (g, 1) as in (2.27). Then, by the functional law of the iterated
logarithm and Lemma 3.1, (3.7) is of order loglogn/n.

If (ii) holds, the argument used in the proof of Theorem 2.1 when A —a; < N/n
for some positive integer N carries over directly to this proof since the argument does
not use the assumption that the underlying process is autoregressive. Thus, (3.7) is
again Op(loglogn/n) in this case.

Now assume (iii) holds, N/n < A — oy < (loglogn)?/logn for some positive
integer N, We know that

) RSS
(ay — ay) log 0512 > (A—on)log ((Xﬁ)

(3.8)

+ (g — A) log ( R55:.2 )

(az = Mn
by concavity of the log function. In the proof of Theorem 2.1, we showed that with
high probability, RSSs1/((A — aq)n) is greater by a fixed constant n > 0 than the
true variance in the segment (0, \). When we only assume stationarity, we can look
at RSS, ;1 as prediction error, as in the proof of Theorem 3.1, and show that with high
probability, RSS; 1/((A — aq)n) is greater than the minimum prediction error for the
process in the first true segment.

We will first define notation for the true one-step prediction coefficients in the kth
true segment, k = 1, 2. Let the one-step predictor in terms of the past p* observations

for the kth true segment be denoted as

Xeg = Op1 pXtm1k T+ Pprpr k Xt—pr iy
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where X; has mean zero and autocovariance function 44 (h). The one-step prediction
coefficients are calculated by
Gpr ke = Ciope Y
where T pe 1= {7([i = JI) z’,;':l and Yy = (w(1), - ()T
Intuitively, since a; — A as n — o0, the estimated AR coefficients used to calcu-
late RSSy 1 will converge to the true one-step prediction coefficients for the segment
(A, 1). This is because the coefficients in RSS,; are calculated within the interval

(a1, ) which converges to (A, ). Let
c:=FE(Xy1 — pr12Xp11— 0 — ¢p*p*,2Xt—p*»1)2

Then RSSy;/((A — a;)n) converges to c, where, assuming @,«; 1 # ¢p«; 2 for at least

onet=1,...,p"
2
c > K (Xt,l — Qpr11 XK1l — ¢p*p*,1Xt~p*,1)

since ¢,. ; minimizes the one-step prediction error for the process in segment (0, A).
If we replace 02 by E (Xy1 — ¢pr11 X1 11 = -+ — Gprpe 1 Xo—pe1)” in (2.33), then (2.35)

follows.

Proof of Theorem 3.2. The proof of Theorem 3.2 follows the proof of Theorem
2.1 directly by treating the residual sums of squares as one-step estimated prediction
errors rather than estimated variances. If we replace aﬁ( 7 by the true prediction error

in the k(j)th true segment,

2
E (Xek() = Gp1k() Xe-1460G) = = Opepr k() Xtmpr k(5))

in case (iii), where k(j) denotes the index of the true change-point contained in the
jth fitted segment in the case where the jth fitted segment contains exactly one true

change-point, then the rest of the proof follows accordingly. 0
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In Lemma 3.1 and Theorem 3.2, we used conditional maximum likelihood estima-
tion in the definition of the MDL. However, the results again extend to Yule-Walker

estimation as in the last section of Chapter 2.

3.4 Simulation Results

Davis et al. (2006) conducted five simulation experiments evaluating the practical
performance of Auto-PARM. In this section, we add to these simulation experiments

by conducting simulations when the true process is not piecewise autoregressive.
3.4.1 Piecewise Moving Average Process

For this experiment, we simulated 1000 observations from the model

= { Zy — 092, if 401 <t < 1000, (3.9)

where Z; ~ IIDN(0,1). A realization from this model is shown in Figure 3.1.

0 200 400 600 800 1000

Figure 3.1: Realization from the process in (3.9).

The spectral density functions of the two moving average processes are shown in
Figures 3.2 and 3.3, and the autocorrelation functions and partial autocorrelation

functions are shown in Figures 3.4 and 3.5.
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Figure 3.3: Spectral density function for second segment in (3.9).

We simulated 500 realizations of the process in (3.9) and applied Auto-PARM to
each realization. All 500 applications of Auto-PARM detected two segments, with a
mean change-point location of 401.0 and standard deviation 3.0. A histogram of the

change-point location estimates is shown in Figure 3.6. The average estimated AR
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Figure 3.4: Autocorrelation and partial autocorrelation functions for first segment in
(3.9).
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Figure 3.5: Autocorrelation and partial autocorrelation functions for second segment
in (3.9).

order in the first segment was around 6, and around 7 in the second segment. Table
3.1 lists the relative frequencies of the AR order estimates.
We also applied Auto-PARM to 500 different realizations with the additional

constraint that the fitted autoregressive order was 5. Again, every application of
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Figure 3.6: Change-point location estimates,

Table 3.1: Relative Frequencies of Auto-PARM AR order estimates.

Order 0 1 2 3 4 9 6 7 8 9 10 11 2>12
D1 0 0 0 08 138 218 292 196 94 30 16 06 0.2
D2 0 00 0 10 100 196 274 202 112 68 2.0 1.8

Auto-PARM detected two segments. The average change-point location was 401.0
and standard deviation 2.9, which was very similar to the results when the AR order
was fit from the data. Table 3.2 summarizes the AR parameter estimates obtained by
Auto-PARM in the 500 realizations. Note that the true process is not autoregressive,
but the autoregressive model provides a useful approximation to the true model.
The change between segments is reflected in the first, third, and fifth AR coeflicient
estimates. The magnitudes of these coeflicients are nearly the same between segments,
but in the first segment, the coefficients are positive, whereas in the second segment,
they are negative. For the simulation experiment where the AR order was fit to the

data, in the case where the fitted AR orders were 5 for both segments, the average
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AR parameter estimates are nearly the same as the average estimates for the fixed
AR order simulation. The standard deviations of the parameter estimates are slightly
smaller when the AR order is estimated from the data, but this is most likely due
to the small number of realizations which resulted in an AR(5) to AR(5) fit. Only
ten of the 500 realizations fit AR orders of 5 to both segments. A summary of these

estimates is shown in Table 3.3.

Table 3.2: Summary of AR parameter estimates with AR order fixed at 5.

Parameter
Segment ¢1 P2 ®3 @4 @5 o’
1 Mean 0.81 -0.64 0.47 -0.32 0.15 1.06
SD  0.05 0.06 0.06 0.06 0.05 0.08
2 Mean -0.82 -0.65 -0.48 -0.32 -0.16 1.06

SD  0.04 0.05 0.05 0.05 0.04 0.06

Table 3.3: Summary of AR parameter estimates with AR order fit to data where the
estimated AR orders were both 5.

Parameter
Segment ¢ P2 ®3 P4 ¢s  o°
1 Mean 0.84 -0.65 0.50 -0.35 0.17 1.04
SD  0.03 0.05 0.06 0.04 0.03 0.06
2 Mean -0.84 -0.67 -0.51 -0.33 -0.17 1.09

sD  0.03 0.03 0.03 0.04 0.03 0.06

3.4.2 Piecewise GARCH Process

Generalized Autoregressive Conditional Heteroscedastic (GARCH) models are
commonly used for analyzing financial time series. The GARCH model takes into
account excess kurtosis (heavy tails) and changes in volatility, two common stylized
facts about financial data. It can provide accurate forecasts of variances of asset
returns through its ability to model time-varying conditional variances, and has wide

applications in financial time series data, which include risk management, portfolio
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management and asset allocation, option pricing, foreign exchange, and the term
structure of interest rates [34].
We say {Z;} follows a GARCH(p, ¢) model if it is a causal strictly and weakly

stationary solution of

Zi = Vhey, {e;} ~ 1ID(0, 1),
p

q
/’Lt = -+ Z aiZfﬁi -+ Z ﬂiht._i, (310)
i=1 i=1

where o > 0, o; > 0, and f3; > 0 for each i [7]. The equations (3.10) have a causal

weakly stationary solution if and only if

p q
Zai + Zﬂz <1,
i=1 =1

in which case there is exactly one such solution. The random variable h; is the condi-
tional variance of Z; given Z, s < t. The GARCH(p, ¢) model is a generalization of
the ARCH(p) model [15], where the ARCH(p) model is equivalent to a GARCH(p, ¢)
model with ¢ = 0.

Though there is an obvious dependence structure in the variables {Z;} of a
GARCH(p, q) process, the sequence is uncorrelated, that is, £E(Z,Z;) = 0 for s # t.
If we apply Auto-PARM to a zero-mean segmented GARCH process, one may ask,
“what is changing?” The key idea when using Auto-PARM in this case is the variance
of the process in each segment, i.e., 7£(0), is changing between consecutive segments.
Therefore, in principle, one could take p* = 0 when applying Theorem (3.2) to a
segmented GARCH process. However, in the simulation that follows, we allowed
Auto-PARM to fit AR orders to demonstrate how Auto-PARM detects the lack of
autocorrelation in the process. The majority of estimated AR orders were zero,
indicating that the variables in each segment are uncorrelated.

If we assume that the variance changes between segments, then we can apply

Theorem 3.2 to estimate changes in a segmented GARCH process. We must also
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assume that the processes in each segment are strong mixing with a geometric rate,
have finite fourth moments and satisfy (2.7). For the simulated process that follows,
this condition can be verified using Proposition 2 in Lindner (2008) .

In this simulation experiment, we simulated 500 realizations from the piecewise

GARCH process Z; = v/hse;, where

1.20 + 0.06Z,_, + 0.84h,_q if 1 < ¢ < 300
1.20 4+ 0.06Z,_; + 0.13Z,_,
he = +0.33h,_; + 0.18h,_y  if 301 < ¢ < 800 (3.11)
0.50 + 0.06Z¢_y + 0.13Z,_,
+0.33h,_q + 0.18h,_,  if 801 < ¢ < 900,

where {e;} ~ IIDN(0,1). The theoretical variances in each segment are 12, 4, and

1.67, respectively. We applied Auto-PARM to each realization. A realization from

this model is shown in Figure 3.7.

10
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Figure 3.7: Realization from the process in (3.11).

Auto-PARM detected two segments in 34.8% of the 500 realizations, and three
segments in 61.2% (see Table 3.4). The mean change-point location estimates for

the realizations where Auto-PARM detected three segments are 299 and 782 with
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standard deviations 33.1 and 80.6, respectively. The mean change-point location
estimates are very close to the true change-point locations of 301 and 801. When
Auto-PARM detected only two segments, the mean change-point location estimate
was 308 with a standard deviation of 31.3. This indicates that Auto-PARM only
detected the first true change-point in these realizations. Thus, Auto-PARM detected

the first true change-point in 96% of the realizations.

Table 3.4: Summary of Estimated Change-points for the Process (3.11).

Number Location

of Location Standard

Segments Percent ~ Mean  Deviation

2 34.8 308.4 31.3

3 61.2 298.5 33.1
782.3 80.6

4 3.6

5 0.4

Since the observations from a GARCH model are uncorrelated over time, we
would expect that the best autoregressive model fit to the data would have order
zero. That is, the fitted model would be an estimated mean plus a white noise term
with mean zero and an estimated variance. Table 3.5 shows the relative frequencies
of the estimated autoregressive orders in the 500 realizations when Auto-PARM fit

three segments. The majority of the realizations fit AR(0) models to each segment.

Table 3.5: Relative Frequencies of Estimated AR Orders for the Process (3.11).

Order 0 1 2 3

Segment 1 977 20 03 0
2 93.8 49 0.7 0.7
3 814 157 29 0

From these results, we can see that Auto-PARM performs well even on processes
that are not autoregressive. Even though GARCH models have a higher order de-

pendence structure than second moments, Auto-PARM can detect changes in the
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process by fitting AR(0) models to the process. These results show that Auto-PARM
has applications in financial data and other time series data which do not follow

autoregressive models.



Chapter 4

APPLYING AUTO-PARM TO NATIONAL PARK SERVICE DATA
4.1 Introduction

Due to a growing concern about manmade noise in the National Parks, the
National Park Service has been collecting natural sound data in about 20 of the
388 National Parks. At several sites throughout a park, tripods with microphones
attached are used to record the surrounding sounds. The purpose of collecting this
data is to measure and monitor noise pollution. In trying to estimate the proportion of
sound that is unnatural (manmade), several challenges emerge. First, due to the large
amount of recordings, the data cannot be analyzed without sampling or automatic
procedures. Second, when listening to the recordings, humans tend to misclassify
sounds fairly often. One way to address these challenges is to develop an automatic
algorithm that can take a large amount of audio data, partition it into homogeneous
sound segments, and classify each segment as a known type of sound with a low
misclassification rate.

In general, this problem can be described as follows. Suppose we have a train-
ing data set of realizations from a finite collection of known stochastic processes
{P1,P2,...,Px}. We observe a time series X = {z),...,z,} which is a concate-
nation of realizations from these processes. Thus, the interval [1,n] may be parti-
tioned into subintervals [1g := 1,71), [71,72)s -, [Tm, Tm+1 := 1 -+ 1) such that each
subset {z; : t € [1;_1,7;)} is a realization from process Py, with k;_; # k; for all
i=1,...,m+ 1, i.e., neighboring segments of X come from different processes. The

observed data set X in our case is a 1-dimensional audio time series. The observations
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x; are amplitudes, and the training data set of known stochastic processes is a set of
realizations from different sounds, such as a clap of thunder, the call of a squirrel, or
the drone of snowmobiles. The goal is to use the training data set to estimate the
unknown number of segments, m + 1, the change-points, 7, ..., 7, and the process
types ki, ..., kmy1 in the observed series X. Estimating m and 71, ..., 7, is referred
to as a segmentation problem, and once we have estimates of m and 7,..., T, the
estimation of k1, ..., k.1 can be viewed as a classification problem.

Auto-PARM provides a straight-forward method of segmenting the sound wave
into approximately stationary pieces. Once the sound wave is segmented, we can
apply a classification algorithm to categorize each piece as a specific sound type. If

consecutive pieces are of the same sound type, they are merged to form one piece.

4.2 Methods and Results
4.2.1 Data Preprocessing

The data consist of 15 recordings of separate sounds commonly heard in the parks
and two 1-hour recordings of the surrounding environment in Yellowstone National
Park. We will refer to the recordings of 15 common sounds as the index data set
and the two 1-hour recordings as the real data. The 15 types of sounds in the index
set are elk bugling, coyotes, people talking, H-D motorcycle, snow groomer, rotary
snowplow, 2 stroke snowmobiles, jet, propeller plane, helicopter, LE ranger siren, red
squirrel, thunder, raven, and mud pots/thermal activity. Originally, we planned to
use the index set as the training data set and the real data as the observed data to
be segmented and classified. However, since many of the sounds in the real data were
not in the index set, we treated the index set and the real data separately, as if each
data set was an observed data set, but one in which I knew the sound types and break
points. Thus, each data set served as both a training data set and an observed data

set.
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Before analyzing the data, the data needed to be normalized so that sounds could
be compared without volume influencing the classification process. The most com-
mon way to normalize sound data is to use peak normalization. Peak normalization
multiplies the sound wave by a positive constant so that the maximum absolute value
of the amplitudes becomes 1. This type of normalization may not be appropriate
in this case because large outliers can strongly affect the normalization. For exam-
ple, during a thunder storm, the loud cracks of thunder will have the most influence
rather than the longer rumbling sounds afterwards. Thus, we decided to use root
mean square (RMS) normalization rather than peak normalization. RMS normal-
ization differs from peak normalization by using the average RMS power (average
squared amplitude) as its reference rather than the maximum absolute value of the
amplitudes. This produces an overall change in loudness to a specified decibel (dB)
level. Due to the fact that the reference is an average of the loudness, outliers have
less of an effect than in peak normalization.

For each index sound, we applied RMS normalization in Adobe®Audition®1.5
to each sound type by choosing the smallest dB level éuch that overclipping was 0%.
The decibel levels chosen for each sound are shown in Table 4.1. The raven sound
was not included in the preliminary analysis since it was difficult to isolate the part
of the sound wave where the raven call was present.

For the real data, we did not analyze the entire hour at once since the data set
was so large. Instead, we took a small section of the data, classified the sounds present
by listening to the data and noting where the sounds changed, and used this section
for analysis. The sound categories for the real data are jet, jet and snowmobile, people
(man), people (woman), raven, snowmobile, cross-country skiers, cross-country skiers
and jet, background noise, other bird, and other. Background noise is when no sound
is present except for wind or water which is present at all times. Other bird is a

bird other than a raven. Other is a sound that didn’t fall into any of the other
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Table 4.1: RMS Normalization Levels for Index Set
Sound Type Decibel Level (dB)

Coyotes -15
Elk -16
H-D Motorcycle -10
Helicopter -11
Jet -11
Mudpots -10
People -9
Propeller Plane -8
Siren -3
Snowgroomer -8
Snowmobile -7
Snowplow -16
Squirrel -13
Thunder -8

categories. RMS normalization was applied to the entire section of data that was
under consideration.

Some unresolved issues in data preprocessing need to be considered. RMS nor-
malization requires you to specify the size of each window used in calculating the
RMS value. The default in Adobe®Audition®)1.5 is 50 ms. Also, we normalized
each index set separately, but one may want to normalize the sound waves simultane-
ously, such as in the real data. In addition, sometimes volume of a sound wave may
be helpful in classification, such as a siren getting louder as it gets closer. These are

topics for further study.

4.2.2 Segmentation and Classification Using Auto-PARM and Spectral
Densities

The first approach to the problem used the program Auto-PARM to segment

the data, then used spectral density estimates to classify each segment. Auto-PARM

estimated change-points and fit an AR model to each segment. The fitted spectral

densities of each segment were used for classification. We plotted the log spectral

density for each break using the function spec.ar in the statistical software package
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R. Since there were multiple segments from each sound, comparisons of plots could
be made both within each sound type and between different sounds.

We first tried this method on the index data set. For each recording, we applied
Auto-PARM to detect change-points and to estimate AR parameters. We calculated
the fitted spectral density for each segment. Looking at the plots,‘it seemed as though
there was a lot of variability in spectral densities within each sound indicating that it
may not be a good classifier. A sample of the log spectral density plots are shown in
figures 4.1-4.12. It is apparent that for some sounds such as coyote, elk, squirrel and
thunder, the variability in spectral density fits is very large. Other sounds such as
motorcycle, helicopter, siren, and snow groomer have low variability between spectral
density plots. However, many of these sounds have spectral densities that are similar
to other sounds’ spectral densities. For example, the spectral densities of motorcycle,

helicopter, jet and propeller plane are all very similar.
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Figure 4.2: Elk.
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Figure 4.12: Thunder.

In order to quantitatively compare two spectral densities, we used the area under
the squared difference between the two densities as a measure of dissimilarity. In other
words, given two spectral densities f(A) and g(\), we calculated the area under the
curve (f(A\)—g(\))?. For each segment, the spec.ar function in R outputs (frequency,
density) pairs rather than an explicit function. The default number of pairs is 500,
and the range of frequencies is between 0 and 0.5. Thus, in order to estimate the area
under the squared difference function, we used Simpson’s rule on these pairs.

This dissimilarity measure was used to classify sounds in the following manner,

Auto-PARM was applied to each sound in the index data set. This broke each sound
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into multiple segments and fit autoregressive models to each segment. A randomly
chosen segment from the entire index data set was used as the sound we planned
to classify. We calculated the dissimilarity in the spectral densities between this
randomly chosen sound segment and every other segment in the index set. For each
type of sound, we took the minimum dissimilarity as a measure of how close the new
segment was to that type of sound. Then we took the minimum over all sounds, and
classified the new segment as the type of sound with the smallest dissimilarity. This
measure of dissimilarity was not successful in correctly classifying the sounds in the
index set. Error rates were very high. Since it did not work on the index set, we did

not try it on the real data.
4.2.3 Feature Extraction and Linear Discriminant Analysis

The second approach to this problem eliminated the segmentation procedure and
instead windowed the data. Using the statistical learning paradigm, we treated each
window as one observation and concentrated on variables (features) measured on each
window that could be used in a classification algorithm. The spectral density was no
longer used as a feature. Thus, we did not need to assume that within each window,
the sound wave could be modeled as an autoregressive process. With this approach,
change-points can be estimated using the classification results for each window by
combining neighboring windows if a specified majority of the windows are classified
as the same sound.

Speech recognition literature suggests several features that have the potential to
successfully discriminate between different sounds. The most successful feature in the
current literature is the set of mel-frequency cepstral coeflicients, and these coefficients
were used as features in our analysis. See Appendix I for further description of mel-
frequency cepstral coefficients.

The sound files were read into R and a vector of sound type labels indicating the

sound type at each sample time was created. We used Matlab to calculate the first 13
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mel-frequency cepstral coefficients for each window using the mfcc.m function from
Malcolm Slaney’s Auditory Toolbox [43]. The sound type for each window was taken
to be the sound type of the first sample point in the window. A random sample of
windows was taken to be the training set for linear discriminant analysis. The other
windows were used as a test set. The discrim procedure in SAS was used to run
the linear discriminant analysis, treating windows as observations, sound type as the
class type, and the 13 mel-frequency cepstral coeflicients as 13 explanatory variables.

For the index set, this method worked well. We used the default window size of
256 samples with an overlap of 80 samples between consecutive windows. The propor-
tions misclassified in the training and test data sets are shown in Table 4.2. The rates
for the training data set were obtained by cross-validation. None of the squirrel win-
dows were misclassified, whereas with the first approach, the fitted spectral densities
for the squirrel sound varied greatly. The sounds with the highest misclassification

rate were the H-D motorcycle, helicopter, propeller plane, and siren.

Table 4.2: Misclassification Rates for Index Data

Sound Type Training Data Test Data
Coyotes 0.1214 0.1438
Elk 0.1288 0.0993
H-D Motorcycle 0.1813 0.1700
Helicopter 0.1847 0.2011
Jet 0.0266 0.0225
Mudpots 0.0485 0.0289
People 0.0135 0.0083
Propeller Plane 0.1852 0.1806
Siren 0.1503 0.1959
Snowgroomer 0.0184 0.0120
Snowplow 0.0425 0.0563
Squirrel 0.0000 0.0000
Thunder 0.1711 0.1712
Total 0.0979 0.0992

The pairwise generalized squared distances between sound types are shown in

Table 4.3.
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In terms of these distances, jet and thunder are similar, plow and groomer are similar,
and propeller plane and helicopter are very similar. These close distances account for
the large misclassification error rates in these sound types.

The next step was to try this method on the real data. We tried windowing the
data both with and without overlap between consecutive windows. The misclassifi-
cation rates using a Window size of 256 and an overlap of 80 samples are shown in

Table 4.4,

Table 4.4: Misclassification Rates for Real Data With Overlap

Sound Type Training Data Test Data
Background 0.4777 0.4776
Jet 0.1696 0.2053
Jet + Snowmobile 0.1538 0.1495
Other 0.5000 0.6000
Other Bird 0.1975 0.2423
People (Man) 0.6250 0.6310
People (Woman) 0.5821 0.5742
Raven 0.6000 0.7576
Snowmobile 0.1374 0.1064
Xcountry Skis 0.5719 0.5720
Xcountry Skis + Jet 0.2391 0.2481
Total 0.3867 0.4149

These rates are much higher than those in the index data set, but the rates for the
training set are fairly similar for the test set, indicating that the model was not
overfit. The highest misclassification rates were for background noise, people, raven,
cross-country skis, and other.

Pairwise generalized squared distances between sound types in the real data are
shown in Table 4.5. Misclassification rates using the same window size but without
overlap are shown in Table 4.6. The test data misclassification rates using no overlap
are fairly similar to those using an overlap of 80 samples. For the training data, some

of the misclassification rates increased immensely when the windows did not overlap.
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Table 4.6: MisclasSiﬁcation Rates for Real Data Without Overlap

Sound Type Training Data Test Data
Background 0.5057 0.5068
Jet 0.1164 0.1532
Jet + Snowmobile 0.1623 0.1642
Other 1.0000 0.6250
Other Bird 0.2162 0.2143
People (Man) 0.9375 0.5294
People (Woman) 0.5000 0.6349
Raven 1.0000 0.7778
Snowmobile 0.1087 0.1283
Xcountry Skis 0.6547 0.6151
Xcountry Skis + Jet  0.2290 0.2380
Total 0.4937 0.4170

When using crossvalidation to determine error rates in the training data, both
raven and other had 100% error, i.e., none of the windows were classified correctly.
However, there were only two raven sound windows in the data set and 7 other
sound windows. In fact, using resubstitution on the training data set gave 0% mis-
classification error for raven; both raven windows were correctly classified as raven.
Resubstitution gave an error rate of 71.43% for other. Therefore, misclassification
rates for these sound types should not be trusted in this case due to the small sample
size for these sounds. The pairwise generalized distances between sound types when
there was no overlap between windows were very similar to those when there was an

overlap of 80 samples and thus are not shown here.

4.3 Future Directions

The second approach, using mel-cepstral frequency coefficients and linear dis-
criminant analysis, produced encouraging results and has the potential to be a suc-
cessful method to solving this problem. However, much research must be done with
other data sets to determine if the approach is applicable to a wide range of sound

data. In addition, it may be beneficial to investigate more features in addition to the
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mel-cepstral coeflicients, and to try a different classifier, e.g., support vector machines,
neural networks, or tree-based methods.

There are other approaches to the problem that are worth investigating. One
such approach involves hidden Markov models (HMMs). Bayesian approaches using
hidden Markov models and Markov chain Monte Carlo methods have recently been
shown to work fairly well on change-point problems. In future work, it will be of

interest to consider approaching this problem using these methods.



Chapter 5

CONCLUSIONS AND FUTURE DIRECTIONS

This dissertation explores the asymptotic properties of the Auto-PARM esti-
mates, in particular, consistency. We show that not only the estimated change-point
locations, but also the estimated number of change-points and estimated autoregres-
sive orders are consistent for the true values when the underlying model is piecewise
autoregressive, When the underlying model is not piecewise autoregressive, but is
pilecewise stationary and strong mixing plus satisfies some other small assumptions,
the estimated number and locations of change-points are still consistent for the true
values. These results demonstrate the advantages of Auto-PARM and provide a foun-
dation for the theory behind the method.

Auto-PARM can be applied to many different problems in a variety of fields.
One such application is the segmentation of sound data for the National Park Service.
This is not a standard application of a change-point problem, but instead combines
segmentation and classification. Further research is needed to explore classification
methods, including those from statistical learning theory. Other applications include
problems in seismology, psychology, economics, finance, and ecology.

The consistency results proven in this dissertation provide a large piece of the
asymptotic theory for Auto-PARM. We also plan to examine the asymptotics of the
estimated autoregressive orders in Auto-PARM when the underlying process is not
autoregressive, Future research will study the connection between the theory behind
Auto-PARM using the MDL principle and Bayesian methods. Zhang and Siegmund

(2007) develop a “modified BIC” model selection criterion for independent normal
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data with a change in the mean, which estimates the Bayes factor. Their criterion
appears to be very similar to the MDL criterion. We will explore this connection and
attempt to derive the MDL criterion for Auto-PARM from a Bayesian perspective.
Sample size calculations and confidence intervals for the Auto-PARM estimates are

also of interest.



1]

2]

3]

[10]

[11]

[12]

References

H.-Z. An, Z.-G. Chen, and E. J. Hannan. Autocorrelation, autoregression and
autoregressive approximation. The Annals of Statistics, 10:926-936, 1982.

B. Athreya and S. G. Pantula. A note on strong mixing of ARMA processes.
Statistics € Probability Letters, 4:187-190, 1986.

P. K. Bhattacharya. Maximum likelihood estimation of a change-point in the dis-
tribution of independent random variables: general multiparameter case. Journal
of Multivariate Analysis, 23:183-208, 1987.

P. K. Bhattacharya. Some aspects of change-point analysis. In E. Carlstein,
H.-G, Mller, and D. Siegmund, editors, Change-Point Problems, pages 28-56.
Institute of Mathematical Statistics, 1994.

N. H. Bingham. Variants on the law of the iterated logarithm. Bulletin of the
London Mathematical Society, 18:433-467, 1986.

R. J. Boik. A Pair of Primers: Primer on Matriz Analysis and Primer on
Linear Statistical Models. Department of Mathematical Sciences, Montana State
University - Bozeman, December 2006.

T. Bollerslev. Generalized autoregressive conditional heteroskedasticity. Journal
of Econometrics, 31:307-327, 1986.

P. J. Brockwell and R. A. Davis. Time Series: Theory and Methods. Springer-
Verlag, 2nd edition, 1991.

M. Carrasco and X. Chen. Mixing and moment properties of various GARCH
and stochastic volatility models. Econometric Theory, 18:17-39, 2002.

J. Chen and A. K. Gupta. Testing and locating variance changepoints with
application to stock prices. Journal of the American Statistical Association,
92:739-747, 1997.

H. Chernoff and S. Zacks. Estimating the current mean of a normal distribution
which is subjected to changes in time. The Annals of Mathematical Statistics,
35:999-1018, 1964.

R. A. Davis, D. Huang, and Y. C. Yao. Testing for a change in the parameter
values and order of an autoregressive model. The Annals of Statistics, 23:282—
304, 1995.



[13]

[14]

[15]

[16]

[17)

[18]

[19]

[20]

122

R. A. Davis, T. C. M. Lee, and G. A. Rodriguez-Yam. Structural break estima-
tion for nonstationary time series models. Journal of the American Statistical

Assoctation, 101:223-239, 2006.

A. Dias and P. Embrechts. Change-point analysis for dependence structures in
finance and insurance. In G. P. Szeg, editor, Risk measures for the 21st century,
pages 321-336. Wiley, 2004.

R. F. Engle. Autoregressive conditional heteroskedasticity with estimates of the
variance of united kingdom inflation. Econometrica, 50:987-1007, 1982.

P. Fearnhead. Exact and efficient Bayesian inference for multiple changepoint
problems. Statistics and Computing, 16:203-213, 2006.

P. D. Grinwald, I. J. Myung, and M. A. Pitt, editors. Advances in Minimum
Description Length: Theory and Applications. The MIT Press, 2005,

P. Haccou and E. Meelis. The likelihood ratio test for the change point problem
for exponentially distributed random variables. Stochastic processes and their
applications, 27:121-139, 1988.

E. J. Hannan. The uniform convergence of autocovariances. The Annals of
Statistics, 2:803-806, 1974.

E. J. Hannan and B. G. Quinn, The determination of the order of an autore-
gression. Journal of the Royal Statistical Society, Series B (Methodological),
41:190-195, 1979.

M. H. Hansen and B. Yu. Model selection and the principle of minimum de-
scription length. Journal of the American Statistical Association, 96:746-774,
2001.

D. M. Hawkins. Fitting multiple change-point models to data. Computational
Statistics € Data Analysis, 37:323-341, 2001.

C. C. Heyde and D. J. Scott. Invariance principles for the law of the iterated
logarithm for martingales and processes with stationary increments. The Annals
of Probability, 1:428-436, 1973.

B. James, K. L. James, and D. Siegmund. Tests for a change-point. Biometrika,
74:71-83, 1987.

V. K. Jandhyala and S. B. Fotopoulos. Capturing the distributional behaviour
of the maximum likelihood estimator of a changepoint. Biometrika, 86:129-140,
1999.

A. D. Jassby and T. M. Powell. Detecting changes in ecological time series.
Ecology, 71:2044-2052, 1990.



[27]

28]

29

[30]

[31]

123

P. Kokoszka and R. Leipus. Change-point estimation in ARCH models.
Bernoulli, 6:513-539, 2000.

C. Kiihn. An estimator of the number of change points based on weak invariance
principle. Statistics & Probability Letters, 51:189-196, 2001.

C. B. Lee. Estimating the number of change points in a sequence of independent
normal random variables. Statistics €& Probability Letters, 25:241-248, 1995.

C. B. Lee. Nonparametric multiple change-point estimators. Statistics & Prob-
ability Letters, 27:295-304, 1996,

C. B. Lee. Estimating the number of change points in exponential families dis-
tributions. Scandinavian Journal of Statistics, Theory and Applications, 24:201-
210, 1997.

T. C. M. Lee. An introduction to coding theory and the two-part minimum
description length principle. International Statistical Review, 69:169-183, 2001.

A. M. Lindner. Stationarity, mixing, distributional properties and moments of
GARCH(p,q). In T. G. Anderson, R. A. Davis, J.-P. Kreif, and T. Mikosch,
editors, Handbook of Financial Time Series. Springer, 2008,

The MathWorks, Inc. GARCH Toolbox User’s Guide, 2 edition, 1999-2002.

J. M. Pasia, A. Y. Hermosilla, and H. Ombao. A useful tool for statistical esti-
mation: genetic algorithms. Journal of Statistical Computation and Simulation,
75:237-251, 2005,

L. Perreault, J. Bernier, B. Bobée, and E. Parent. Bayesian change-point analysis
in hydrometeorological time series. part 1. The normal model revisited. Journal
of Hydrology, 235:221-241, 2000.

L. Perreault, J. Bernier, B. Bobée, and E. Parent. Bayesian change-point analysis
in hydrometeorological time series. part 2. Comparison of change-point models
and forecasting. Journal of Hydrology, 235:242-263, 2000.

D. Picard. Testing and estimating change-points in time series. Advances in
Applied Probability, 17:841-867, 1985.

E. Rio. The functional law of the iterated logarithm for stationary strongly
mixing sequences. The Annals of Probability, 23:1188-1203, 1995.

J. Rissanen. Stochastic complexity. Journal of the Royal Statistical Society,
series B, 49:223-239, 1987.

J. Rissanen. Information and complexity in statistical modeling. Springer, 2007.

M. Rosenblatt. A central limit theorem and a strong mixing condition. Proceed-
ings of the National Academy of Sciences U.S.A., 42:43-47, 1956.



[43]

[44]

[45]

[46]

[47)

(48]

[49]

[50]

[51]

[52]

124

M. Slaney. Auditory toolbox version 2. Technical Report 1998-010, Interval
Research Corporation, 1998.

D. A. Stephens. Bayesian retrospective multiple-changepoint identification. Ap-
plied Statistics, 43:159-178, 1994.

V. Strassen. An invariance principle for the law of the iterated logarithm. Z.
Wahrscheinlichkeitstheorie, 3:211-226, 1964.

J. H. Sullivan. Estimating the locations of multiple change points in the mean.
Computational Statistics, 17:289-296, 2002.

Y. C. Yao. Estimation of a noisy discrete-time step function: Bayes and empirical
Bayes approaches. The Annals of Statistics, 12:1434-1447, 1984.

Y. C. Yao. Approximating the distribution of the maximum likelihood estimate
of the change-point in a sequence of independent random variables. The Annals
of Statistics, 15:1321-1328, 1987.

Y. C. Yao. KEstimating the number of change-points via Schwarz’ criterion.
Statistics € Probability Letters, 6:181-189, 1988.

Y. C. Yao and S. T. Au. Least-squares estimation of a step function. Sankhya:
The Indian Journal of Statistics, 51:370-381, 1989.

Y. C. Yao and R. A. Davis. The asymptotic behavior of the likelihood ratio
statistic for testing a shift in mean in a sequence of independent normal variates.
Sankhya: The Indian Journal of Statistics, 48:339-353, 1986.

S. Zacks. Survey of classical and Bayesian approaches to the change-point prob-
lem: Fixed sample and sequential procedures of testing and estimation. In Re-
cent Advances in Statistics: Papers in honor of Herman Chernoff on his Siztieth
Birthday, pages 245—-269. Academic Press, Inc., 1983.

N. R. Zhang and D. O. Siegmund. A modified Bayes information criterion with
applications to the analysis of comparative genomic hybridization data. Biomet-
rics, 63:22-32, 2007.



Appendix I: Mel-Cepstral Frequency Coefficients

The Cepstrum

Suppose we have a time series x(t) sampled at discrete points in time. In terms
of sound data, the time series will be the amplitudes of the sound wave. The cepstrum
of the series, first defined by Bogart, Healy and Tukey [ in a 1963 paper on echoes
resulting from earthquakes and bomb explosions, is obtained by taking the Fourier
transform of the log of the power spectral density of the series (Fourier transform of

its autocovariance function). In other words,

cepstrum of signal = DFT( log( power spectral density of z(t) ) ).

There are variants on the definition of cepstrum presented by Bogart, Healy and
Tukey. It is common to use the inverse Fourier transform of the log of the power

spectral density rather than the Fourier transform, i.e.,

cepstrum of signal = IDFT( log( power spectral density of z(t) ) ).

Also, the discrete cosine transform is sometimes used:

cepstrum of signal = DCT( log( power spectral density of x(t) ) ).

The cepstrum can be seen as information about rate of change in the different spec-
trum bands. Since taking the spectrum of the original time series converts the infor-

mation from time to frequency, doing a Fourier transform again converts the frequency
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information into how fast the spectrum “crosses zero”. The low order cepstral coef-
ficients are sensitive to overall spectral slope and the high-order cepstral coeffecients
are susceptible to noise.

The word cepstrum comes from mixing the first four letters in the word spectrum.
This is because the cepstrum is like the spectrum of the spectrum. We can think of
the spectrum as a “frequency series”, which if estimated digitally, will be discrete.
Analogous to the terms “magnitude” (or amplitude), “frequency”, and “phase” in a
time series, we can use the terms “gamnitude”, “quefrency”, and “saphe” to describe
these features in the spectrum.

The independent variable of a cepstral graph is called the quefrency. The que-
frency is a measure of time, though not in the sense of a signal in the time domain.
For example, if the sampling rate of an audio signal is 44100 Hz and there is a large
peak in the cepstrum whose quefrency is 100 samples, the peak indicates the presence
of a pitch that is 44100/100 = 441 Hz. This peak occurs in the cepstrum because the

harmonics in the spectrum are periodic, and the period corresponds to the pitch.

Mel Scale

The mel scale, proposed by Stevens, Volkman and Newman in 1937 [] (J. Acoust.
Soc. Am 8(3) 185-190) is a perceptual scale of pitches judged by listeners to be equal
in distance from one another. The reference point between this scale and normal
frequency measurement is defined by equating a 1000 Hz tone, 40 dB above the
listener’s threshold, with a pitch of 1000 mels. Above about 500 Hz, larger and larger
intervals are judged by listeners to produce equal pitch increments. As a result, four
octaves on the hertz scale above 500 Hz are judged to comprise about two octaves on
the mel scale. The name mel comes from the word melody to indicate that the scale
is based on pitch comparisons.

To convert f hertz into m mel use:
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m = 1127.01048 log, (1 + f/700),

and the inverse:

f = 700 (em/1127.01048 . 1) '

A graph of the relationship between the mel scale and the Hertz scale is shown in

Figure 6.1
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Figure 6.1: Relationship between mel scale and Hertz scale.

Mel Frequency Cepstral Coefficients (MFCCs)

Mel frequency cepstral coefficients are calculated by adding one step to the cep-
strum calculation - converting the log spectral density or log Fourier transform to
mel scale before taking the discrete cosine transform. The steps to calculate the mel

frequency cepstral coeflicients for a window of an audio signal are as follows:

1. Calculate the DFT of the frame, X (k).



128

2. Filter the squared magnitudes by a mel-filter bank, H,,(k):

for1 <m < M.

3. The MFCC is the DCT of the log-energies S(m):

e(n) = mZAj: S(m) cos (ﬂ”‘%ﬁﬁ)

=1

for 0 <n < M —1. M is 24-40, but only the first 13 coefficients are used.

The basic difference between the FF'T/DCT and the MFCC is that in the MFCC,
the frequency bands are positioned logarithmically (on the mel scale) which approx-
imates the human auditory system’s response more closely than the linearly spaced
frequency bands of FF'T or DCT. This allows for better processing of data, for exam-

ple, in audio compression.



