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ABSTRACT

LONGER NILPOTENT SERIES FOR CLASSICAL UNIPOTENT GROUPS

We compute the adjoint series for the unipotent subgroup, U, of the Chevalley group
A4(Z,). The adjoint series of U has length d?/4+d/2+ ©(1), whose factors have order equal

to either p or p?, whereas the lower central series of U has length d + 1, whose factors have

o(d

order equal to p®@. We provide an algorithm for computing the adjoint series.
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CHAPTER 1
INTRODUCTION

When trying to determine the automorphisms of a group G, one often turns to a charac-
teristic series of GG to constrain the possible automorphisms of G. There are a few standard
characteristic series for a nilpotent group described in [7], but for p-groups, these descriptions
tend to be either verbal or marginal subgroups of G. An important association with a series

of G is its Lie algebra, whose bracket is typically given as commutation in G.

Provided certain conditions hold for a series of (G, we can form a Lie algebra with respect
to that series. When considering automorphisms of a group, the associated Lie algebra of G
is a natural object to study, because automorphisms of GG induce automorphisms of the Lie
algebra. Surveys of more properties and relationships between a group and its associated Lie
algebra can be found in [7, Chapter 3] and [6, Section 5.6]. Finding longer characteristic series
of G yields (possibly) two immediate benefits: more constraints on the automorphism group
and smaller dimensions of each graded component of its associated Lie algebra (provided
the series has an associated Lie algebra). Thus, longer characteristic series for G allow us to

better understand the automorphisms of G.

We use Wilson’s definition of an adjoint series in [12] and refine a characteristic series
of G starting with the lower central series (while starting with the Leedham-Green series,
defined in [4], seems more logical, we will see that it is identical to the lower central series).
At the cornerstone of this definition is the associated Lie algebra of the group, and because of

this, our description of characteristic subgroups is independent of the group’s presentation.

The paper is organized in the following order. First, we recall results established by

Wilson in [12] about filters. In section II, we describe the construction of the adjoint series,
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and we prove that it is in fact characteristic. In section III, we provide initial results for the
classical Chevalley groups in Proposition I11.1.7, and we focus our attention on type A to

prove the following theorem.

(I.0.1) Theorem. Let U be the unipotent subgroup of A4(Z,). The adjoint series of U is a
characteristic series and whose length is d* /4 + d/2 + O(1) and whose factors have order at

most p*. Furthermore, the associated Lie algebra, L(a) is N™-graded, where m = {g-‘

Note that the adjoint series is as long as could be expected from the results of Weir and
Gibbs. We describe characteristic subgroups that are defined for arbitrary p-groups. We then
conclude section III by showing that these subgroups correspond to the classifications of Weir
[11] and Gibbs [5] of characteristic subgroups unipotent groups of classical type. In this sense,
our method offers a description of these characteristic subgroups which is independent of root
systems and representations. Finally, in Section IV, we provide an experimental algorithm

to compute the adjoint series of a group and we discuss its complexity.

I.1. NOTATION

We take N to be all the nonnegative integers, and for a set S, denote the power set of

lzy. In general, we

S by 29. Let G be a group. For z,y € G, we let [z,y] denote a1y~
define [z1] = z1 and [z, T, ..., Tp, Tnt1] = [[T1, -, Tn), Tny1]. We say a commutator with n
entries has weight n. If H, K < G, then [H, K| = ([h,k] : h € H,k € K). We use the same
recursive notation for subgroups of G' as we do with elements of G. We let Z,, denote Z/pZ
for some prime p. Denote e; to be the k-tuple with 1 in the i component and 0 elsewhere.

We adopt the same notation for root systems and Chevalley groups as provided by Carter

in [2, Chapters 2 — 4]. That is, we let ® denote a system of roots. Define an ordering of
2



the roots so that ®* and ®~ denote the positive and negative roots respectively. Let II be
the set of fundamental roots of ®, and let {h, : r € I} U {e; : s € ®} be a Chevalley basis
for the Lie algebra g over C for some Cartan decomposition. The Chevalley group of type
g over Z,, denoted g(Z,), is the group of automorphisms of the Lie algebra gz, = g ®z Z,

generated by x,(t), for all » € ® and for all t € Z,, where
x.(t) = exp(t ad e,).

The root subgroup of r is X, = (z,(t) : t € Z,). The unipotent subgroup of g(Z,), denoted

by U, is conjugate to the group generated by all X,, for r € ®+.

1.2. FILTERS

Let M be a commutative monoid. As defined in [12], a filter of G is a function 6 : M — 2¢

such that 6,, < G for all m € M, 6, = G, and
(Vs,t S M) [957915] S 08+t S 93 N Qt.

Note that an N-series of a group G, as introduced by Lazard [8], is a filter where M = N

and Ny = GG. Note that 6, < G for all m € M.

Every filter induces a new filter 90 : M — 2¢ given by

(ag)m = H Omts-

seM—{0}
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Note that

[(ae)m, em] = H [0m+s; em] = H 92m+s S H em N 9m+s S Qm

seM—{0} seM—{0} seM—{0}

Therefore, (00),, < 60,,. Let Ly = 0 and define L, = 0,,,/(00),, for all m € M — {0}. Thus,

by [12, Theorem 3.3|, the abelian group, L(f) = @ L,,, is a Lie ring with product on

meM

the homogeneous components
(I.2.1) (Vo € 05,Vy € 6) [(00)sx, (00)y] = (00)s44[x, y].

Note that if 6 is a filter such that € produces an N-series of G, then 00 is also an N-series

and (90),, = Ny41. Therefore, L(6) is the Lie ring described by Lazard cf. [8, Theorem 2.1].

Suppose S generates M. Let G = G(M, S) be the (directed) Cayley graph whose vertices
are M and whose labeled edge set is {m —— n : m +s = n,s € S}. Furthermore, let
Gr denote the set of all paths, ¢, from vertex m to vertex n in G. We write a path ¢ as a
sequence of edge labels the path traverses. That is, for each s; € S, t = (s, ..., ;) where
m+s; + - - -+ s, = n. For simplicity, we write [m] to denote [ry,, ..., 75, ], for t = (s1, ..., sg).

Given a function 7 : S — 29, define a new function 7 : M — 2¢ by

(1.2.2) (Vm € M) T = ] [m]-

We regard a function 7 as generating a filter, 7, provided M and 7 satisfy some conditions.

For our purposes, M = N* for some integer k, and such an M satisfies all the required
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conditions (a conical monoid with decomposition). Define < on M so that

(I.2.3) if m < n, then there exists ¢ € M such that m + ¢ = n,

for all m,n € M. Thus, if m < n implies 7, > 7, and m maps into the normal subgroups of
G, then 7@ : N¥ — 29 as defined in (I.2.2), is a filter. Note that 7 is a series, provided the
image of 7 is totally ordered with < [12, Theorem 3.11]. For a more detailed exposition of

filters and their properties see [12, Section 3].



CHAPTER II

CONSTRUCTING THE LEX-LEAST STABLE ADJOINT SERIES

To produce the stable lex-least adjoint refinement, which we call the adjoint series (or a-
series), we iterate the below process until the series stabilizes. This construction is first done
by Wilson in [12, Section 4], and is done with arbitrary commutative monoids. However, for

our purposes, we only need to be concerned with the monoid N¥.

Let 0 be a filter from N into the subgroups of G, and set ol = 0, for all n € N. In our
construction, we use the lower central series of G, which is only defined on Z*, as a filter.
This construction allows for the opportunity to record operators at the top of the filter, 6y,
even though we take 6, to be G. We define the aM-series to be the filter oV : N — 2%, and

in general, the a®)-gseries is the filter o) : N¥ — 26,

As established in Section 1.2, if n € N*  then L¥ = o /oz,(ﬁek is the homogenous
component of the Lie algebra L(a®). Thus, to obtain the a**V-series from the a*-series
for k > 1, we first construct a biadditive map (bimap) on the graded component Lg’f). Define

o: Lg’f) X Lg’f) — LW where

2eq

k k k
(I1.0.4) (Va,y € al?) agllekx o aglleky = age)ﬁek [z, y].

We see that o is indeed a bimap since each homogeneous component is abelain. Given a

bimap ¢ : U x V — W, define the ring of adjoints to be
Adj (¢) ={(f,9) € End(U) x End(V)® : uf ov =uogv,Vu € U, Vv € V}.

See [14, Section 2] for further details on adjoints.
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Let J be the Jacobson radical of Adj(o), and let J° = Adj(o). Recursively define
J* = JiJ for all i € N. Note that ozek) G for all + = 1,2, ..., k. Therefore, the first place

(k)

to (possibly) insert a new subgroup is between ae,” and o To this end, let n € N, define

61+ek

T, so that aé’f) > Ty > Oég(glfl-ek and

(I1.0.5) ool = LW

For n = (n,...,ng41), define

(I1.0.6) 0482 ,,,,, ) if (n1,...,n) # e1,
.0. Ty =

Trgi if (nq,...,nx) = €.

We note that 7 is a function from N**! into the normal subgroups of G (which is totally

ordered with respect to <), but is not necessarily a filter of G.
Now we seek to determine the filter that m generates. To this end, define

(I1.0.7) S, ={er,e1+e:2<i<t}U{(0,ns,...,n;) : n; € N}

so that Sy, generates N**1 and hence, we define ot — Tn, as in (1.2.2), which gives us

the a1 _geries of G.

Before proceeding to specific groups, we wish to prove that the adjoint series is a char-

acteristic series. To this end, define the pseudo-isometries of o, as in (I1.0.4), as

U Isom (o) = {(h, h) € Aut (L™) x Aut <Lé’2> cxhohy = (xo y)ﬁ} .



(I1.0.8) Lemma. V¥ Isom (o) acts on Adj (o) by
(f:9) "™ = (" fh hgh™") € Adj (o),

for (f,9) € Adj (0) and (h,h) € ¥Isom (o). Furthermore, this action is faithful.

Proof: Let 2,y € LY. Tt follows that ¥ Isom (o) acts on Adj (o) as
ah™ ' fhoy = (zh~ ' foh 'y)h = (zh™" o gh~'y)h = z o hgh™'y.

It follows that this action is faithful because h and h are automorphisms cf. [13, Proposition

4.16]. O

(I1.0.9) Proposition. If the initial filter, # : N — 2% is a characteristic series, then the

adjoint series of GG is a characteristic series.

Proof: Note that Aut (G) maps into W Isom (o) cf. [13, Proposition 3.8]. Therefore, by
Lemma I1.0.8, Aut (G) acts on Adj (o) by conjugation. Furthermore, since J is the inter-
section of all maximal ideals in Adj (o), it follows that the action of Aut (G) fixes J. Thus,
J' is fixed by the action of Aut (G) for every ¢ € Z*. Therefore, Lgf)J" is characteristic,

and hence, T, is characteristic for n € N*¥*1 provided ag?l ) is characteristic. Since 6,,

k+1)

is characteristic for m € N, it follows by induction that each term in the a*+Y-series is

characteristic. O



CHAPTER III

THE STABLE ADJOINT REFINEMENT OF CLASSICAL UNIPOTENT GROUPS

II1.1. THE CHEVALLEY GROUPS

In this section we aim to characterize the adjoint series of the unipotent subgroups of
Classical Chevalley groups. Indeed, the group of upper unitriangular mactrices (U, (Z,)) is
the unipotent subgroup of the Chevalley group A,,_1(Z,). While this generality may seem
unnecessary for an understood matrix group, our intention is to compute the adjoint series
of all classical Chevalley groups. This generality allows us to display the computation in a
more concise manner. Note that commutation is the backbone of the adjoint series; while
computing matrix commutators is not too difficult, computing root subgroup commutators

is much more straightforward, thanks to the work of Chevalley [3].

Let U be a unipotent subgroup of the Chevalley group g(Z,), which is unique up to
conjugation. Let 7, denote the k* term in the lower central series of U (the v-series), where

we let 79 = U. For n € N, define ol = Yn- Define the map o as in (11.0.4).

Let {h, :r € I} U{es : s € @} be a Chevalley basis for g over C so that

[hr; hs] = 07

hyed = 2(r, s)e

(T" ’]") S

[67’7 6—7’] = h’ra

[67“765] = i<v+1)6r+s (0 if?"—{—S ¢¢)a

9



where v is defined to be the largest nonnegative integer such that s — vr € ®. As in [2,

Theorem 5.2.2], let 7, s € ®* and ¢,u € Z,, then

(ITL.1.1) [zs(u), x.(t)] = H xir+js(0ijrs(_t)iuj)

i,j>0
where the product is taken in increasing order of ¢ + j. The constants Cjj.s are given by

Cilrs ==+ (U ;l— Z> and Clj?"s = :F(_1>j <U —ji—]> )

where v is the largest nonnegative integer such that s — vr € ®. Although we have not
described Cjjs for general 7 and j, we observe that it is impossible for both ¢ and j to
be greater than 1, with g of type A, B, C, or D; this fact can be seen in (III.1.5) and in
Proposition II1.1.7. From (III.1.1) we note that the set of all X, generate U, for r € II.
Hence, U = (X, : r € II).

Note that for every r € ®*, we can write
(I11.1.2) r=pi o+ Dy,

for (not necessarily distinct) p;; € II. Thus, we may talk about the height of each (positive)
root r denoted h(r) which is the sum of the coefficients of r when written as in (I11.1.2).
Let U,, denote the subgroup generated by all X, such that A(r) > m. As we will see, these

subgroups almost always coincide with the lower central series of U < g(Z,,).

(ITI.1.3) Lemma (Gibbs [5]; Levchuk [9]). Let g(Z,) be a Chevalley group of rank d and of
type A, B, C or D. It follows that if p > 3 or if g is of type A or D, then 7, = U, = (X, :

h(r) > m).
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(ITI.1.4) Remark. Levchuk describes how the lower central series of U is related to the
series

U=U,>Uy>--->U,=1

in [9], and finds that ~,, # U, for some integers m when p = 2 for Cy and B,. Since our
aim is to provide examples of the usefulness of the adjoint series, we avoid the troubles of
working in characteristic 2 in Cy or B;. Thus, throughout the paper, if g is of type By or

C,, then we assume p > 3. It follows then that LZ(»I) =U;/U;s1.

We recognize that for A4(Z,), the description of U; is more approachable as a matrix
rather than root subgroups. However, the Chevalley commutator formula, (III.1.1), gives
us a universal way to compare the bimaps of these unipotent groups. We will see that the
Chevalley formula allows us to easily show that all the bimaps are the same (for types A, B,

C, and D).

Note that z,(t;)x,(t2) = x.(t1 + t2), so (x.(t))? = x,.(0) = 1. Hence, LEI) is elementary
abelian (thus the lower central series is identical to the Leedham-Green series). Since there
are exactly d fundamental roots, Lgl) > Zg as vector spaces. Furthermore, since there are

exactly d — 1 positive roots with height 2, Lg)

~ ngl as vector spaces. Therefore, o may
be regarded as a Z,-bilinear map, o : Z% x Z§ — ZI~".

We wish to construct the structure constants matrix (Gram matrix) of o, denoted by
M. We denote the fundamental roots, p;, to be consistent with the Dynkin diagram for g.
That is, p; is connected to py, ps is connected to both p; and p3, etc. The Dynkin diagrams

for types A, B, C, and D are given in Figure III.1. Pick an ordering of II so that p; < p,

provided ¢ < j. For constants Cj;.s as in (III.1.1), the parity is determined solely by extra
11



A; O—o0—o0—: -+ —0—0—0
B; O—o0—0— -+ —0—Qa_—D
¢, a—o—o— ' —0—0—>0

D;; Oo—o——o— - H»—o<

F1GURE III.1. The classical Dynkin diagrams.
special pairs (r,s) as in [2, pg. 58] (as we will see in (II1.1.5), these are exactly the non-
commuting pairs). For simplicity, if (r,s) is extra special, we let [, es] = —(v + 1)e, 15,

where v is defined to be the largest nonnegative integer such that s —vr € ®. Thus, for g of

type Ad7
)
Tp,4p,(st) if (ps, p;) is extra special,
(IIL.1.5) [, (5), @p, ()] = Tp,4p,(—st) if (p;, ;) is extra special,
0 otherwise.

.
Therefore, [X,,, X, ] = Xp,4p;, provided p; + p; € .

Define ¢y : Ly — Zg given by ¢1(v2z,,(t)) = te;, and define @9 : Ly — ngl given
by ©2(7V37p,4p,(t)) = tej_1, provided i < j. Note that both ¢; and ¢, are vector space
isomorphisms. Define the structure of constants matrix M so that ¢o([X,,, X,,]) = e;Me].

Thus, by (II1.1.5),

—e; 0 ey
(I11.1.6) M=]10 —e 0

€d—1

0 —e4q1 0

12



(II1.1.7) Proposition. Let M be the matrix described in (II1.1.6). Let M’ be the matrix
representation of o (as in (I1.0.4)) for U the unipotent subgroup of g(Z,), where g is of type

B, C, or D with rank d. It follows that M’ = M for each g of type B, C, or D.

Proof: First let g be of type B. Then for i,j = 1,...,d — 1, [z,,(s), 7,,(t)] is described by

(III.1.5). Furthermore,

[xpd71(3)7 Lpq (t)] = 'Tpd—l"rpd(St)ajpdfl‘f‘Zpd(_StQ) = Tpy_1+p4 (St) (mOd 73)'

It follows that for i,j = 1,...,d, [x,,(s),zp,(t)] is described by (III.1.5). Thus, the matrix
representation of o of U < By(Z,) is equal to M as in (II1.1.6). A similar argument is applied
to Cy(Z,) (the only difference with g of type C, is that ps—1 + 2p, is not a root, but instead
2pa—1 + pa is a root).

Now suppose g is of type D. Then fori,j =1,...,d—1, [z),(s), 1,,(t)] is given by (III.1.5).
However,

[xpd72 (8)7 Lpg (t)] = Tpy_s+pg (St)'

Therefore, since @so([z,, ,(5), 2p,(t)]) = steq_1, it follows that the matrix representation of o

of U < Dy(Z,) is given by (II1.1.6). O

(III1.1.8) Corollary. Let L = L(v), the Lie algebra associated to the lower central series of

U of type either A, B, C, or D. Then L/L? are all isomorphic.

Define M; € My(Z,) to be the matrix with 1 in the i, (i + 1) entry, —1 in the (i 4+ 1),4

entry, and 0 elsewhere. Therefore, M = Zf;ll e; M;.

13



(II1.1.9) Lemma. Adj (M;) = y oz x| |-y w x LW, T,Y, 2 € Ly
0 0 = 0 0 =«
\ L . L . J
Proof: (F,G) € Adj (M) if, and only if, FM; = M,G™. O

Note that we can obtain M; from M; by applying a permutation. Applying such a
permutation also permutes the adjoint ring, and therefore

(/T 1T 7 )

* 0 0 =x* * 0 0 =

(I1I1.1.10) Adj (M;) = : LW, X, Y, 2 € Ly

Observe that Adj (M) = Adj (Zfz_ll eiMZ) N Adj (M;). As i and j vary, we see
from (II1.1.10) that F;; = G;; = 0 for i # j except when (4, j) equals (2,1) or (d—1,d). Note
that in this case, Fi; = —Gy;. Also, Fy; = Fipa)3i+2) = G(it1)(+1) for all i. Furthermore, all

matrices (F, G) of this form are an adjoint for M. Therefore, this characterizes Adj (M).

Now, we wish to characterize the Jacobson radical of Adj (M), but the structure of
it is much easier seen in a different basis. To this end, let H = (H; : H; = X,,,) and
K = <Kz . Kz = Xp2¢_1>' For s = LgJ and t = ’V%l—‘, let Bl = {Hl,HQ, ...,Hs,Kl,Kg, ...,Kt}.

Note that B; is an ordered basis for L; and [H;, H;] = 0 and [K;, K;] = 0, for all ¢ and j.

Thus, the permutation associated with the change of basis permutes Adj(M). And hence,
14



if d is even, then

wl, xE; 2l,  —xFEy
(T1I1.1.11) Adj (M) = : Tw, T, Y, 2 € Ly

yEss ZIs _yESS w]S

However, if d is odd, then

(I11.1.12)

wly xEB +yEy 2y —xEy —yly
Adj (M) = , LW, T,Y, 2 € Ly

Ots th Oy w]t

Note that E;; is the matrix with a 1 in the ¢, j entry and 0 elsewhere, whose dimension is

given by the context.

(II1.1.13) Lemma. Let s = || and t = [4]. For Adj (M) as in (IIL.1.11) and (I11.1.12),

2

let J be the Jacobson radical of Adj (M). It follows that for even d,

0, xEy, 05 —wkh
J = , LT, Y €Ly ¢

yEss Os _yEss Os

and for odd d,

05 IEH + yEst Os _xEll - yEst
J = , DX, Y € Ly

Ots Ot Ots Ot

Proof: For d even, note that

wl, zFEn Os —rky
I = , LT,y € Ly

yEss Os _yEss w[s



0, xF1 21 —x By
I, = , 1 x,Y € Ly
yEss ZIs _yEss 03
are maximal ideals of Adj (M). Thus, J C I} N 1,. Since Adj (M) is Artinian, J(Adj (M)) =
nil(Adj (M)). Note that I; N I3 is nilpotent, and hence I; N I, C J. A similar argument is

applied when d is odd. Therefore, the lemma follows. 0

It will be useful to see how the permutation, associated with the change in basis from B;
to the standard basis, permutes J. If s = L%ZJ and t = (%L then

x By Ot —xFEy Ost
(IT1.1.14) J = : Lx,Y € Ly

Ots yE(t_l)t Ots _yE(t—l)t

Note that in (IT1.1.14), the shape of J does not drastically change based on the parity of d.

II1.2. PRELIMINARY CONSTRUCTION FOR THE ADJOINT SERIES OF THE UNIPOTENT

SUBGROUPS OF A,(Z,).

We have already done most of the work for the a(?-series in section III.1. For n € N
and J as in Lemma II1.1.13, define 7,, so that 4 > 7,, > 79 and 7,,/72 = L1J". Note that
J? =0, so that 7, = 741 = 70, for k > 2. For (m,n) € N?, define m(, ,,) as in (I1.0.6). Thus,

(1,00 =M1 and

(11121) T(1,1) =T1 = <Xp1aXpd7’72>'
16



For m # 1, T(mn) = Vm, for all n € N. Recall from (I1.0.7) that Sy = {e1,e2,€1 +e2,n - €3 :

n € Z*}, and that gém’”) is the set of all paths from 0 to the vertex (m,n). Thus,

(I11.2.2) o= [I =l

(m,n)

teg,

Before we start working towards the adjoint series of these groups, we state a lemma

which will facilitate computations.

(II1.2.3) Lemma. Let m and 7" be subgroups of U containing root subgroups of height one.
If X, < [m,7'], with h(r) = 2, then r = p; + p;, where X, <7 and X,, <7’ for some i and

7.

Of course we extend Lemma II[.2.3 by induction to work on commutators of weight
n. Indeed, the majority of the computation is considering the possible contributions (of
fundamental roots) for each entry in the commutator. Before we prove the following lemma,

we seek to simplify notation slightly. Let

Xij = Pi+pit1++piti-1)
so that Xoz = Xy, 4 pstps-
(IT1.2.4) Lemma. Let U be the unipotent subgroup of Aq(Z,). For allm and n € N,

<X1m>X(d—m+1)m,7m+1> if1<m<dandn=1,

Vi otherwise,

for some k € N.

17



Proof: From (11.0.6) and (II.2.2), we deduce that ag = U and a =, for all n € N.

(2)

Furthermore, Ndi1n

) = 1 for all n € N since every commutator has weight at least d + 1.

Since
Apn)y 2 [7T(1,0)> -'-,7T(1,0)77T(0,n)] = Ym+1,

we need only look at the commutators of weight m to determine O‘E?L n)" Note that every

label in a given path t € Qém’n) corresponds either to m( 1), given in (IIL.2.1), or to () =
Tk = 71, for all & € N. Because of this, every commutator of weight m will have entries
equal to vy or m(1 1.

Suppose 1 < m < d and n = 1. If m = 1, then by (II1.2.1), we are done, so suppose

m > 2. Thus, a( has commutators of weight m equal to either

(III'2'5) h/mfluﬂ-(l,l)]’ [7k7ﬂ(1,1)7717 "'771]7 or [71-(1,1)7717 "'771]7

for some 1 < k < m — 2. Since each commutator contains exactly one entry equal to 7(j 1)

and since U < A4(Z,), it follows from (III.1.1) that all commutators in (II1.2.5) are equal.

Hence, 0‘22,1) = [Ym-1,Ta,0)]-

Suppose 1 < m < d and 2 < n. Then each commutator of weight m will contain at least

two entries equal to 7 1y. Therefore, if X, < a( )n with h(r) = m, then r must contain p;

and py as summands. This is impossible for m < d — 1. Thus, ift m < d — 1, agfr)w) = Yit1-

However, if m = d and n = 2, then X, = X3, = 4 with A(r) = d; thus, aéfl?m =y If

n > 3, then every commutator of weight m must contain at least three entries equal to m( 7).

Hence, if X, € agiz . With n >3 and h(r) = m, r must contain three summands equal to

either p; or pg, which is impossible in a root system of type A. Thus, O‘E:i,n) = Yma1 for

n > 3. Hence, the statement of the lemma follows. O
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(ITI.2.6) Example. G = A5(Z,).

The a?-series of U is

BEEEEE rl .ok ok ok ok 1oL ok ok ok k] 1 ko k
411*** ‘11*** 11.** .11 * %k
U> i« i« SR = DA
1% .1 1. . .1
- 14 - 1- - 4 Lo 1
rl * ok k] rl . . . % %" r1 * ]
11 * 11* 11
> i > i > i >1
1 R 1
L. 1- L. 1- L. 1-

I11.2.7) Corollary. Let U be the unipotent subgroup of Aq4(Z,). The a®-series of U in-
9 p

cludes d — 2 subgroups not included in the lower centeral sereis of U.

Proof: By Lemma I11.2.4, 048)_1 1y = Vd-1 and 048)1) = 74. Suppose that m < d — 2. In

2)

1) contains at most two root subgroups which are not contained in 7, ;.

this case, each OzE
Thus, v, > Oégzz 1) > Ymt1s provided 1 < m < d — 2. Hence, the a®-series has added d — 2
more characteristic subgroups to the lower central series. ([l

The length of the o®-series of U is 2d — 1. Thus, after just one iteration, we have nearly

doubled the length of the lower central series of U.

II1.3. CONSTRUCTING THE ADJOINT SERIES OF THE UNIPOTENT SUBGROUP OF A4(Z,).

Now we wish to generalize the process of computing the a(? terms (from the terms of the
lower central series). Computing the next iteration, the a**!-series of A4(Z,), is equivalent
to computing the a®-series of Ay (Z,), for some d’ < d. The next lemma begins to establish

this fact and determines exactly the value of d'.

(ITL.3.1) Proposition. Suppose U is the unipotent subgroup of A4(Z,), and

k k k—1
Oégl) =M, 06£1)+ek = <X(k—1)17X(d—k+2)1,a§1+e,1_1>,

k k k-1
aéei = 72, 04(26)1+ek = <X(1<;—1)27X(d—k+1)2aagel+)ek,l>a
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for some k > 2. Tt follows that M, the matrix representation of o given in (I11.0.4), is

described in (IT1.1.6) and is a d — 2(k — 1) by d — 2(k — 1) matrix over ZJ **1,

Proof: Let V' be the unipotent subgroup of Ag_sx-1)(Z,), with fundamental roots labeled

Phs Pkt1s -+ Pd—k41. By assumption,

a® o = (Xi k<i<d—k+1) =1 (V)/5(V),

ag) Jal) = (X k<i<d—k)=7(V)/ (V).

1

Thus, commutation in a / ozgf)m is equivalent to commutation in v, (U)/72(U) with funda-

mental roots pi, ..., pr—1 and pg_j+2, ..., pa removed. Hence, we may regard o as a Z,-bilinear
map from v1(V)/7(V) X (V) /72(V) to 72(V)/73(V). Thus, we have the same M except

that we have removed ey, ...,ex_1 and eq_gy1, ..., 41, and the statement follows. O

(IT1.3.2) Corollary. Let U be the unipotent subgroup of Au(Z,). For all 1 <m <d,

mejtegy1 mei+eg

(I11.3.3) A e = (Xoms Xt bmszyms O e )

Furthermore, the a® -series of U is the adjoint series for k = {g-‘, and this is the smallest

such k.

Proof: For k = 1, (II1.3.3) holds. Suppose (II1.3.3) holds for & > 1. Proposition III1.3.1

tells us exactly the structure of M. Let V' be the unipotent subgroup of Aq_s-1)(Z,), with

(2)

fundamental roots labeled px, pri1, ..., Pa—ri1. Let ﬁ(m n) be the (m,n) term of the a(?-series

of V. Thus, the new subgroup between a,(fiél and afﬁl en

is determined by ﬁ((frz - By Lemma
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111.2.4,

5((7271)71) = <Xk:m7 X(d—k—m—|—2)ma '7m+1(V)> .

Therefore,

(k+1) o (k)
am€1+€k+l = Xk:m7 X(dfkferQ)ma Ameytey ] -

From Proposition I11.3.1 we get that the a**Y-series of U is equal to the a®-series of U

when k = (%W because M has trivial Jacobson radical. O

(III1.3.4) Remark. Note that the subgroup described in Corollary I111.3.2 is the only sub-

(k)  _

group obtained between age, = 7, and a®

meiteg”

This is completely determined by the
Jacobson radical of the adjoint algebra, and by the fact that there is at most one subgroup

between 7, and 7,1 in Lemma III.2.4.

All that is left to do is show that if a{¥™™ is a subgroup not included in the a®-series,
then it must be the subgroup described in Corollary I11.3.2. For the following lemma, we use
the fact that automorphisms of Z, induce automorphisms of g(Z,). Indeed, if 7 € Aut (Z,),
then the map ¢ : g(Z,) — 9(Z,) given by z,(t)¢ = z,(7(t)) is an automorphism of g(Z,) cf.

[2, pg. 200).

(ITL.3.5) Lemma. Let U be the unipotent subgroup of A4(Z,), and let n = (ny, ..., ng41) €

NFL If gy > 2, then off ™ = o for some m € NF.

Proof: This is certainly true for £ = 1 (Lemma I11.2.4), so suppose this holds for £ > 1.

If ngyr > 2, then nie; + exy1 < n (< defined in (1.2.3) on page 5). Therefore, ot <
ozfﬁjll}r%ﬂ. From Corollary II1.3.2, o) < agclif}reﬂll
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Fi1GURE III.2. The nontrivial graph automorphism of A,.

Suppose that o™ £ o for all m € NF. Thus, it is strictly between a'” and

niei+ec

(k+1)

for 2 < ¢ < k because 7,11 < an < ot

niei+eg41”

(k+1)

(c-1) By Proposition 11.0.9, ay,

niei1tec—1’

(k

is characteristic, so if z,(t) € ax +1), then X, < aif ™ because field automorphisms induce

group automorphisms. Note that aq(fﬂ) must then contain exactly one root subgroup not

(c=1)

nieite._q SINCE &

contained in « () / )

nrertee] Unyertee s = p?; call this root subgroup X,, for some

r € ®*. However, X, must be held invariant or mapped to another root subgroup by the

automorphisms induced by the graph automorphisms of the Dynkin diagram.

For A4(Z,), the Dynkin diagram has an automorphism group isomorphic to Z, as seen

in Figure II1.2. Note under our assumptions, alr ™ = <Xr, aq(ffelllecfl>. Since aﬁflfelllecfl is

characteristic, X, must be held invariant by graph automorphisms. It follows that

T = Pd+1)/2—i T T P+1y/2 + 0 Pla+1)/2+44s

if d is odd or

T = Pdj2—i T+ Pdj2 + Pdje+1 + 0+ Ddj2+1+is

if d is even. However, from Corollary (I11.3.2), this is impossible. Thus, the lemma follows.

U
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(IT1.3.6) Proposition. Let U be the unipotent subgroup of A4(Z,), and let £ > 1. If

n=(ng,..,ngr1) € N¥F1 then

(k) e
<an1 ] X(d—k—n1+2)n1 9 anlel+ek lf n=mnye + €k+17

alk+1)

oz,(ﬁ) otherwise,

for some m € N,

Proof: If ny = 0, then ol > [m,] = U. Furthermore, if ny > d+1, then every commutator

of a,(zkﬂ) has weight at least d + 1. Hence, a%kﬂ) = 1 in this case. Now suppose 1 < n; < d.

We will classify each case based on the value of ng,q.

Assume that nj,; = 0, and let G = G(N*1. S, ;). If t € G, then the edges that the path

t traverses are in the subgraph G(N¥x {0}, S;.) = G(NF, Sy). It follows that ot =

(n1,05mp)"

Suppose ng1 > 2; by Lemma I11.3.5, a{¥™ = o' for some m € N*.

Finally, suppose that n,.; = 1. If n = nye; + ex11, then by Corollary I11.3.2,

k
a%kﬂ) = <Xk:n1 ) X(dfk7n1+2)n17 a£1)€1+6k> ’

Therefore, suppose n # nje; +ex1. Replace every m, 4., , with 7., in every commutator of

. . . k+1 . . .
weight n; contained in o™ Since ni+1 = 1, every commutator of weight n; must contain

exactly one 7, 4, ,, so that

k+1
alk+) — H[. e Tertensrs Vst < H[. e Teyy gt = O‘Enl )%O)_

-----

(k+1) (k) (k)

Therefore, oy, 7 < X ) Since n # nie;+epy1, it follows that X ) < Onyertepqs SO
aff < aﬁl’j;ﬂekﬂ. Apply a similar argument to alf ™) as in the proof of Lemma I11.3.5 to
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show that an“’ = a,(ff) for some m € N* since an“’ is characteristic. Hence, the statement

of the proposition follows. O

Now we are ready to prove Theorem 1.0.1.

Proof of Theorem 1.0.1: Note when constructing the a**'-series from the a®-series, by

(k+1)

¢1+e, 18 @ mew subgroup.

Proposition 1I1.3.6, we will get new subgroups if, and only if, «

From Corollary II1.3.2, o Wil be a new subgroup if, and only if, k < {%ﬂ — 1. From

e1teg

Corollary I11.2.7, the i iteration adds ¢ — 3 new subgroups, where ¢ is the length of the -
series of V', the unipotent subgroup of Ad_Q(i_1)<Zp). Note that the y-series of U has exactly
d+ 1 subgroups. If k = (%L then the length of the adjoint series is d + 1 + ZfZQ(d —2i+2).

Furthermore,
k
Sd+1+4) (d-2i+2)<

=2

d?> +2d+ 4
4

d?>+2d+5
1 .

Also note that by Proposition I11.3.6, the order of a, /¢, is at most 2. Provided
d >4, then g, te, /9, has order p?, by (II1.2.1). However, if V < A3(Z,), then ﬁ((f)o)/ﬁ((lz)l)

has order p. Therefore, there exists factors of the a-series with order p and p?. 0
(ITL.3.7) Example. G = A4(Z,).

U has the following v-series:

The a-series of U increases the length of the vy-series by two:

1. % 1. % % % 1. . %% 1. . . %
A 1Lk R B 1.
> |1 > |1l > >0 1.0 > 1.
R R ..o 1.
T | A | R |
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(IT1.3.8) Example. G = A5(Z,).

The ~v-series of U is

Note that each term of the a-series for U < A4(Z,) fits the description of Weir and Gibbs’

* % % ¥

characteristic subgroups of Ugi1(Zy).

25
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CHAPTER IV

AN ALGORITHM TO COMPUTE ADJOINT FILTERS

The goal of this section is to provide an algorithm for experimentation. The process
of refining a characteristic series to the adjoint series requires repetition of two vital steps:
obtaining new subgroups and generating a filter. Thus, we provide algorithms which can be

repeatedly used to obtain the stable adjoint refinement of Section III.

(IV.0.9) Proposition. There exists a polynomial-time algorithm that obtains the new sub-

groups for adjoint series refinement process.

Proof: We first describe such an algorithm. Given a filter o®), obtain the adjoint ring of
o: Lg’f) X Lgf) — ng)l as described in (I1.0.4). Then compute its Jacobson radical, J. Finally
compute all subgroups 7,, = <L£If) J", @gf)%k>.

In [1], Brooksbank and Wilson provide a deterministic algorithm that computes the
adjoint ring of o in O(d®log?p) basic operations. Rényai provides a method for computing
the Jacobson radical in polynomial time in [10], and computing 7, is in polynomial time as
well since Lgf)J " is matrix multiplication. ([l

Now all that is left is to discuss how to generate a filter given a function 7 : S, — 2°,
where Sy is the generating set for N* given in (I1.0.7). Recall that G is the Cayley graph
G(N* S;), and GP is the set of paths from vertex 0 to vertex n in G. Then the filter 7

generated by 7 is given by

(VneN) 7, =[]~



However, it is not necessary to look at all of G, for n = (ny, ...,n;) € N¥. Instead, we need
only t € G, where t is a path of length n;. To obtain all paths of length n,, we first observe

that we only need to find one path of length n;.

(IV.0.10) Lemma. If t = (t1,....,tn,) and s = (81,...,8,,) are paths of length ny from

vertices 0 to n in G(N*,Sy), then (ty,...tn,) = (S10, ..., Sng), for some o € Sym(ny).

Proof: Note that since ¢ is a path of length ny, we have that for all i € {1,...,n1}, t; #
(0,ma, ...,my), where m; € N. We prove this by induction on k. It will be useful to
(naturally) embed G into R*. First, suppose k = 2. Then ¢ is a labeled Delannoy path.
Since ¢t must contain a maximal amount of labels of the form 7., ., it follows that every
path from 0 to n has the same labels as ¢ up to rearrangements. In fact, every possible

rearrangement of labels of ¢ gives a path of length n;. 0

Therefore, we apply a greedy algorithm to compute one path of length n;. From that,

we take all possible rearrangements, so we have paths of length n;.

(IV.0.11) Proposition. Given 7 : S, — 2, there exists an algorithm which computes the

generated filter 7 : N¥ — 2¢.

Proof: The algorithm runs as follows. For each n € N¥, with n; < ¢, where c is the class of
G, and 25:2 n; < nq, use a greedy algorithm to obtain all paths of length ny from 0 to n
in G. Then compute the commutator subgroup of all the labels of each path, and take the

product of all such paths together with 7, 1.
27



When the algorithm terminates, the output is indeed the filter 7 : N¥ — 2%, To this end,

if n; > ¢, then we set m, = 1 since 7. > 7,. Recall,

Sk = {61,61 +e;: 2 S 1 S k} U{(O,ng,...,nk) n; € N}

If n; < ¢ but Zf:z n; > ni, then there are no paths of length n; from 0 to n in G. Thus,
Tp = Yny+1- Lhere are a finite number of n € N* with n; < ¢ and Zf:Q n; < nq, so the
algorithm terminates. 0

The initial use of this algorithm was to form and test conjectures. Although it is far from
optimal, we believe that the algorithm can be more efficient if we do not look at all paths of
length n;. Indeed, in the proofs in Section III we only used a few key paths. Other examples
(Chevalley groups of type B, C, and D) also suggest that it may be enough to look at a

subset of all paths of length n;.
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CHAPTER V

CLOSING REMARKS

For the Chevalley group of type A, we see that the length adjoint series of the unipotent
subgroup is d*/4+d/2+©(1) with respect to the rank, d. We have strong evidence that shows
that the length of the adjoint series of the unipotent subgroups for types B, C, and D is close
to the length for type A. That is, the length of the adjoint series of the unipotent subgroup
of the Chevalley groups of type B, C, and D seem to be equal to ©(d?). Furthermore, the
orders of almost all the factors is either p or p? in these groups.

Although the respective bimaps are the same, this is not enough to say that the structure
of the adjoint series is the same. Indeed, evidence indicates that the adjoint series for types
B, C, and D seem to be slightly different from type A. However, this does not come as
a surprise because we took advantage of the root system structure of type A and of the

automorphism group of the Dynkin diagram of type A.
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