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On the Implementation of Velocity Control for
Kinematically Redundant Manipulators

James D. English and Anthony A. Maciejewski

Abstract—The velocity control of kinematically redundant schemes [4]). This will allow easy implementation and evalua-
manipulators has been addressed through a variety of approaches. tion of the various velocity-control techniques.
Though they differ widely in their purpose and method of im-
plementation, most are optimizations that can be characterized
by Liégeois’s method. This characterization is used in this ar- Il. THE FRAMEWORK
ticle to develop a single framework for implementing different | ot Jy7(4) be a symmetric positive-definite weighting matrix
methods by simply selecting a scalar, a function of configuration, defini ioint-rat th W b i
and a joint-rate weighting matrix. These quantities are used _e ining a joint-rate mea_sqre roug ¢, f(g) be a func-
to form a fully constrained linear system by row augmenting tion (or measure) of the joint values, andbe a scalar. Then
the manipulator Jacobian with a weighted basis of its nullspace Liégeois’s method can be restricted without changing its ability

and augmenting the desired hand motion with a vector function to represent most velocity-control methods by assigriag
of the nullspace basis. The framework is shown to be flexible,

computationally efficient, and accurate. z = —oeW_IVf ©)

Index Terms—Control, kinematically redundant, kinematics, ] ) o
manipulators, redundant robots/manipulators, velocity control. ~ WhereV f is the gradient off, and by assigning7, andG; as
G =G, =G (4)

|. INTRODUCTION

aW-weighted generalized inverse.
Weighted generalized inverses have been applied to robotics

for some time [6], and recent coverage is given in [7] and [8].

Provided the Jacobian has full row rank, the unigdeveighted

1 generalized inverse can be calculated using

OR a given manipulator’s vector of joint valugsand a
given representation of hand moti@n a corresponding
manipulator Jacobia#i(g) exists such that

&= Jq.
_ yr—1 4T —1 4Tv—1

When the dimension of the task space (the dimensiar),of:, G=W—J (W)™ ©)

is less than the number of joints, (1) is underdetermined and  \when.s has full row rank, the solution from (2)—(5) is equal

the manipulator is kinematically redundant. to that from the following:

A well-known general method for resolving this redundancy . )
was presented by Liégeois [1]. His method is to cast a secondary g= [ J } [ d } (6)
desideratum in the form of a vector of joint ratesthen find Niw —aNLVf

joint ratesq that approximate while producing a prescribed ) )
where N ; is anyn x (n — m) matrix whose columns are a

usin
g spanning set of the null space &f This is established through
q=Gii+(I—GoJ)z 2) (1) and left-multiplying (2) byN W,
Equation (6) is a framework for velocity control, and its ap-
whereG, andG- are generalized inverses #f plication extends beyond simple imitation of (2)—(5). Provided

Liégeois's method will be used as the foundation for the
implementation framework suggested in this article. It will be

shown that many well-known velocity-control techniques 3., NYW N is positive definite, (6) can be used even when

be cast using a particular representation of (2) (exceptions gj€js not positive definite. This is the strength of (6) that allows
methods which do not give the exact prescriliedsuch as i g pe applied to many existing methods.

damped least-squares methods [2], [3] and Jacobian transpoSghen (7) holds and’ has full row rank, it follows from the
Lagrange Multiplier Theorem that (6) givesyahat minimizes
Manuscript received July 5, 1997; revised January 23, 2000. This work V\(ab/Q)qTWq + af while satisfyingz = J¢.2 Thus, (6) makes a
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TABLE |
FOR n DEGREES OFFREEDOM AND m DEGREES OFTASK SPACE, n > m, THE COMPUTATIONAL COST OF THEMETHODSGIVEN BY (2)—(5)AND BY (6) ONCE J,
W, AND V f ARE KNOWN. VALUES ARE GIVEN FORW = I AND FOR GENERAL W . THESE COSTSARE BASED ON THE EFFICIENCIESMENTIONED IN THE TEXT

Method | multiplies/divides adds/subtracts
(2)_(5), WwW=1 2m+9m2+m3+66n+15mn+3m7n —10m+3m2+m;+15mn+3m2n
(2)_(5)’ any W 2m+9 m2+m‘—’+8n+18m7(7;+3m2 n+9n°+3mn+n’ 3mZ-10 m+m3—7n+12m£1-+-3m2 nt6n°+3mn-tn°
(6) W=1 —6m—-9m>+3m>+4n+9mn—-9m3nt6n+6mn>4+2n° 3m?+3m°=5n—-3mn—-9m-n+3n’+6mn+2n°
) - & 6
(6), any W —6m=9m*+3m +4 n+§mn—9m2 n+6n248n° 3m24+3m°—5n+3 mGn—sz n—-3n°+8n°
I1l. ESTABLISHED VELOCITY-CONTROL METHODS « to a nonzero value andl = ¢ allows a feedback term to
g
The last section presented a framework for velocity contr(ﬁ.e introduced that will drivgy specifically to a minimum or a

Its generality will be demonstrated here by casting existin V@_aximum. _ . I
g y y g g Other weightings amenable to (6) inclu#é = Ky; a joint

locity-control methods into its form. ) . : ST .
y mpliance matrix [22W = M the manipulator inertia matrix

For G set numerically to the Moore—Penrose pseudoinverf g - . —
J*, Liégeois’s method has been used for joint-limit avoidancel/ 24" Mg measures kinetic energy] [6], [23], [24]; aid =
»» Where K, measures the kinetic energy of a virtual load

[1], [9]; singularity avoidance [10]; torque minimization [11]; . > .
obstacle avoidance [12], [13]; fault tolerance [14], [15]; an SJ.HThe mczxélfled HM,ogreCf’lenrcI)‘sehsolugqn of Musls_a-lvald|
many other applications. A discussionis givenin[lﬁ].Forthes%r,] riogan [. J use T — 1 Wheret 1S a compliance

(6) can be used with” — I and the respective choice afand matrix andI is a matrix of second derivatives of the transfor-

. Note that¥ = I, though useful for examples and conceptu ation from configuration values to end-effector coordinates.
experiments, in practice is rarely ideal. It implies an equality b hese are just a few of the joint-rate weightings that have been

tween the effects of the joints that a practical manipulatordesi8F10posed and can _be_ useq .in (6).'
usually precludes. A strength of (6) is its ability to implement many of these ap-

The augmented Jacobian technique [17], [18], for which tt‘i)éoaCheS WithPUt explic_itly cal_culatir_ig’ or V. For the aug-
gradients of, — m functions are augmented band their de- mented Jacobian technique with a single degree of redundancy,

T T T
sired derivatives are augmentedastocan be cast for functions Nhf W;Ian_beﬂclalct:ﬁlated E(SN{ Yg) (.Vg)t. , for te>_<amTva$. And
4:(q) with desired derivatives o, as when = , the manipulator inertia matrix¥ ; W can

be calculated by treating the columns &f; as joint acceler-

n—m ations and calculating the resulting joint torques with an in-
W = Z Vg (V)" (8) verse-dynamics algorithm. Directional derivatives fofllong

=1 the columns ofV ; can be used to fin@% V f in lieu of explicit
il calculation. For problems in whicW or V f are very costly to

f= Z Yi9igi ) evaluate, the ability to find the solution without them can be the
=1 most important characteristic of (6).

and Methods which are cast using a nonpositive-defififfecan
be made more robust by moderating—or damping—the joint
a=-—1 (10) rates. Adamped version of the augmented Jacobian method with

’ N ) one degree of redundancy could Udé = W + Vg(Vg)7,
where they;’s are any positive scalars. Usif of the form 54 4 damped version of Baillieul’s method for one degree of
given in (8) witha = 0 gives an algorithm that inherits the reyedundancy could usd = W +V (nZ Vg)(V(n V)T, with
peatability properties of the corresponding augmented Jacobigng positive-definite matrix with a small relative norm. This is
forms [19]. a method to address the occurrence of algorithmic singularities.

Baillieul's extended Jacobian technique [20] ([21] for gener@lyamples of using this damping technique to reduce task errors
redundancy), which maintains a functigfy) at an extremum, 5. given in [27].

can be cast as

W < a(ﬁ?vg)>T A(NEVg) an IV. COMPUTATIONAL COSTS

dq dq To compare the computational costs of the method using

_ _ (2)—(5) and that using (6), a floating point cotinis used

e.g.W = V(N Vg)(V(N]Vg))" for a single degree of re- here. This count is based on the cost afferW, and V f
dundancy, and are explicitly established. Explicit calculation is not always

o0 (12) necessary for (6), as discussed previously. The results are given

in Table 1. Note the normal-equation method with (5) is a
function of configuration whose representative example of one of many ways to solve (2) with

whereN ;(q) is ann x (n—m)
columns are q‘ffﬁrent'able and form a Spann'n_g set of th.e nulbA floating-point count is acknowledged as an imperfect measure of imple-
space ofJ. This N ; need not equalN ; as used in (6). Setting mentation cost and is used here only as a rough gauge of the algorithm.
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(4) [28], [29]. It is used here for comparative purposes because TABLE I ’
it is relatively fast when efficiently applied and is frequently™OATING-POINT COSTS FORn = T AND 1 = G ONCEJ, W', AND V f ARE

. . . . KNOWN, USING THE EFFICIENCIESMENTIONED IN THE TEXT
discussed in robotics literature.

In establishing Table |, efficiencies were exploited for both Method mults/divides | adds/subtracts
techniques. For (2)—(5), the optimized procedure of Klein and 2-06),W=I 330 275
Huang [16] was modified to incorporate a weighting matrix: Eg;—(‘?&vjﬁy w ?gé ‘;gi

» Cholesky decomposition was used to fibajiving W = (6): any_W YY) 196
LL";
« L was used to formJ = (L7*JT)T and z =
Error

L' (—aVf) using forward substitution on the rows

of JandVf, Equations (2)-(5)
* the symmetry offJ* was exploited in its calculation from o 15°

J; '
« Cholesky decomposition was used to solyefrom _ -

T Yy =& — I3

« a final backsubstitution usind.? was performed on
J'y +2tofindg.

And for (6), the following were performed: .

e an LU decomposition with column pivoting was per- , -6
formed on rectangulaf (L is m x m lower triangularl/ '
is m x n upper triangular);

* the matrix/V ; was found by assigning rows +1 through
n to equal the rows of thér — m) x (n —m) identity ma-  , 5°
trix and using backsubstitution witli to complete each

column of NV ; to a null-space vector; 1.10
* the LU decomposition off was extended with the rows e Equation
formed by NI W'; s e e %5 %% s (6)

1.10 8. 10

» this final LU decomposition was used to solyeising a
forward substitution then a backsubstitution on
&7 — (V)TN

Fig. 1. Errors in end-effector velocity using 10000 configurations and
unit-norm velocity directions. The error for the methods of (2)—(5) and of

Computations involving the Weighting matrix were exclude ) are shown against the vertical and horizontal scales, respectively. The
lagonal line separates the regions where one method outperforms the other.

from the count for thé¥ = I cases. Statistics for these errors are given in Table Ill. Points with errors greater than
Forn = 7 andm = 6, common values for commercially 8.0 x 10~ for the method of (2)~(5) are not shown.

available redundant manipulators, the floating-point counts are TABLE Il

as given in Table Il. Here, foW = I, (6) requires less than  grrorSratisTics FOR THE10 000 SWPLES. THE PERCENTAGEERROR

60% of the cost of (2)—(5). The difference is even more signif- MEASURE Is THEPERCENTAGE OFPOINTS FORWHICH ONE METHOD

icant whenW # I. Equation (6) requires fewer floating-point PERFORMEDWORSE THAN THE OTHER—9% OF THE TIME BOTH METHODS
. . HAD THE SAME ERROR

operations for a gener® than (2)—(5) withW = 1.

WhenW = I, (6) is similar in concept to the dual projection Error Eqns. (2)=(5) | Eqn. (6)
method [30] and the projection methods given in [31] for one Average 27 <1077 164 x 10—2
degree of redundancy and [32] and [33] for general redundancy. Worst Case | 3.9 x 107° | 5.1 x 10~

Percentage 79 12

Though somewhat faster, itis comparable with these in its com-
putational cost. Also, note that null-space bases have been pre-
viously used as an explicit way to complement particular solboth methods were used with = I anda = 0 to calculate,
tions [34]. in single precision, joint rates to achieve the desired velocity.
The two norm of the error given by the difference between the
desired and the actual velocity was calculated, and the values

Equation (6) tends to suffer less from numerical errors thafle shown in Fig. 1. The statistics for these results are given in
(2)—(5) because conditioning problems wirare compounded Taple i1, showing (6) to be more accurate.

in forming JWJZ'. For example, iW = I, then the two-norm
condition number oW J' equals the square of the condition

number ofJ. o
To illustrate the relative numerical accuracy of the two When the Jacobianis not of full rank, the augmented form of

methods, a planar three-link manipulator with unit link length&) can still be used, but with modification. In parti.cular, when
is used here in a simulation experiment. For the task dfdo€s nothave full ranig can be found as follows:

planar positioning, 10000 pseudorandom configurations and
unit-norm end-effector velocity directions were chosen. Then

V. NUMERICAL ACCURACY

VI. WHEN J IS NOT OF FULL RANK

= [RfJTWﬁ,J}_l [RSJTW@}

NW —aNjvy (13)
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where W is a weighting matrix for thee-space andR; is
a matrix with columns that complete the columnséf; to
a spanning set of the entire space. Equation (13) minimizes
(1/2)§g* W+ af subject ta Jg— )T W ;(Jg— &) being min-
imized.

Note (13) does not solve the problem of kinematic singulari-[15

ties. Equation (6) will typically not give a physically realizable
joint-rate solution near a kinematic singularity, and the same is
true of the method comprising (2)—(5). To address this issue, @6l
method that does not give the desitgeduch as time scaling or
damped least squares, must be used.

VIl. SUMMARY

(13]

Y. Nakamura, H. Hanafusa, and T. Yoshikawa, “Task-priority based re-
dundancy control of robot manipulatordiit. J. Robot. Resvol. 6, no.
2, pp. 3-15, Summer 1987.

14] C. L. Lewis and A. A. Maciejewski, “Fault tolerant operation of kine-

(17]

(18]

Many velocity-control techniques have the same structur&®
and can be cast in this article’s framework simply as different
choices of scaling factoraf), configuration measure ff,
and joint-rate weighting matrixW). As a conceptual tool,
this provides a basis for common analysis. Any technique
so cast can be verified against the meaning of minimizindg21]
(1/2)* Wq+af in the Jacobian’s null space. As a method

of implementation, the framework allows easy changes bel?

(20]

tween parameters in software and is efficient and accurate.

It also allows the possibility of avoiding explicit calculation >3

of Vf andW by calculating(N3V f) and (NYW) directly.
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