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1. INTRODUCTION

Spectral measurements are frequently required in fluid mechanics
applications. Traditionally they have been made using analog techniques.
With the development of the Fast Fourier Transform algorithms in the
mid 1960's, digital techniques have evolved which enable power spectral
densities and correlation functions to be calculated with costs much
less than were previously possible. This report is intended to describe
the Fast Fourier Transform algorithms available at Colorado State
University, outline some of the difficulties encountered in using these
algorithms, and provide a brief description of actual computer programs

being used for spectral analysis on the CDC 6400 computer.
2.  EXISTING FFT ROUTINES AT CSU

There are presently a number of computer programs used at CSU
which use available FFT routines. Two FFT programs are being used
extensively by the Fluid Mechanics and Wind Engineering group. These
are FOR2D and FOURT, both a part of the IBM Contributed Program Library.
FOURT (IBM Contributed Program No. 360D-13.4001) is presently on the
system Fortran library (FTNLIB). FOR2D (IBM Contributed Program
No. 360D-13.4006) is usually stored on a permanent file. For CSU users,
a deck or access to this permanent file may be obtained by contacting
Robert Akins or Dr. J. Peterka. The major difference between these two
programs is that FOURT is written to use data located in the core of the
computer and FOR2D is written to use data located on an external storage
device. More detailed comments on these two specific subroutines appear

in later sections.



3.  SINGLE CHANNEL FORWARD/INVERSE TRANSFORM

Two separate uses of the FFT will be described; (1) calculation
of a power spectral density from a time series and (2) transformation
of a power spectral density to obtain an autocorrelation function. An
explanation of the details of these types of calculations can be found
in Bendat and Piersol (1). It will be assumed in the following dis-
cussions that the reader is familiar with this reference or an
equivalent text,

The single-channel forward/inverse transform is perhaps the most
straightforward application of the FFT, and is a good starting point
for someone beginning to work with the FFT. A useful exercise is to
select a known fourier transform pair and to perform the same transform
using the FFT. An example utilizing this type approach will be dis-
cussed in order to illustrate usage of subroutine FOURT. Appendix Al
contains a program listing of subroutine FOURT. A short section of
comments appears at the beginning of the listing and explains the calling
parameters and some basic aspects of usage. Use of the program can be
understood without a detailed understanding of the details of the
program itself.

The example transform pair to be used consists of R(t) = e-t,

t > 0 and its inverse fourier transform G(w) = 4/1+w2, w 2 0. Such
an R function is often used to represent the autocorrelation function
of a fluctuating velocity signal and is not only an easy function to
deal with, but also is of some physical significance. A sample

program (Program CHECK) which was written to take a forward and inverse

fourier transform is listed in Appendix Bl. The following discussion



will be based upon output from that program. References to the
program will be by line number of the listing in the appendix.

The program was written to calculate a selected number of values
of the function R(t) at a time step specified by an input parameter.
This array of values of R(t), called D in the program, is reflected
prior to performing the forward transform. This reflection is an
important operation which is not adequately discussed in most texts.
It is needed to satisfy continuous, even-function characteristics of
the transform. In using a digital transform technique, one assumes
that the data record is of infinite length. In order to create a
record which resembles an infinite record, the function to be trans-
formed is reflected about its endpoint, creating a symmetric, even,
continuous function. A schematic of this reflection and the resulting
periodic function is shown in Figure 1. Note that the function is one
AT increment short of returning to the zero-time value of one at the
time position 2N AT. This occurs because the reflection point is
really at the NAT+1 point rather than precisely on the NAT point
as might be expected. The effect of not reflecting R prior to the
transform is shown in Figure 2. In other words, the reflection should
be done about a zero lag time, such that R(t) = R(-1) so that the
reflected correlation function is even. If there are 2N total
points, N prior to reflection, then R(N+I) = R(N+2-I) for 2 < I < N.
This scheme of reflection will result in the point R(N+l1) not being
defined. Since a correlation is normally small at the maximum lag
time, it is easiest to let R(N+1) equal R(N). The reflection in

program check is performed in lines 35-40.
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After the data has been reflected and the D(2,I)'s set to zero,
subroutine FOURT is called in line 43. It is necessary to create D
as a two-dimensional array because the input to FOURT is complex. In
many applications of these techniques only real signals are dealt with
and the complex arithmetic capabilities of the program are not used.
In these cases the fifth calling parameter of FOURT is set equal to
zero indicating a real input only. It is important to understand the
difference between NUMBER and NUMBE2. NUMBER as used in the program
is the number of points in the unreflected R function. NUMBE2 is
twice NUMBER or the length of the reflected R function.

After FOURT has been called, the output must be multiplied by a
scaling factor in order to obtain the correct G. This factor for
FOURT is 2 * DELTAT where DELTAT is the timestep of R. This multiplica-
tion is carried out in line 52 of Program Check. The G function
returned from FOURT has data uniformly spaced in frequency with the
data points at f = n/(NUMBER * DELTAT), n = 0, NUMBER-1.

Prior to performing the inverse transform, G is also reflected.
In addition to reflecting G, the imaginary part of the D array is
set to zero. Normally small values will appear in this position of
the array during a transform and the inverse transform will be more
accurate if the imaginary (D(2,I)) part of the D array is forced to
zero. These operations are carried out in lines 57 to 65.

An inverse transform is performed to obtain the original R(t).
Again the output of FOURT must be multiplied by a constant. For the
inverse transform, this factor is 1/(4*NUMBER#DELTAT). The product

of the factors for the forward and inverse transforms is 1/ (2+*NUMBER)



or 1/NUMBER2. This agrees with the factor given in the write-up of
FOURT in Appendix Al.

Several examples using the test functions R and G will now be
discussed. A number of different experiments were conducted to determine
the effect of the total time and the time increment on the accuracy of
the results. In the tables and plots that follow, R* will denote the
recovered R function after a forward and an inverse transform.

Figure 3 is a comparison of G for various values of NUMBER, the
total number of points, and DELTAT, the time step between points.

These variables were selected to result in all of the R's being
defined for the same total time. This plot is only for the higher
frequencies; below w = 3, all of the cases tested agree. The N's

on the plot are for the unreflected data. It can be seen that as
NUMBER increases and DELTAT decreases the region over which the
transform is accurate increases. For NUMBER equal to 2048, the results
are very close to the actual function G for the entire range plotted.
At higher frequencies, even the case for NUMBER equal to 2048 will
deviate from the actual values.

A comparison of R* for the same cases is shown in Figure 4.

R* is the initial function R after having been subjected to both
a forward and inverse transform. In this case virtually all values
of NUMBER yield an acceptable value for R*.

The central processor (Cp) times required for the various
values of NUMBER2 are shown in Figure 5. It can be seen that there is
an almost linear increase in Cp time with increasing NUMBER2. These

times are for the actual transform only; any multiplication or other



manipulations with the data would increase them. These test cases
were run under the Scope 3.3.14 on the CSU CDC 6400 computer.

In summary, the FFT can be used rapidly and economically to
perform a digital fourier transform of known data. Care must be taken
to insure the data are reflected properly prior to the transform and
that the appropriate factors are used after the transform. A user with
no experience with FFT is strongly urged to experiment with this type
of application prior to attempting to obtain a spectrum directly from

digital data.
4.  CALCULATION OF A POWER SPECTRAL DENSITY FROM A TIME SERIES

Another valuable application of the FFT is the calculation of a
power spectral density function from a time series. A detailed
explanation of this process is given in Chapter 9 of Bendat and
Piersol (1) or in Chapter 6 of Enochson and Ontes (2). The basic
equations used are straightforward and apply to any FFT routine.
There is one significant difference between the procedures outlined
in these references and the procedure recommended in this report.

This difference has to do with the addition of zeros to the
initial time series to avoid having a distorted autocorrelation
function as discussed on pages 312-314 of Bendat and Piersol (1). If
one uses the reflection techniques described in Section 3 in obtaining
an autocorrelation function from a power spectral density, the
addition of zeros to the initial time series is unnecessary. This
results in a significant advantage in that the same time series can
be placed in a data array half the size required if the technique

described in Bendat and Piersol (1) is used. In other words if a time



series of data consisting of 2000 points was to be examined using
standard procedures, an array of length 4000 would be required. If
the reflection technique was used, the required array length would
only be 2000 and there would be a savings in core of 50 percent. In
most cases the size of the data array is limited by the available core
of the computer, and therefore the ability to use a smaller array can
be a significant advantage,

At this point nomenclature comparable to that in Bendat and
Piersol will be introduced to make the following discussions easier
to follow. Denote the time series by xn(t), n =1, N, the fourier
transform of this time series by X(fn, N) n = 1, N, and the spectral
density function of the time series X by éx(fn)’ n=1, N. fn =
(n-1)/T where T =N At. At is the time increment of the initial time
series.

In terms of these variables, a technique for computation of
power spectral densities is:

1. Truncate the data sequence or add zeros such that N is a

power of 2. In most cases, the data should be taken to

provide N data values without adding any zeros.

2. Taper this sequence using a cosine taper window. This process
is discussed in Bendat and Piersol (1), pp. 322-324.

3. Compute x(fn, N) using a FFT routine.

2 - At

4‘ C t -~ f - L4 ~ - P———
ompute G (f ) using the equation 6 () = Fm N

2
|x, |

5. Smooth éx(fn) using either frequency or segment averaging.

Frequency averaging averages together several values of Gx
from one transform about some value fn and replaces all values
averaged with one average value. Segment averaging is an ensemble aver-

age at each value of fn of a number of separate transforms.



These steps are the basis for two programs which will be used as
examples. It should be noted that a real data sequence X, will have
a complex fourier transform X(fn, N). In a sense the real part is the
coefficient of the cosine term and the imaginary part is the coefficient
of the sine term. Therefore in step (4) when the power spectral density
estimate is computed, the sum of the square of these two terms is used.
In all examples and figures, the power spectral density has been
normalized with the variance of the time series. This normalized
power spectral density will be called F(fn) or F(n).

The smoothing in step (5) is one of the more subjective aspects
of the procedure and the technique used will depend upon the type of
signal being analyzed, the amount of computer time available, and the
final use of the power spectral density. The smoothing and the choice
of N and AT will determine the frequency range of the smoothed
power spectral density. There is some choice available in the deter-
mination of these parameters, and this choice should be made prior to
taking the data.

The largest value of N which can be used in core with the
CDC 6400 is 8192 (213). This is the largest power of two which can
be used for a data array and not exceed the available core. Frequencies
will then run from 0 to d;- 1}k%w But T = NAT, and therefore the
frequencies will run from 0 to (g”'l)*ﬁ%T" For large N this is
approximately 1/2AT, the Nyquist frequency. The zero frequency value
is generally not reliable because the record lengths are of a finite
length. If the value were to be nearly exact, the total time of the
input data record, T, should approach infinity. The increment between

points is equal to %- where T is the length in time of the input



data record. Recall T 1is equal to NAT. Therefore the high
frequency end of the power spectral density is determined by AT, the
time interval of the data record, and the low frequency end is deter-
mined by the length of the data record.

Normally the type signal to be examined will dictate the sample
rate, 1/AT. Once this is determined, and if the maximum range possible
is desired, N is 8192, the low frequency end of the power spectral
density is also set. The following table gives these limits for
sample rates available on the Systems-Development A-D system currently

in use.

TABLE 1 - LIMITS FOR POWER SPECTRAL DENSITY COMPUTATION - SYSTEMS -
DEVELOPMENT A-D SYSTEM. RECORD LENGTH = 8192.

SAMPLE LOWER UPPER
RATE LIMIT LIMIT

AT (SEC) (1/SEC) (HZ) (HZ)
.004 250 .031 125.0
.002 500 .061 250.0
.001 1000 .122 500.0
.0005 2000 .244 1000.0
.00025 4000 .488 2000.0

If a smaller range is desired, N may be reduced and there will be
a savings in computer costs. If a larger range is desired, a program
is available which allows larger N's to be used by employing an
external storage device such as a disc. This program will be discussed

later in this section.
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Smoothing of the power spectral density is required. Two
techniques are available: segment averaging and frequency averaging.
These may be used independently or in a combined manner. In segment
averaging, a number of power spectral densities are computed from
separate records from the same signal. These estimates of the power
spectral densities are treated as an ensemble, and an ensemble average
computed. The number of segments used is determined by the quality of
the smoothed power spectral density desired and the amount of computer
time to be expended. Segment averaging will not alter the frequency
range of the power spectral density, the upper limit will be 1/2AT
and the lower limit 1/T.

Frequency averaging involves averaging adjacent points of the power
spectral density estimate from one data record. For example every m
points could be averaged and replaced by one point at the midpoint of
the frequency range of the original m points. This type of averaging
will have a negligible effect on the high frequency limit of the power
spectral density, but will normally raise the lower limit substantially,
depending, of course, on the choice of m and the original AT.

Factors which enter into the choice of frequency smoothing
techniques are determined by the ultimate use of the power spectral
density. If a well-smoothed plot is the desired output, a combination
of frequency and segment averaging may be employed. If a correlation
function is to be computed from the power spectral density function,
then equal frequency spacing must be preserved. Also, the time spacing
of the correlation obtained is determined by the frequency interval of
the power spectral density and this relationship should be considered

in any frequency smoothing.
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4.1 Calculation of Power Spectral Densities Using Segment Averaging
Techniques

In order to provide some examples of the use of both the FFT and
the averaging techniques, output from a specific program will be
presented. This program, SEGEMNT, is listed in Appendix B2, and
references will again be made to line numbers in the program.

This program follows the suggested routine for computation of
a power spectral density. Lines 107-133 read one block of data 8192
elements long off of the data tape, tape 1, and compute the mean and
the rms of that data record. Lines 138-151 remove the mean from the
data and divide by the rms to obtain a rms of 1.0. This section of
the program also tapers the data. Lines 156-167 perform a forward
fourier transform of the array D, and segment average into array
SEGMEN, Lines 171-194 reflect the segment averaged spectra and perform
an inverse transform to obtain a correlation function. The remainder
of the program is concerned with output and plots of both the correla-
tion and the power spectral density. Frequency averaging is performed
in lines 246-260.

Some sample results from this program will now be used to illustrate
the effect of segment and frequency averaging. Segment averaging can
be evaluated using both qualitative and quantitative methods. The
appearance of both the smoothed spectra and the autocorrelation can
be compared for different numbers of segments. Figure 6 shows four
different segment averaged spectra computed from the same data record.
All four of these spectra were also smoothed using frequency averaging
over the high frequency portion. The portion of the title which is of
the form xx-8192 indicates how many segments of length 8192 were used
in the calculation of the spectra. It can be easily seen that as the

total number of records increases, the spectra become smoother. If
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the spectra are compared by laying one on another, there is no change

in the best line that could be drawn through the data. In other words,
if the 64-8192 case is compared with the 4-8192 case, the mean curves
are identical. Additional qualitative comparisons can be made using

a number of different criteria. The effective bandwidth, number of
degrees of freedom and normalized standard error for the different cases
can be computed using equations (9.140) to (9.149) of Bendat and

Piersol (1). These values for the cases plotted in Figure 6 are shown
in Table 2, As the number of segments averaged increases, the
normalized standard error decreases, The effect of frequency averaging
in reducing the normalized standard error can also be seen. Another
means of comparison is available in terms of more physically relevant
parameters. The area under the spectrum is compared in Table 3 for the
four cases shown in Figure 6. There is very little difference in these
integrated quantities as the number of segments increases. These values
were all computed for the segment averaged spectra before frequency
averaging. Close attention should be paid to the integral of F(n). A
value which is not very close to 1.00 is an indication that, for some
reason, an incorrect spectrum has been obtained.

Figure 7 shows the qualitative effect of frequency averaging. All
three cases were averaged over the same number of segments, and the
differences are a result of frequency averaging alone. The last line
of the titles indicate the type of frequency averaging used. The
different averaging schemes are: (1) no frequency averaging (2) HF

AVG 10 - no frequency averaging from 0-5.98 HZ, 10 points averaged
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TABLE 2 - EFFECT OF SEGMENT AVERAGING ON POWER SPECTRAL
DENSITY ESTIMATES

NUMBER RANGE
OF POINTS OF EFFECTIVE NUMBER NORMALIZED
FREQUENCY SMOOTHING  BANDWIDTH OF DEGREES STANDARD
CASE AVERAGED (HZ) (HZ) OF FREEDOM ERROR
4-8192 1 0-5.98 .122 8 .500
10 5.93-500.0 1.220 80 .158
8-8192 1 0-5.98 .122 16 .353
10 5.98-500.0 1.220 160 112
16-8192 1 0-5.98 .122 32 .250
10 5.98-500.0 1.220 320 .079
64-8192 1 0-1.09 122 128 .125
3 1.09-5.98 . 366 384 .072
10 5.98-500.0 1.220 1280 .039

TABLE 3 - COMPARISON OF INTEGRATED PROPERTIES OF POWER
SPECTRAL DENSITY ESTIMATES

500
CASE J F(n)dn

(o]
4-8192 1.014
8-8192 1.004
16-8192 1.002

64-8192 1.007
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from 5.98-500 HZ (3) HF AVG 10 LF AVG 3 - no frequency averaging from
0-1.098 HZ, 3 points averaged from 1.098-5.98 HZ and 10 points averaged
from 5.98-500 HZ. Table 4 is comparable to Table 2 and shows the
effective bandwidths, number of degrees of freedom and normalized
standard error for the cases shown in Figure 7. These criteria are

the only ways to evaluate frequency averaging. In most cases frequency
averaging will be used to provide a smooth plot of the spectra, and

the means of frequency smoothing selected will be dependent upon the
type of data being considered, the frequency range of interest, and the

ultimate use of the plot.

TABLE 4 - EFFECT OF FREQUENCY AVERAGING ON POWER SPECTRAL
DENSITY ESTIMATES

NUMBER
OF POINTS RANGE OF EFFECTIVE NUMBER NORMALIZED
FREQUENCY SMOOTHING BANDWIDTH OF DEGREES STANDARD
CASE AVERAGED (HZ) (HZ) OF FREEDOM ERROR
4-8192 1 0-500.0 .122 8 .500
4-8192 1 0-5.98 122 8 .500
10 5.98-500.0 1.220 80 .158
4-8192 1 0-1.09 .122 8 .500
3 1.09-5.98 . 366 24 .289
10 5.98-500.0 1.220 80 .158

Some additional guidelines which may be used in the selection of
how many segments to average may be obtained from considerations of
the autocorrelation function obtained from the segment averaged spectra.
In order to compute an inverse fourier transform, the smoothed spectra
must consist of equally spaced frequency increments. Generally the

spectra to be used will only be segment averaged and not frequency
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averaged in order to preserve equal frequency spacing. In all of the
cases which will be discussed, the segment averaged spectra was trans-
formed using the techniques outlined in section 3. Figure 8 is a

plot of the autocorrelation functions obtained from the spectra shown
in Figure 6. In all cases the plots are quite similar up to a lag time
of .2 seconds. For longer lag times there is more difference evident.
As the number of segments used in the frequency averaging increases,
the value of the autocorrelation stays closer to zero for lag times
from .2 to 1.0 seconds. Table 5 shows the areas of the autocorrelation
function up to the first zero crossing and also from 0 to 4.096 seconds.
There is up to a 25 percent difference in the area to the first zero
crossing between the different cases although the spectra of Figure 6
appear to be virtually identical. The areas computed over the full
range of the autocorrelation are at least one order of magnitude less
than the areas to the first zero crossing. A more detailed discussion
of the reason for the difference in the areas is presented in the fol-
lowing paragraphs. These two problems represent a significant difficulty

if one is interested in computing an integral scale.

TABLE 5 - EFFECT OF SEGMENT AVERAGING ON THE AREA UNDER
THE AUTOCORRELATION FUNCTION

AREA AREA

TO FIRST 0-4.096

CASE ZERO CROSSING SECONDS
4-8192 .0405 .00142
8-8192 .0363 .00157
16-8192 .0336 .00195

64-8192 .0280 .00187
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In order to try to get a more accurate calculation of the
autocorrelation function, a program was written to calculate the auto-
correlation directly from the data record. This is a much more
expensive method than the FFT technique and not as many cases were
run. A comparison of the autocorrelations obtained using a direct
calculation and using an inverse fourier transform of a spectra is
shown in Figure 9. The plots with the title PROGRAM ACR were computed
directly using a data record of the indicated length in 8 second seg-
ments. For a 32 second record, 4 separate autocorrelations were com-
puted and averaged in a manner analogous to segment averaging of the
spectra. The cost of calculation was such that in the direct case, the
computation was only carried out to a lag time of .9 seconds. Therefore,
the only direct comparison which can be made between the plots is the
area up to the first zero crossing. For the 32 second record, the
area to the first zero crossing is .0333 for the direct calculation
and .0405 for the FFT calculation. For the 64 second record, the area
is .0362 for the direct calculation and .0363 for the FFT calculation.
It is interesting to note the comparison in cost to obtain an auto-
correlation via the direct method with that for the FFT technique. For
the lower two plots of Figure 10, both of which represent a data record
of approximately 64 seconds of real time, the direct calculation for
100 values of time lag cost $28.00 while the FFT calculation costs
$5.40 for 4096 values of time lag. This is a factor of 5 differences
in cost for 40 times fewer correlation points. The FFT technique also
provides a spectrum for the cost indicated.

In the course of the direct calculation of the autocorrelation

function, an interesting effect of the length of the record used in the
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calculation was observed. The direct calculation was initially carried
out using a record length of 2000 (2 seconds) and the maximum lag com-
puted corresponded to 1000 data values (1 second). Two examples of this
calculation are shown in Figure 10. In both cases where records of
2 seconds each were used, the autocorrelation is negative from a time
lag of 0.3 seconds to a time lag of 1.0 seconds. This was not the case
in any of the computations which used the FFT. In order to see what
effect record length had on this negative region, the direct calcula-
tion program was modified to use a record length of 8000 (8 seconds).
The results of these computations for the same total length of data are
also shown in Figure 10. The negative region from .3 to 1.0 is no
longer predominant, and these results agree well with the autocorrela-
tions obtained from the FFT routines as shown in Figure 9.

An explanation for this difference can be made based on physical
arguments. A time lag of .5 seconds corresponds to a frequency of
2HZ. 1In a 2 second record there would only be 4 cycles at this fre-
quency and fewer cycles at any lower frequency (longer time lags). It
seems that 4 cycles are not enough to adequately average in the calcula-
tion of an autocorrelation. By using a record length of 8 seconds,
there will be 16 cycles of a 2HZ signal in one record, and the resolu-
tion at lag times of .5 seconds will be better. Based on a limited
amount of experience with this particular record, it is felt that at
least 8 cycles of a particular frequency should be present to obtain
adequate resolution in an autocorrelation function at a lag time
corresponding to the reciprocal of the frequency.

An additional effect of interest also arose in one case. A

digital data tape was used which had more than one channel of data.



18

For a small portion of one record, the channels were reversed and the
effect on the power spectral density is shown in Figure 11. The noise
in the high frequency portion of the spectra is due to the channel
switch. The second plot is of the same data but avoiding the record with
the channel switch.

The cost of the various cases run with program SEGEMNT are listed
in Table 6. These include the computation of a power spectral density,
an autocorrelation and plots of both using the U200 plotting routines

available at the Engineering Research Center, Colorado State University.

TABLE 6 - COST FOR TEST CASES - PROGRAM SEGEMNT
CENTRAL PROCESSOR COST = $290/hr

TIME OF

NUMBER OF TOTAL AMOUNT

SEGMENTS OF DATA COST
OF LENGTH 8192 (SECONDS) $

4 32.77 4.00
8 65.54 5.40
16 131.07 8.92
64 524.29 27.82

It is important to bear in mind that all of the examples in this
section have been calculated using a record of pressure data obtained
using a linear transducer. Non-linear transducers or signals of a
different type which require different frequency range or which were
taken at a different sample rate would alter the cost figures. As such,
these examples should only be considered as guidelines in selecting

a scheme for digital analysis.
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4.2 Calculation of Power Spectral Densities Using an External Core

FFT Algorithm

In some applications, it is desirable to have a greater frequency
range of the power spectral density, or resolution of the autocorrelation
at relatively large lag times. 1In order to obtain either of these
results, a long record of data must be used for each segment. In
order to stay within the present available core of the CDC 6400,
(1400008), the longest data record which is a power of two which may
be used is 8192. A technique is available which allows longer data
records to be considered by making use of disc storage and performing
the FFT in pieces. The details of the algorithm are described by
Brenner (3). A program titled FOR2D is available from the IBM
Contributed Program Library (#360D-13.4006). This program was written
by Norman Brenner and uses the algorithm of reference 3. The program
allows record lengths limited only by the disc storage available on the
computer system in use (presently between 2,000,000 and 3,000,000 for
the CSU CDC 6400 system). This capability allows very long record
lengths to be used if necessary. The cost of the calculations becomes
large as longer records are used and in many cases becomes a limiting
factor. A comparison of external core techniques and segment averaging
techniques is discussed in section 4.3.

In order to use an external core type of program, the input data
record is broken into a series of equal length records. It is necessary
to be able to store 3 of these records in the core of the computer at
any given time. This requirement will set the length of this array.
The input data record is then stored on the disc and the FFT routine

only calls a portion of the record at a time. It is important to
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understand that this is not a segment averaged technique, but that

the resulting sequence of points is the same that would be obtained if
the entire data record were transformed using a computer with a very
large core.

A listing of a program written to utilize the external core
technique, EXTCORE is in Appendix B3. A listing of subroutine FOR2D
is in Appendix A2.

The steps necessary to calculate a power spectral density are
basically the same as were listed in section 4.1. The only differences
between program EXTCORE and SEGEMNT are in the input and averaging.
These differences will be pointed out with reference to line numbers
in Appendix B3.

In lines 145-170, the data is read from the data tape (tape 1) in
units compatible with the length of the records to be stored in mass
storage. These records are available to the program by calling sub-
routine DREAD. Lines 187-205 remove the mean from the data and taper
the data. FOR2D is called in line 209. The remainder of the program
involves frequency averaging, output, and plotting.

The frequency averaging is similar to that described in the
previous section except that even the low frequency portion of the
spectrum is frequency averaged. Since only one segment is run, some
frequency averaging is necessary even in the low frequency portions
in order to obtain acceptable levels of statistical reliability.

The power spectral densities obtained from four different cases
using program EXTCORE are shown in Figure 12. The notation in the
figures indicates how many portions were used to make up the entire

record. The figure in the bottom right utilized a record made up of
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512 parts, each consisting of 1024 data elements. The averaging in

the three shorter cases was such that the bandwidths for all three

were the same. The fourth case (512-1024) used a different scheme of
frequency averaging. The details of the frequency averaging along with
the number of degrees of freedom, and the normalized standard error are
shown in Table 7. This table can be compared with Tables 2 and 4 of
section 4.1. It can be easily seen that as the normalized standard

error decreases, the power spectral density function becomes smoother.

TABLE 7 - EFFECT OF RECORD LENGTH ON POWER SPECTRAL DENSITY
ESTIMATES, EXTERNAL CORE FFT

NUMBER
OF POINTS RANGE OF EFFECTIVE  NUMBER OF NORMALIZED
FREQUENCY  SMOOTHING  BANDWIDTH DEGREES OF  STANDARD

CASE AVERAGED (Hz) (HZ) FREEDOM ERROR
32-1024 8 0-31.25 .244 16 .353
(32.77 SEC) 16 31.25-62.50 .488 32 .250

128 62.50-500.0  3.906 256 .088
64-1024 16 0-15.63 .244 32 .250
(65.54 SEC) 32 15.63-31.25 .488 64 177
256 31.25-500.0 3.906 512 .063
128-1024 32 0-7.81 .244 64 177
(131.07 SEC) 64 7.81-15.63 .488 128 .125
512 15.63-500.0 3.906 1024 .044
512-1024 16 0-1.95 .030 32 .250
64 1.95-21.48 .122 128 .125

(524.29 SEC)
256 21.48-41.02  .488 512 .063

512 41.02-500.0 977 1024 .044
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Table 8 shows the values of the areas under the spectra of
Figure 12. This table is comparable to Table 3 of section 4.1. The
first case (32-1024) shows more variation than any of the other cases
in Table 3 or Table 8, but for many applications this error would be

acceptable.

TABLE 8 - COMPARISON OF INTEGRATED PROPERTIES OF POWER SPECTRAL DENSITY
ESTIMATES, EXTERNAL CORE FFT

©

CASE J F(n)dn
o]

32-1024 .978

64-1024 1.016

128-124 1.009

512-1024 .997

Correlation functions were computed for three of the example cases
and are shown in Figure 13 along with one case calculated with program
SEGEMNT. A trend can be seen in these figures which is similar to that
of Figure 8. As the length of record increases, the correlation at
larger lag times is more nearly zero. The correlations computed using
program EXTCORE all have very much larger record lengths than those
computed using program SEGEMNT. It would be expected that the EXTCORE
correlations would be valid for longer lag times. A listing of the
areas for the three correlations computed is shown in Table 9. 1In all
of the cases, the area to the first zero crossing is comparable to that
for the entire autocorrelation (0-4.096 sec). This agreement is in

contrast with the cases shown in Table 5 for the shorter records of
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program SEGEMNT. This is another example of the effect of record
length on the calculation of autocorrelation functions. There is

fair agreement between the areas out to the first zero crossing in

both cases, and this may be an appropriate choice of area when only a
limited record length is available. Care must be used in using the
area to the first zero crossing, since not all correlations remain

as close to zero as this demonstration case for regions beyond the first

zero crossing.

TABLE 9 - EFFECT OF RECORD LENGTH ON THE AREA UNDER THE
AUTOCORRELATION FUNCTION, EXTERNAL CORE FFT

RECORD AREA TO
LENGTH FIRST ZERO AREA
CASE SECONDS CROSSING 0-4.096 SEC
32-1024 32.77 .0362 .0339
64-1024 65.54 .0378 .0376
128-1024 131.07 .0333 .0350

The costs for the EXTCORE examples are listed in Table 10. These

include the cost of all calculations and plotting.

TABLE 10 - COST FOR TEST CASES PROGRAM EXTCORE.
CENTRAL PROCESSOR COST = $290/hr

DATA LENGTH COST

CASE SECONDS $
32-1024 32.77 12.10
64-1024 65.54 22.59
128-1024 131.07 46.37

512-1024 524.29 210.30
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4.3 Comparison of Program SEGEMNT and Program EXTCORE

Many of the differences between and advantages of segment averaging
and external core approaches are apparent after reading the previous
section. These differences and advantages will be briefly summarized
in order to point out the most significant.

The major advantages of the external core technique are that it
allows a greater frequency range in the spectrum and provides an
autocorrelation function which is valid at relatively long lag times.
The advantage of being able to obtain more points at low frequency in
the spectrum is offset somewhat by the need to perform some type of
smoothing in order to obtain a statistically reliable value. For the
external core case, the smoothing will be accomplished using frequency
averaging which will reduce the number of data points available at the
low frequency end of the spectrum.

The autocorrelation which may be obtained using the external
core technique is of higher quality at higher lag times than the
autocorrelation which may be obtained using segment averaging. This
increase in quality is obtained at a corresponding increase in cost
of computer time. This extra cost may be necessary if an accurate
measure of integral scale is desired. The integral time scale and the
low frequency end of the power spectral density are directly related,

®
(F(0) = 4 f R(t)dt), and if the low frequency end of the spectra has
a standardoerror of .5, there can be up to 50 percent error in the
integral scale.

The major advantage of segment averaging is cost. In all cases,

comparable quality power spectral densities can be obtained (based on
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normalized standard error) for from 1/3 to 1/8 the cost using segment
averaging instead of external core techniques.

The core requirements for each case are comparable based on the
array sizes used in the example programs. Changing array sizes in
either of the programs would have an effect on the core required, but a
comparable change would have to be made to both programs and the core
requirements would still be comparable.

A general guideline in selecting a technique would be to use
segment averaging unless a special requirement exists which requires

the external core technique.

5. TWO CHANNEL CALCULATIONS--CROSS-SPECTRAL DENSITIES AND CROSS-
CORRELATIONS

Some applications require information concerning the relationship
between two time series in either the frequency or time domains. Once
the techniques described in the previous sections are understood, the
computation of functions describing these relationships can be readily
accomplished. Most computations of multichannel functions begin with
a cross-spectral density function, a complex quantity. Once the cross-
spectral density function is obtained, a number of additional quantities
can be computed. A brief discussion of some of these functions can be
found in Bendat and Piersol (1), pp. 25-34.

The equation for the cross-spectral density of two time series
x(t) and y(t) is given by the equation ny(fn) = %-X*(fn) Y (fn)'
(X* is the complex conjugate of the transform of the x(t) time series.)
Thus, once the transforms of two simultaneous time series are available,

the cross spectral density, and any other related quantities may be

computed. As brief examples of both computation and averaging



26

techniques, programs which compute a coherence function and a
cross-correlation coefficient will be discussed.

The two most important aspects of these programs are the
techniques of data storage and averaging. The data storage is common
to both programs and will be explained with reference to PROGRAM
CSPECT2 (Appendix B4). The single channel transforms have been com-
puted and are stored on a master data tape (tape 2) as separate files,
with each segment a separate record (logical record) of the file. The
input portion of the program (lines 90-105) reads each file from
tape 2 and stores them on tape 3 and tape 4 for X(fn) and Y(fn)
respectively. All reads and writes are done using unformatted binary
reads and writes. The use of this type statement instead of a format-
ted read or write results in savings of from 50 percent to 90 percent
in the required computer central processor costs.

As shown in previous sections, some method of averaging will be
required to obtain statistically reliable estimates. In the examples
segment averaging is used as the primary method. It is necessary to
segment average the cross-spectral density function and not the single
channel transforms. Therefore, in lines 110 and 111 the single channel
transform for each segment is read and the segment averaged cross-
spectral density function is computed. In the calculation of the
coherence function (lines 113-130) the cross-spectral density is also
frequency averaged prior to the final calculation of the coherence
function (lines 138-156).

A second example program which calculates a cross-correlation
function (PROGRAM CSPECT3) is listed in Appendix B5. The input and

smoothing sections of this program are the same as those in CSPECT2.
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The cross-correlation is obtained from an inverse fourier transform of
the cross-spectral density function. A segment averaged cross-spectral
density is computed in lines 106-113 and reflected in lines 117-122.
The cross-spectral density is reflected such that the real part is

an even function and the imaginary part an odd function. The reflected
cross-spectral density is transformed in line 126 to obtain a cross-
correlation coefficient, The cross-correlation coefficient can be
calculated directly from the time series, and a comparison of a direct
computation and a FFT computation is shown in Figure 14. The two
results are virtually identical.

This brief section shows just two of the many cross-channel
computations possible. Costs of the different calculations will vary
with the application and no definite guidelines can be stated. The
two most important aspects of cross-channel calculations are
(1) use of binary write and read statements (2) averaging the cross-

spectrum and not the single channel transforms.
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APPENDICES

SUBROUTINE FOURT
IBM contributed Program No. 3600-13.4001

SUBROUTINE FOR2D
IBM contributed Program No. 3600-13.4006

PROGRAM CHECK

PROGRAM SEGEMNT
PROGRAM EXTCORE
PROGRAM CSPECT2

PROGRAM CSPECT3
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SUBROUTINE FOURT(DATAsNNINNIMe ISIGNSIFORMyWORK) FFTTON00
FFTT0010
THE COOLFY-TUKEY FAST FOURTER TRANSFORM IN USASI BASIC FORTRAN FFYTOL20
FFTT0030
TRANSFORM (K1 9K20see) = SUM(DATA(ULl 0U29e0e) *EXP(ISIGN#24PI#SQQT (~1)FFTT0040
#((J1=1)#(K1=1)/NN(]1)+(J2=1)#(K2=1)/NN(2)+aes)))a SUMMED FORP Al L FFTT00S0

Jle K1 PETWEFN 1 AND NN(1)y J2e K2 HETWEEN 1 AND NN(2}s FTC, FFTT0060
THERE IS NO LIMIT TO THE NUMRER OF SURSCRIPTS., ©0ATA IS A FFTTO0O0T70
MULTTIDIMFNSTIONAL COMPLEX ARRAY WHOSE RFAL AND IMAGINARY FFTTNORO
PARTS ARE ADJACENT IN STORAGFe SUCH AS FORTRAN IV PLACES ThEMm, FFTYTNN90
IF ALL IMAGINARY PARTS ARE ZERO (DATA ARE DISGUISEDN REAL)s SFT FFTT0100
IFORM TO ZFRO TO CUT THE RUNNING TIME RY UP TO FORTY PERCENT, FFTTO0110
OTHERWISEs IFORM = +1, THF LENGTHS OF ALL DIMENSIONS ARE FFTT0120
STORED IN ARRAY NNs OF LFNGTH NDIM, THEY MAY RE ANY POSITIVF FFTTN130

INTEGERSe THO THF PROGRAM RUNS FASTER ON COMPOSITE INTEGERSe AND  FFTT0140
ESPECIALLY FAST ON NUMREPS RICH IN FACTORS OF TwO. 1ISIGN IS +] FFTTO01S0
OR =1. TIF A -1 TRANSFORM TS FOLLOWED BY A +]1 ONF (OrR a +] FFTTO0160
BY A =1) THE ORIGIMAL DATA KEAPPEAR. MULTIPLIED RY NTOT (=NN(1)# FFTTO170
NN(P2)#,.,.)e THRANSFORM VALUES ARE ALWAYS COMPLEXs AND aRE RETURNEDFFTTNLAQ

TN ARRAY DATA. REPLACING THE INPUT. 1IN ADDITIONs IF ALL FFTT0190
DIMENSIONS ARE NOT POWERS OF TwOs ARRAY WORK MUST RE SUPPLIED, FFTT0700
COMPLEX OF LENGTH EQUAL TO THE LARGEST NON Z2##K DIMENSIOWN, FFTTN210
OTHERWISEs RFPLACE WORK RY ZERO IN THE CALLING SEQUENCFE. FFTYT0220
NORMAL FORTRAN DATA ORNERING IS EXPECTFDs FIKST SURSCRIPT VARYING FFTT0230
FASTEST, ALL SURBRSCKRIPTS BFGIN AT ONF, FFTT0240

FFTT0250
RUNNING TIME IS MUCH SHORTFR THAN THE NAIVF NTOT##2, BEING FFTT0260
GIVEN RY THF FOLLOWING FORMULA., DECOMPOSE NTOT INTO FFTT0270
2HEK2 B BRI # SRUKS # ,,,. LET SUMZ2 = 2#K24¢ SUMF = 3#K3 + 5#K& FFTT0280
* see AMD NF = K3 + K5 + o.eee THE TIMF TAKEN RY A MULTI- FFTT0230
DIMENSTIONAL TRANSFORM ON THESE NTOT DATA IS T = T0 + NTOT#(Tl+ FFTT0300
T2#SUM2+T3#SUMF+T4#NF) . ON THE CDC 3300 (FLOATING POINT ADD TIME FFTTN310
OF SIX MICROSECONDS)s T = 3000 + NTOT#(500+43#SUM2+6R#SUMF + FFTT0320
320%NF) MICROSECONDS ON COMPLEX DATA, IN AODITIONs THE FFTT0330
ACCURACY IS GREATLY IMPROVE(D AS THE RMS RELATIVE ERROR IS FFTT0340
BOUNDED RY 3#2## («R)#SUM(FACTOR(J) ##]1.,5)« WHERE R IS THF NUMRER FFYT0350
OF RITS IN THE FLOATING POINT FRACTION AND FACTOR(J) ARE THE FFTT0360
PRIME FACTORS OF NTOT, FFTTN0370

FFTT03R0
PROGRAM RY NNRMAN RRENNEP FROM THE BASIC PROGRAM BY CHARLES FFTT0390
RADFR., RALPH ALTER SUGGFSTED THE IDEA FOR THE DIGIT RFVERSAL. FFYT0400
MIT LINCOLN LARORATORYs AUGUST 1967, THIS IS THE FASTFST AND MOSTFFTT0410
VERSATILF VERSION OF THE FFT KNOWN TO THF AUTHOR, SHORTER PRO- FFTT0420

GRAMS FOUR1 AND FOUKRZ2 RESTRICT DIMENSION LENGTHS TO POWERS OF TWOL.FFTT0430
SEE-- IFEE AUDIO TRANSACTIONS (JUNE 19A7)e SPECIAL ISSUE ON FFT, FFTT0440

FFTT0450
THE NISCRETF FOURIER TRANSFORM PLACES THREE RESTRICTIONS UPON THF FFTT0460
DATA. FFTT0470

1. THE NUMRER OF INPUT DATA AND THE NUMBER OF TRANSFORM VALUES FFTT04R0
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MUST BF THE SAME,

2. ROTH THF INPUT NATA AND THE TRANSFORM VALUFS MUST REPRESENT
EQUISPACFD POINTS IN THETR KESPECTIVF DOMAINS OF TIME AND
FREQUENCY, CALLING THESE SPACINGS DELTAT aAND DELTAFs IT MUST RE
TRUFE THAT DELTAF=2#PI/ (NN(T)#DELTAT). OF COURSEe NELTAT NEED NOT
RE THE SAME FOR EVERY DIMENSION,

FFTT0490
FFTT0500
FFTTO0510
FFTTNS20
FFTTNS30
FFTT0540

3. CONCFPTUALLY AT LEASTs THE INPUT DATA AND THE TRANSFORM OQUTPUTFFTTO0S550

REPRESFNT SIMGLE CYCLES OF PERIODIC FUNCTIONS,.

EXAMPLE 1., THREE-DIMENSTIOMAL FORwARD FOURIER TRANSFORM OF A
COMPLEX ARRAY DIMENSIONED 32 BY 25 HY 13 IN FORTRAN 1V,
DIMENSION DATA(32+425¢13) ¢WNRK(50) sNN(3)

COMPLEX DATA

DATA NN/3242%413/

DO 1 I=1432

DO 1 J=1e2%

DO 1 K=1s13

DATA(IeJeK)=COMPIEX VALUF

CALL FOURT(DATAINNe3e-191eWORK)

EXAMPLE 2., ONE=-DIMENSIONAL FORWARD TRANSFORM OF A REAL ARRAY OF
LENGTH 64 IN FORTRAN I1.

DIMENSION DATA(2+64)

DC 2 I=leha

DATA(le1)=REAL PART

DATA(2+T)=0,

CALL FOURT(DATAsH4s]1s~10e040)

DIMFNSION DATA(L)eNM{1)eIFACT(32) 9WORK (1)
WR = 0,0

wl = 0,0

WSTPR = 0,0

wWSTPTI = 0,0
TwOPI=6,2831R5307
IF(NNIM=1)92Ne10l
NTOT=2

DC 2 INIM=1eNDIM
IFA(NNIIDIM) 1920092042
NTOT=NTOT#NN(INIM)

MAIN LOOP FOR EACH DIMFNSION
NP1=?

DO 910 INIM=1.NDIM
N=NN(IDIM)

NP2=NP1#N

IF (N=1)620+900+5

FACTOR M

M=N

FFTT0560
FFTT0S70
FFYTOS540
FFTT0590
FFTT0600
FFTTO0610
FFTT0620
FFTT0A30
FFTT0640
FFTT065%0
FFTT0660
FFTT0670
FFTT06R0
FFTT06%0
FFTT0700
FFTT0T710
FFTT0720
FFTTOT730
FFTT0740
FFTTO0T%0
FFTTOT760
FFTTOTT70

FETTOTH0
FFTT0790
FFTT0%00
FFTT0410
FFETT0R20
FFTT0R30
FFTTN/40
FFTTORS0
FETTOB60
FFTTORTO
FFTT0880
FFTT0890
FFTT0900
FFTT0910
FFTT0920
FFTT0430
FFTT0940
FFTT0950
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10

11
12

20
30

31
32

»
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g
-0
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<

71

73

74

NTwO=NP1

IF=1

IDIv=2
IGUOT=M/IDIV
TREM=M~IDIV#TQUOT
IF(IQUOT~IDIV)®0e11s11
IF(IREM)20+12+20
NTWO=NTWO+NTWO
M=TQUOT

60 T0n 10

INIv=3
IQUOT=M/IDIV
IREM=M=INIV#TIQUOT
IF(IQUOT=-IDIVIAD31e31
IF(IREM) 40432440
IFACT(IF)=1IDIV
IF=1F+1}

M=TQUOT

GO 10 30
INIV=IDIV+2

GO T0 30
IF(IREM)AD 95160
NTWO=NTWO+NMTWN

G0 T0 70
IFACT(IF)=M

SEPARATF FOUR CASES--

1. COMPLEX TRANSFORM OR REAL TRANSFORM FOR THF 4TH. STHWFTC,
DIMENSTONS,

2. RFAL TRANSFQOR™ FOR THE 2ND 0OF 3RD NDIMENSTION, METHOD ==
TRANSFNRM HALF THE NDATAe SUPPLYING THE OTHFR HALF RY CON-
JUGATE SYMMETRY,

TRANSFORM HALF ThHE DATA AT EACH STAGFs SUPPLYING THE OTHFR

3. RFAL TRANSFORM FOR THE 1ST DIMENSIONe N ODDy  WMETHOD=-
HALF RY CONJUGATF SYMMETRY,

4, REAL TRANSFORV FOR THE 1ST DIMENSJONs N FVEN, METHOD=-
TRANSFNORM A COMPLEX ARRAY OF LENGTH nN/2 wHOSF REAL PARTS
ARE THF EVEN NUMREREN REAL VALUES AND WHOSF TMAGINARY PARTS
ARE THF OND NUMHERFD REAL VALUES., SFPAKATE aAMD SUPPLY
THF SECOMD HALF RY CONJUGATE SYMMETRY,

NONZ=NR1# (NP2/NTWO)
ICASF=1
IF(INIM=4)T1e9009C
IF(IFORM)I 7247290
TICASF=2
IF(INIM=1)73+73+90
JCASF=3

IF (NTWO=NP1) 909074
ICASE=4

NTWO=NTWwO/2

FFTT0360
FFTT0970
FFTTOSRO
FFTT0990
FFTT1000
FFTT1010
FFTT1020
FFTT1030
FFTT1040
FFTT1050
FFTT1U060
FFTT1070
FFTT10R0
FFTT1090
FFTTI100
FFTT1110
FFTT11720
FFTT1130
FFTT1140
FFTT11%0
FFTT11e0
FFTT1170
FFTT1180
FFTT1190
FFTT1200
FFTTI210
FFTT1220
FFTT1230
FFTT1240
FFTT1250
FFTT1260

FFTT1290
FFTT12R0
FFTT130G
FFTT1310
FFTT1320
FFTT1330
FFTT1340
FFTT1350
FFTT13A0
FFTT1370
FFTTI3RO
FFTT1390
FFTT1400
FFTT1410
FFTT1470
FFTT1430
FFTT1440
FFTT1450
FFTT1460



80
90

120

125
130
140
145

50

OO OO~

310
320

330

N=N/?

NP2=NP2/?
NTOT=NTQT/?
1=3

NO RO J=2NTNT
DATA(J)=DATRA(])

I=1+2

11RNG=NPY
IF(ICASF=2)100«9%4]100
T1IRNG=NPO# (1 +NPREV/?)

SHUFFLE ON THE FACTORS OF TwD IN N, AS THE SHUFFLING

CAN RE DONE RY SIMPLE INTFHCHANGEs NO WORKING ARRAY 1S NEEDED

IF(NTwWO=-NP1)6009600+110

NP2HF=NP2/2

J=1

DC 150 72=1sNP2sNONZ
IF(J=12)12041300130
TIMAX=I2+NON2~2

DO 125 Il=12+11MAXW2
DO 125 I3=114NTOTeNPZ
J3=g+13~-12
TEMPR=DATA(IR)
TEMPI=DATA(I3+1])
DATA(IZ)=DATA(J3)
DATA(I3+1)=0AaTA(J3+1)
NATA(J3)=TEMPH
DATA(J3+]1)=TEMPT
M=NP2HF

IF(J=M) 1504150145
JEJeM

mM=M/2

IF(M=NONP?) 15041404140
JEJdeM

MAIN LOOP FOR FACTORS OF TwO,
LENGTH FOURs wITH ONE OF LFENGTH TWw( IF NEEDED.
WZEXP (ISTIGN#2#PIH#SOKRT (=1) #M/ (4#MMAX) ),

PERFORM FOURIFKR TRANSFQRMS OF

AND PEPFAT FOR W=]SIGN#SGRT (=1) #CONJUGATFE (W),

NON2T=NCN2+NON2
IPAR=NTWO/NP]
IF(IPAR=2)350+33043720
IPAR=]IPAR/G

GO Tn 310

D0 340 T1=1411PNGe2Z
DC 340 J3=T1+NON2eNFPL

DC 340 K1=J3+NTOTeNONZT

K2=K1+NONZ
TEMPR=DATA (K2)

FFETT14T0
FFTT14R0
FFTT1490
FFTT1500
FFTT1510
FFTT1520
FFTT1530
FFTT1540
FFTT15%0
FFTT1560
FFTT1H70
FFTT15R0
FFTT1590
FFTT1A00
FFTT1610
FFTT1A20
FFTT1A30
FFTT1h4n
FFTT16%0
FFTT1660
FFTT1670
FFTT1ARD
FFTT1690
FFTT1700
FFTT1710
FFTT1720
FFTT1730
FFTT1740
FFTT1750
BFFTT1760
FFTT1770
FFTT1780
FFTT1790
FFTT1IR00
FFTT1KX10
FFETT1K20
FFTYT1I®30

THF TWIDDLE FACTORFFTT1840
CHECK FOR wWw=ISIGN#SORT (=1)FFTT1850

FFTT1ARAD
FFTT1R870
FFTT18R0
FETTIAY0
FFTT1900
FFTT1910
FFTT1920
FFTT1930
FFTT1940
FFTT19%0
FFTT1960
FFTT1970

LY



340
350
360
370

380

390
400

405

410

420

430
440
450

460

470

475

480

TEMPI=DATA(K2+1)
DATA(K2)=DATA(K]1)=TFMPR
DATA(K2+41)=DATA(K1+]1)=TEMPT
NATA(K1)=DATA(K]) +TFMPR
NATA(KL+))=DATA(KL+))+TEMPT
MMAX=NON?

IF (MMAX=NP2HF)3709600+A00
LMAX=MAXO (NON2T s MMAX/2)

IF (MMAX=NONZ) 40544054 350
THETA==TWOPI#FL OAT (NON?) /F| OAT (45MMAKX)
IF(ISIGN)40043904390
THETA==THETA

WR=COS(THETA)

WI=SIN(THETA)

WSTPR==2  #WI#wW]

WSTPI=2 ,#WR*W]

D0 870 L=NONP+LMAXNONPT
Mz |

IF (MMAX=NON2) 42044204410
WZRzWREWR=WI#WT

W2I=2 #wWR#W]
W3I=W2RHWI+W2 [#WR
W3R=W2R4#WR=-W2I#W]

N0 530 11=1+T1RNGs?2

N0 530 J3=I1«NMONZ2eNP]
KMIN=JR+IPARSM

IF (MMAX=NMON2) 4304309440
KMIN=U3

KNIF=IPAR#MMAX

KSTFP=4#KDIF

DO 520 K1=KMININTOT«KSTEP
KZ2=K1+KDIF

K3=K2+KDIF

K&4=K3+KDIF

IF (MMAX=NOM2) 460+¢46034R0
UIR=NATA (K1) +DATA(K2)
UlTI=DATA(K1+1)+DATA(KZ+])
UZR=NATA(K3) +DATA(K4)
U2I=NATA(K3+1)+DATA(K4+])
U3R=NATA(K1)-DATA(KZ2)
U3I=DATA(K1+1)=-DATA(K2+1)
IF(ISIGN)4T044T754475
U4R=NATA(K3I+1)-DATA(K4+])
U4TI=NATA(K&)=-DATA(KI)

GO T0O 510
U4R=NATA(K4+1)=-DATA(K3+1)
U4I=DATA(K3)-DATA(K4)

GO TO 510

T2R=W2R#DATA (K2)-w2I#DATA (K2+1)
T2I=wW2R#NATA (K2+41) +W21#DATA(K?)
T3R=WR#DATA(K3)-WwI#NDATA(K3+])

FFTT19#O0
FFTT1990
FFTT2000
FFTT?2010
FFTT2020
FETT2030
FFTT2040
FFTT2050
FFTT2060
FETT?070
FFTTZ0R0
FFTT?20990
FFTT2100
FFTT2110
FFTT2120
FFTT2130
FFTT2140
FFTT21%0
FFTT2160
FFTT2170
FFTT2180
FFTT2200
FFTT2190
FETT2210
FFTT2220
FFTT2230
FFTT2240
FETT2250
FFETT2260
FFTT2270
FFTT?250
FFTT220G0
FFTT2300
FFTT2310
FFTT2320
FFTT2330
FFTT2340
FFTT2350
FFTT?360
FFTT?370
FFTT23R0
FFTT?2390
FFTT2400
FFTT2410
FFTT2420
FFTT2430
FFTT2440
FFTT?4%0
FFTT2460
FFTT2470
FFTT2440

14



490

500

510

520

530

540

550

560
565

570

FOOOOOO

T3I=wRH#DATA(K3+1)+Wi#DATA(K3)
T4R=W3R#NATA(KSLG) ~Ww3T#DATA(K4+])
TOI=W3RH#DATA (K4 +]1) +w3I#DATA (K4)
UIR=NATA (K1) +T2R
ULTI=DATA(K1+1)+T2I

UZR=T3R+T4R

LUP2T=T31+T41

U3R=NATA(K]1)=T2R
U31I=NATA(K]1+1)-T2I

IF(ISIGN) 49045004500

U4R=TII~-T4]
U4TI=T4R=-T3R

GO TO 510

U4R=T41~-T31
U4I=T3R~-T&R
DATA(K1)=Ul1R+U2ZR
DATA(K1+1)=UYI+U2I
DATA (K2)=U3R+U4R
DATA(KZ+1)=U31+U4]
DATA(K3)=UlRr=U2ZR
DATA(K3+1)=UlI=-U21
DATA (K&)=UIR=U4R
DATA(K&4+1)=U3T=U4]
KMIN=4# (KMIN=J3) +J3
KNIF=KSTEP
IF(RDIF=NP2)450+5304530
CCNTINUF

MzMMA X =M
IF(ISIGN)ISA045504550
TEMPR=WR

WR==-WI

wI==-TEMPR

GC TO 560

TEMPR=WR

WR=WT

WI=TFMPR
IF(M=LMAX)})5654565+410
TEMPR=WR
WHR=WRHWSTPR=WI#WSTPI +wpR
WI=WI#WSTPR+TEMPR#WSTPTI+vW]
IPAR=3=1PAR

MMAX=MMAX +MMAX

GO TO 360

MAIN LOOP FOR FACTORS NOT FWUAL TO TwO,.
W=EXP (ISTIGN#2#PT#SORT (=1)# (J2=1)#(J1=-J2)/(NPR2#IFPL1)),
PERFORM A FOURIER TRANSFORM OF LENGTH IFACT(IF)s MAKING USE NF

CONJUGATF SYMMETRIES.,

IF INTWO-NP2) 6054700700

aPPLY THE TwIDODLE FACTOP

FFTT2490
FFTT2500
FETT2510
FFTT2520
FFTT2530
FFTT2540
FFTT2550
FFTT2560
FETT2570
FFTT2580

FFTT2590
FFTT2600
FFTT2610
FFTT?2620
FFTT2630
FFTT2640
FFTT2650
FFTT2660
FFTT26T0
FFTT?680
FFTT2690
FFTT2700
FFTT2710
FFTT2720
FFTT2730
FFTT2740
FFTT2750
FFTT2760
FFTT?2770
FFTT2780
FFTT2790
FFTT2800
FFTT2810
FFTT2820
FFTT2830
FFTT2840
FFTT2450
FFTT2360
FFTYT25T0
FFTT23R0
FFTT28G0
FFTT2900
FFTT?2910
FFTT2920
FFTT2930
FFTT2940
FFTT29%0
FFTT2960
FFTT2970
FFTT2330
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605

611

612

61%

620
625

630
635
640

645
650

1IFP1=NON2

IF=1

NP1HF=NP1/2
IFP2=IFPY/IFACT(IF)
J1RNG=NP2
IF(ICASF~3)h12+¢6114617
JIRNG= (NP2+IFP1) /2
JZ2STP=NP2/IFACT (IF)
JIRG2=(U2STP+IFP2) /2
JOMIN=]1+IFP2
IF(IFP1=NP2)615+6404640

DO 635 J2=JdP?MINsIFPl.IFP?
THETA==TWOPI#FLOAT (J2~1) /FLOAT(NP2)
IF(ISIGN) 62546204620
THETA==THETA
SINTH=SIN(THFTA/Z2,)
WSTPR==2 ,#SINTH#SINTH
WSTPI=SIN(THFTA)
WR=WSTPR+],

wi=wSTPI

JIMIN=J2+1FP]

DO 635 JUI=JIMINCJIRNGTFP]
I1IMAX=J1+11RNG=2

DO A30 I1=UleIlMAX,?

DO 630 T13=T1.NTOTWNP2
JIMAX=T3+TFP2=NP]

NO A30 U3=134J3IMAXNF]
TEMPR=DATA (J3)
DATA(J3)=DATA(J3) #wH=DATA (J3+1)%#w]
DATA(J3+1)=TEMPR&#WI+DATA(J3+1) #wR
TEMPR=WR
WH=WR*WSTPR-WI#WSTPI +wi
WI=TFMPREWSTPI+WISWSTPR+W]
THETA==TWOPT/FLOAT(IFACT(IF))
IF(ISIGN)BS0+6454+645
THETA=-THETA
SINTH=SIN(THFTA/2,)
WSTPR==2  #STNTHH#SINTH
WSTPI=SIN(THFTA)
KSTFP=24#N/IFACT(IF)
KRANG=KSTEP# (IFACT(IF)/2)+1
NG A8 T1=1e11RNGe2Z

DO 698 I3=I1eNTOTWNPZ

N0 690 KMIN=1+KRANGKSTEP
JIMAX=T13+J1RPNG-IFP]

N0 680 U1=T3.JIMAXSIFP1
JIMaxX=J1+IFP2~-NP]

DO 680 J3A=JleJ3IMaXaNP]
JZMAX=J3+IFPL1-TFP2

K=KMIN+ (J3=Jl+(J1=-13)/IFACT(IF))/NPINF
IF (KMIN=1) 65596554665

FETT2990
FETT3000
FFTT3010
FFTT3020
FFTT3030
FFTT3040
FFTT3050
FFTT3060
FFTT3070
FETT3080
FFTT3090
FFTT3106
FFTT3110
FFTT3120
FFTT3130
FFTT3140
FFTT3150
FFTT3160
FFTT3170
FFTT3180
FFTT3190
FFTT3200
FETT3210
FFTT3220
FFTT3230
FFTT3240
FFTT3250
FFTT3260
FFTT3270
FFTT32R0
FFTT3290
FFTT3300
FFTT3310
FFTT3320
FFTT3330
FETT3340
FFTT3350
FFTT3360
FFTT3370
FFTT3300
FFTT3390
FFTT3400
FFTT3410
FFTT3420
FFTTI430
FFTT3440
FFTT3450
FFTT3460
FFTT3470
FFTTA4R0
FFTT3490
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655

660

665

670

675

680

85

686

690

691
692

693

SUMR=0,

SumMr=0,

N0 660 J2=U3+J2MAXs[FP?
SUMR=SUMR+NATA (J2)
SUMI=SUMT+DATA(J2+1)
WORK (K ) =SUMR

WORK (K+1)=SUMI

GO TO 680

KCONJ=K+2# (N=KMIN+1)
J2=J2oMAX

SUMR=DATA (U2)

SUMTIZDATA (J2+1)

OLDSR=0,

oLDST=0,

Je=J2-1FpP2

TEMPR=SUMR

TFMPI=SUMI
SUMR=TWOWR#SUMR=0LDSR+NATA (J2)
SUMT=TWOWR#SUMI=0LNSTI+DATA(J2+1)
OLDSR=TFMPK

OLDSI=TEMP]

Je=Jz2=1FpP2
IF(J2=U3)675+46754670
TEMPR=WR#SUMR=0OLNSR+NDATA (J?)
TEMPTI=WI#SUMI

WORK (K)=TEMPR=-TEMP]

WORK (KCONJ)=TEMPR+TEMP]
TEMPR=WR#SUMI~-0LDSI+NATA (JP+1)
TEMPI=W]#SUMR
WORK(K+]1)=TEMPR+TEMPT

WORK (KCONJY+]1)=TEMPR~TEMP]
CONTINUF
IF(KMIN=-1)6R5+6854+686
WR=WSTPR+]1,

wi=WwSTPI

GO TO 690

TEMPR=WR
WH=WR#WSTPR=WI#WSTP]I +wR
WIZTEMPR#WSTPI+WI#WSTPR+W]
TWOWR=WR +WR
IF(ICASE=3)6Q2+69]1 4692
IF(IFP1=NP2)69%+¢692+¢692
K=1

I12MaAX=]3+NP2=NP1

DC 693 12=13+12MAXeMP]
NATA(I2)=wORK (K)
DATA(I2+))=WORK(K+1)

K=K+?

GO TO 69R

COMPLETF A RFAL TRANSFORM TN THE 1ST DIMFNSION,

N 0DD,

RY CON-

FFTT3500
FFTT3510
FFTT3520
FFTT3530
FFTT3540
FFTT3550
FFTT3560
FFTT3570
FFTT35R0
FFTT3500
FFTT2600
FFTT3610
FFTT3520
FFTT3630
FFTT3640
FFTT3550
FFTT3660
FFTT3670
FFTT3680
FFTT3690
FFTT3700
FFTT3710
FFTT3720
FFTT3730
FFTT3740
FFTT3750
FFTT3760
FFTT3770
FFTT3780
FFTT3790
FFTT3800
FFTT3810
FFTT3820
FFTT3R30
FFTT3840
FFTT3450
FFTT386A0
FFTT3870
FETT38R0
FFTYT3RA(
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695

696

697
698

OO0

T01

702
703

710

720

JUGATE SYMMETRIES AT EACH STAGE.

J3MAX=T3+1FP2=NP]

NC 697 U3=I34J3MAX NP
JZMAX=J3+NP2=U2STP

NO 697 J2=JU3+J2MAXe J2STP
JIMAX=2+J1RG2=-IFP2
JICNJ=J3+J2MAX+J2STP~ 2
DO 697 J1=J2sJIMAXsTFP?
K=l+J1=-1I2
DATA(J1)=WORK (K)

DATA (J1+1)=WORK(K+1)
IF(J1=J2) 6974657 +696
DATA (JICNJ) =WORK (K)
DATA(JICNJ+1)==WORK (K+1)
JICNJ=J1CNJ-TFP2
CONTINUF

IF=1F+1

IFP1=1FP2
IF(IFP1=-NP1)7004700+610

COMPLETE A RFAL TRANSFORM IN THE 1ST DIMENSIONs N FVENe HY CON=-
JUGATE SYMMETRIES.

GO TO (900+800+4900+701)+7CASF
NHALF=N

N=N+N

THETA==TWOPI/FLOAT (N)
IF(ISIGN)T0347024702
THETA==THETA
SINTHESIN(THETA/Z2,.)

WSTPR==2 #SINTH#SINTH
WSTPI=STM(THETA)

WR=WSTPR+]1,

WI=dSTPT

IMIN=3

JMIN=2H#NHALF~]

GO T 72%

JEJUMIN

DO 720 I=IMINSNTOTNP2

SUMR= (DATA(I)+DATA(J)) /2,
SUMI=(DATA(I+1)+DATA(U+1)) /2.
DIFR=(DATA(T)=DATA(U)) /2,
DIFI=(DATA(I+1)=DATA(J+1)) /2,
TEMPR=WR#SUMTI+WI#DIFR
TEMPI=w#SUMI=-WR#DIFR
DATA(I)=SUMR+TEMPR
DATA(I+)1)=DIFI+TFMPT

NATA(J) =SUMR=TEMPR
DATA(J+1)==DIFI+TEMP]

J=Jd+NP?2
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T45

750

755
760

76%

T70

775

780

OO

00
805

810
820
830

IMIN=IMING?

JMINSUMIN=-2

TEMPR=WR
WR=WR*WSTPR-WIH#WSTPI +wR
WIZTFMPRH#WSTPI+WI*WSTPR+w]
IF(IMIN=UMIN)T710+4730+4740
IF(ISIGN) 73147404740

NO 735 I=IMININTOT+NP?2
DATA(I+1)==DATA(I+1)
NP2=NP2+NP2
NTOT=NTOT+NTOT

J=NTOT+1

IMAX=NTOT/2+1
IMIN=IMAX=P#NHALF

I=IMIN

GO T0 755
DATA(J)=DATA(D)
DATA(J+1)==NATA(I+]1)
I=1+2

J=J=-2
IF(I=-IMAX)T509760+760
DATA(J)=DATACIMIN)=NATA(IMIN+])
NDATA(J+1)=0,
IF(I=-J)T770+7B0+780
DATA(J)=DATA(I)
DATA(J+1)=DATA(TI+])
I=1-2

JEJd=-2
IF(I=-IMIN)TTRsTT54765
DATA(JI=DATA(IMIN) +DATA(TMIN+1)
DATA(J+1) =0,

IMAX=IMIN

GO TO 74%
DATA(1)=DATA (1) +DATA(2)
DATA(2) =0,

GO TO 900

COMPLETE A RFAL TRANSFORM FOR THE 2ND NR 3RD DIMENSION HY
CONJUGATE SYMMETRIFS,

IF(I1RNG=NP1)B05+900+500
DO RA0 I3=1«NTOTINP2
I2MAX=13+NP2-NP1

N0 RAD I2=T13412MAXINP]
IMIN=]2+T1RNG
IMAX=I2+NP] =2
JVAX=2#]3+NP1~IMIN
IF(12-13)820+8204810
JMAX=JMAX +NP2
IF(INIM=2)R50sRS50+4830
JEJUMAX+NPO
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a40)
850

R60

900

910
920

DO B840 I=IMINeIMAX,Z
DATA(I)=DATA (J)
DATA(I+1)==DATA(J+1)
J=J=-2

J=JMAX

DO BA0 I=IMINsIMAXINPN
DATA(I)=DATA (J)
DATA(I+]1)==DATA(J+])
J=Jd=~NPQ

END OF LOOP ON EACH DIMENSTON

NPO=NP1
NP1=NP?2
NPRFV=N
RFTURN
END
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SUBRNUTIME FORZD (IDATAeNNDTIMeISIGNs IFORMsWORKeNELEM)

FORZ2N COMPUTES A DISCRFTF FUURIER THANSFORM HY THF COOLEY-TUKEY
ALGORITHM, THF ARRAY IS COMPLEXs MULTI=-DIMENSTONAL AND KEPT OM
DIRECT ACCESS STORAGE, THE NUMRER OF DATA IN FACH DIMENSION MUST
BE A POWFR OF TW0. RUNNING TIME IS PROPORTIONAL TO NTOT®
LOG2(NTOT) s wHERE NTOT 1S THE TOTAL NUMBFR OF NDATA, ORDINARY
FCURTER TRANSFORM PROGRAMS RUN IN TIME NTOT##2, THE TRANSFORM

IS DONE IN=~PLACE ON THF DIRECT ACCESS STORAGEs AND AS MUCH OF THF
TRANSFORM AS POSSIBLE 1S DONF IN CORE, ENTIRELY IN-CORF

PROGRAMS ARE ALSO AVAILARLFE (FOUR1ls FOURGs FOQUR? AND FOURT).

WRITTEN RY NORMAN RRENNERs MIT LINCOLN LABORATORYs SEPTEMBER 1968,

SEE===IFFE AUDTO TRANSACTIONS (JUNF 1967)s A SPECIAL ISSUE ON THE
FAST FOURIER TRANSFORM,

DIMENSION DATA(N(L) eM(P)vaeesN(NDIM)) e TRANSFORM(N(1) saeesNI{NDIM))
COMPLEX NDATAs TRANSFORM

DIMENSTION N(NDTM)

TRANSFORM (K1 aK29eee) = SUM(DATA(ILeUd29eee) HFEXP(ISIGN#2#PT#] %
((J1=1)#(K1=1)/N(L1)+(J2=1)#(K2=1)/N(2)+aee)))s SUMMED FOR ALL

Jl FROM 1 TO N(l)s J2 FROM 1 TO N(2)e FTCes FOR ALL K1 FROM 1

TO N(1)e K2 FROM 1 TO N(2)e ETCes UP TU N(NDIM), NNIM IS
UNLIMITED, IF A SET OF NATA ARE TSIGN = =1 TRANSFORMED AND THEN
THE TRANSFORM VALUES +1 TRANSFORMED (0P VICE VFRSA) THF RESULTS
WILL RE THE ORIGINAL DATAs MULTIPLIED RY NTOT = N(1)#.,.#N(NDIM),

IFORM MUST FQUAL 1. FUTURF VERSIONS OF FOwZD WwILL MAKE USE 0F IT,

DATA ARF STORED ON DIRFCT ACCESS STORAGE IN FLLE NUMRBER INDATA.
RROKFEN INTO RECORDS OF LFNGTH NELEM COMPLEX ELEMENTS (NELEM MUST
BE A POWER OF TwO). TRANSFORM VALUES ARF RETUPNED TN FILE INATA.
REPLACING THF INPUT,

THE USFR MUST SUPPLY Tw0O SUBRQUTINES FOR I/0 TN THF DIRECT
ACCFESS STORAGEs DREAD AND NDWRIT, THE CALLING SEQUENCE IS CALL
DXXXX (TNATA«IRECoBUFFReNRECINELEM) 9 MEANING NREC RECORDS (EACH

Fan
Fan
F2n
F2n
F2D
F2n
Fan
F2n
F20
Fan
F2n
Fa2D
Fen
Fen
Fan
Fan
F2a2n
F2n
F20
Fz20
Fan
Fan
F2D
Fzn
F2n
F2n
Fen
Fen
Fen
Fz20
F2n
Fan
Fan

NFELEM COMPLEX ELEMENTS LONG) ARE TO BE THANSMITTED BETWEEN STORAGEFZN

BUFFER RUFFR aNN FILE NUMBER TDATA, RECORD NUMARER IREC (FROM 1
TO NTOT/NELRC) e THE SUFFER SUPPLIED WILL HE PART OF ARRAY WORK.,
WHICH MUST RF SUPPLIF) BY THE USER. IT IS THRFE RECORDS LONG,
FOR FASTEST RUNNING TIMEs MAKE NELFM AS LARGE AS POSSIBLE,
DIMFENSTON N{1)s WORK(])

NTOT=1

DO 10 INIM=1eNDIM

NTOT=NTOT#N(TDIM)

NPRFV=1

DO 20 IDIM=1sNNIM

NREM=NTOT/(N(IDIM) #NPRFV)

CALL BTRVD (IDATASMPREVeN(TUIM) sNRFMyWNRK ¢ NELEM)

CALL COL?D (TDATACNPREVIM(TDIM) sNREMeISIGNsWORK s NELEM)
NPREV=N(INIM) #NPRFV

RETURN

Fezh
Fan
20
Fen
Fzn
F2n
F2h
Fzn
Fen
Fz2n
Fzn
F20n
F2n
F2n
Fen
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SUBROUTINE RTRVD (TDATAWMPREVININREMeBUFFReNELFM)

SHUFFLF THF DATA BY RIT REVERSAL.

DIMENSION DATA(NPREVeNSNREM)

COMPLEX DATA

EXCHANGE DATA(Jl19J2REVeJ3) WITH DATA(J1+J2+J3) e WHFRE J2REV=-]

IS THE RIT WEVERSAL OF J2=l. FOR FXAMPLEs LET N = 32, THEN FOK
Je=1 = 10011+ JUPREV~-1 = 11001 ETC. DATA ARF COMPLEX AND STORFD

Fen

8ThH
RTD
ATn
®#TDh
8TD
BTD
RYD

ON DIRECT ACCESS STORAGE. BUFFR IS A COMPLEX RUFFER THREE RECORDSKTD

LONGs FACH RFCORD OF LENGTH NELEM COMPLEX ELEMENTS, NELEM MUST
BE LESS THAN HALF OF NPREVHN#NREMs THE TOTAL NUMBRER OF ELEMENTS,
ELSE THE WHOLE TRANSFORM COULD BE DONE IN CORE. NPREVs Ny NRFM
AND NELEM MUST BF POWERS OF TwO.

INTEGER INDICES MAY BECOME AS LLARGEF AS NPREVH#N#NREM#?2,
DIMENSTION RUFFR(1)

IF (NELFM=NPREV) 10410420

DIMENSION DATA(NELFMoNPREV/NELEMINoNREM)

CALL SHUFD (IDATAWNELEMMPREV/NELEMeNINREMeBUFFR)

RFETURN

IF (29NFLEM=N#NPREV) 50¢30430

DIMENSION DATA(2#NELEMy (NPREVH#N#NREM) / (2#NELEM) )

I1P0=?

IPI=1IPO® (2*NELEM)

IP2=IP0# (NPREVH#N#NREM)

DO 40 12=1,1P2s1IP1

IREC=1+(2%(12-1))/1P1

CALL OREAD (IDATAVIRPECBRUFFRe2+NFLEM)

CALL BITRV (RUFFRsNPREVeNs (2Z#NELEM) / (NPREV#N))

CALL DWRIT (IDATAWIREC+BUFFR429NELEM)

RETURN

NELRC=NFLEM/NPREV

NREC=N/NFLRC

DIMENSION DATA(NPREVINELRCeIREMs29 IPRONDeNREM)

DEFINE R = LOG2(NREC) AND F = LOGZ(NELRC)e THFN THE ENTIRE BIT
REVERSAL TAKFES E STAGESs OF WHICH NO MORF THAN R+l CAN TAKE FULL
PASSFS THRU THF DATA,

I1PO=2

IP1=TPO#NPRFY

IP2=IP1#NELRC

IPS=IP2#NREC

IP6E=TIPS#NRFM

IP4=1PS

IF (TP&4=IP1#MAXO(NELRCeNREC)) 17064170470

IP4=IPS/2## (ISTAG~1)

IF ISTAG .GT, MIN(RCE) GO TO LAST TEST

IP3=1P4/2

MERGF RFCORDS DATA(I14124139101I5916) AND DATA(T1e12+13:2+15416)
DO 160 16=1+1P6s1IP4

I3MAX=TA+IP3~IP2

DO 160 I3=I6413MAXsIP2

ATH
RTD
8TD
BTD
BTN
8D
RTD
BTN
RTD
BTD
8TN
RTD
BTD
RTD
RTD
HTD
RTH
BTD
BTD
RTD
0]
RTD
ATD
RTD
RTD
BTD
RTD
8TD
8TD
RTD
ATD
BTD
8T
RTD
RTD
RTD
ATD
BTD
BTD
RTD
aTp
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130
140

150

160

170
180

190
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IRECO=1+(I3-1)/1IP2

IREC1I=IRFCO+IP3/1P2

IF (IREC1-IRECO~1) BO«HU490

SAVE SOME ACCESS TIMF IF THE RECORDS ARE ADJACFNT
CALL DRFAD (TDATASGIRECNIRUFFR(IP2+1)e24NELEM)

GO TO 100

CALL DREAD (IDATACIRFCOSRUFFR(IP2+1) 91 eNELFM)

CALL DREAD (TDATASIREC1sFUFFR(2%#IP2+1)eleNELEM)
CALL MERGE (RUFFR(IPZ+1)4BUFFR(1) ¢NPREVINELRC)
MERGF THF EVEN NUMREREDN FLFMFNTS

IRUFF=IP2+IP1+1

CALL MFRGE (RUFFR(IRUFF) ¢RUFFR(IP2+1) ¢NPREVeNELRC)
MERGE THE ODD-NUMBERFED El EMENTS

IRUFF=1

THE RECORDS ARE NOW IN RUFFFRS 0 AND 1

IF (IPS=NREC#IP3) 13041104110

IF ISTAG LT. Re GOTO WRITF

IF (NREC-NELRC) 120¢1304130

IF R LT, E THEN DO SHUFCs ELSE WRITE QUT,.
SUBROUTINES SHUFC AND SHUFD ARE MUTUALLY FXCLUSIVE=--THE FIRST
REQUIRES THAT NELRC RBE GREATER THAN NRECe WHILF THF LATTER
REQUIRES THE REVERSE.

CALL SHUFC (RUFFR(IP2+1)+BUFFR(2%#IP2+]1) sNPREVINELRCoNREC)
SHUFFLE RUFFFR 1 AND PLACF INTO BUFFER 2

CALL SHUFC (RUFFR(1)s3UFFR(IP2+1) «NPRFEVeNELRCINREC)
SHUFFLE RUFFER 0 AND PLACE INTO PUFFER 1
IRUFF=TIP2+1

DATA ARF NOW IN BUFFERS 1 aAND 2

IF (IREC1-IRECO=-1) 14041404150

CALL DWRIT (IDATASIRECO+RUFFR(IRUFF) ¢2¢NELFM)

GO TO 1A0

CALL DWRIT (TDATASIRECOCRUFFR(IBUFF) 91 «NFLFM)
IRUFF=IRUFF+IP2

CALL DWRIT (IDATASIRECIeRUFFR(TIBUFF) el eNFLEM)
CONTINUE

IP4=1P3

GO TO 60

IF (NRFC=2%#NFLLRC) 19091904150

IF R JLF, E+1 RETURN

CALL SHUFD (IDATAWMFLEMe) o NKEC/NELRCoNFLRCH#NREMyRUFFR)
BIT REVFRSE THF RFECORDS OmM DISK,

RETURN

END

SUBROUTINE RTTRV (DATANPRFVeNgNREM)
SHUFFLE THE DATA BY RIT REVERSAL.
DIMFENSTON DATA (NPREVINeNPEM)

COMPLEX nATaA

EXCHANGE DATA(Jl9J4REVeUS) WITH DATA(JULl9J49JS) FOR ALL J1 FROM ]

TO NPREVs ALL J& FROM 1 TO N (WHICH MUST oE A POWER OF TW0).
ALL JS FROM 1 TO NREM, J4REV~-1 IS THE BIT RFVERSAL OF J4-1,

B8TN
RTNH
RTD
ATD
R’RTD
RTN
RTD
RTD
RTD
BTD
BTN
RTD
BTN
TN
BTN
RTN
_Th
RTH
AT
KTD
RTD
RTD
RTD
BTN
®#TN
RTD
BTN
RTD
QT
HTD
RTN
BTN
HTD
RTN
aTp
BTN
HTD
HTD
BTN
BTN
BTO
HTD
3TD

KIT
RIT
RIT
RIT
RIT
RIT
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SUPPNSF N = 32, THFEN FOR Ja4=1 = 10011s J4REV=-] = 11001 ETC,
NIMFNSTON DATA(L)

IPO=?

IPl=TIPO#NPRFYV

IP4=1P1#N

IPS=IP4#NREM

I4RFV=]

T4RFV = 1+ (JarREV=-1)#]1P1]

DO 60 T4=19IPaeIPl

14 = 1+ (J4=-1)*1P1

IF (T4=-T4RFV) 10430430

I1MAX=T14+1IP1~IPO

DO 20 T1=TasT1IMAX.IPO

I1 = 1+4(Ul=1)®1P0+(Ua=1)#1P1

NO 720 1I5=I1+1P5+1IP4

IS = 1+(Jl=1)#1IP0+ (Us=1)%IP1+(US5-1)%]IP4
ISRFVST4REV+IS-T4

ISREV = 14(J1-1)#IP0+ (J4REV=~]1)#IP1+ (JS~1)*IP4
TEMPR=DATA(IS)

TEMPI=NATA(IS+]1)

DATA(IS)=DATA(ISREV)
DATA(IS+1)=DATA(ISREV+])
DATA(ISREV)=TEMPR

DATA(ISRFV+1)=TFMPI

ADD ONE WITH DOWNWARD CARKY TO THE HIGH NORDER RIT nF J4REV-1.
IP2=1P4/?

IF (I4REV-IP2) 60460450

T14REV=14REV~IP2

1P2=1P2/2

IF (IP2-TP1) A0+40+40

T4RFV=T4REV+IP?

RETURN

END

SURROUTINFE SHUFD (IDATASNELEMINPREVeNNRFMeRBUFFR)

SHUFFLF THF RECORDS On DIRECT ACCESS STORAGE BY RIT REVFRSAL,.
DIMENSION DATA(NELEMoNPREVeNINREM)

COMPLEX DATA

EXCHANGF DATA(Jl9J2eJaFREVeUS) WITH DATA(JULleJd?eJaeU5) ¢ WHERE
J4RFV=1 IS THE RIT REVFRSAL NF J4-1. THIS CAN BE NONE RY AN
EXCHANGF OF RFCORDS,

NIMENSION RUFFRI(1)

I1PO=?

IP1=IPO®NELFEM

IP2=IP1#NPREV

IP4=1P2#N

IFS=TP4&#NREM

I4REV=]

DO 60 Té=1e1P4,y1IP2

IF (T14-~14RFV) 10430430

DO 20 I5=I4+IPSsIP4

RIT
RIT
RIT
HIT
RIT
RIT
sIT
BIT
RIT
BIT
eIT
RIT
RIT
BIT
RIT
BIT
RIT
RIT
FIT
RIT
RIT
RIT
RIT
RIT
RIT
BIT
HIT
BIT
FIT
RIT
RIT
BIT
BRIT

SHD
SHD
SHD
SHD
SHD
SHD
SHD
SHD
SHD
SHN
SHD
SeiD
SHD
SHOD
SHD
SHD
SHD
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I2MAX=T1S+IP2~1P1

DO 20 I2=1S«12MAX,IP]
IPREV=T4PEV+I2~]a
IRECH=1+(12-1)/1IP1
IREC1=1+(I2REV~1)/TP]

CALL DRFAD (TDATASIRECOIRUFFR(1) el oNELFM)

CaLL DREAD (TDATACIRECIsRUFFR(IP1+1) ¢l oNELEM)

CaLy DWRIT (IDATASIRECLIsRUFFR(1) o1 oNELEM)

CALL DWRIT (IDATASIRECOSRUFFR{IP1+1)s1oNFLEM)

ADD ONE WITH DOWNWARD CARRY TO THE HIGH ORDER RIT OF J4REV-],

IP3=1P4/2

IF (T4REV~IP3) 60460450
T4REV=T4REV~-TIP3
IP3=1IP3/2

IF (TP3=-1P2) 60440440
I4REV=T4REV+IP3

RETURN

END

SUBRNUTINE MERGE (FROMsTOsMPREVNFLRC)

MERGF Tw0O RFCORDS INTO ONE,

DIMENSION FROM(NPREVeZeNELRC) o TOINPREVNELRC)

COMPLEX FROMSTO
TO(JleJR)=FROM(J1ls1eU3)
DIMENSION FROM(1)s TO(1)
IPO=2

IPI=IPO#NPRFV

IP2=1P1#2

IF3=IP2%NFLRC

1TO0=1

DO 10 I3=1+IP3.1IP2
IIMAX=13+1IP1~IPO

DO 10 T1=13«11IMAXSIPO
TO(ITO)Y=FROM(I])
TO(ITO+1)=FROM(I1+1)
ITO=1TO+1PO

RETURN

END

SURRAUTINE SHUFC (FROMeTO9NPREVeNELKRCeMNREC)
SHUFFLE THE DATA INM CORE BY RIT REVERSAL.
DIMENSION FROM(NPREVeNELRC/NRECeNREC) 9 TO(NPREVINRECINELRC/NKRFC)

COMPLEX FROMWTO
TO(J19J4 e J3RFVI=SFROM(J1 v J3eds)
OF J3-1.

DIMENSION FROM(1)s TO(1)

IPO=2

IP1=TPO#NPREY

IP3=IP1# (NELRC/NREC)
IP4=IP3#NREC

I3REV=]

WHERE J3RFV=-1 IS THE ARIT REVERSAL

SHD
SHD
SHND
SHN
SHD
SHD
SHD
SHD
SHO
SHN
SHD
SHND
SHP
SHD
SHD
SHD
SHD
SHD

MER
MER
MER
MER
MER
MEPR
MER
MER
MER
MER
MER
MER
MER
MER
MER
MERQ
MFER
MER
Mg;‘}

SHC
SHC
SHC
SHC
SHC
SHC
SHC
SHC
SHC
SHC
SHC
SHC
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DC 40 13=191IP3,]IP1 SHC

ITO=1+NREC®# (I3REV=-1) SHC
DO 10 14=1I3+1F4+1P3 SHC
TIMAX=16+1IP1-1PO SHE
DO 10 T1=I4sT1MAXSIPO SHC
TO(ITO)=FROM(I]) SHC
TC(ITO+1)=FROM(I1+1) SHC
1TO=1T0+1PO SHC
ADD ONE WITH DOWNWARD GCARRY TO THE HIGH ORDER BIT NF J3REV<-l, SHC
IP2=1P3/? SHC
IF (I3REV=IP2) 40940430 SHC
I3REV=]I3REV-1IPZ SHC
IP2=1P2/2 SHC
IF (1P2-1IP1) 40420520 SHC
I3REV=I3REV+IF2 SHC
RETURN SHC
END SHC
SUBROUTINE COL2D (IDATASMNPREVININREMeISIGNsBUFFRoNELEM) cezn
DISCRETE FOURIER TRANSFORM OF LENGTH No IN-PLACF COOLEY=-TUKEY cep
ALGORITHMs RIT=REVERSED TO NORMAL ORDERs SANDE-TUKFY PHASE SHIFTS,.C2D
DIMENSION DATA (NPREVINeNREM) can
COMPLEX DATA cen
DATA(JLsK&9US) = SUM(NDATA(JLeJasJS) REXP (ISIGN#2EPI#]# (J4=]1)# czn

(K4=1)/N))s SUMMED OVER J4 = 1 TO N FOR ALL Jl FROM 1 TO NPREV. cep
K& FROM 1 TO N AND U5 FROM 1 TO NREM, N MUST BE A POWER OF Two, C2D
METHOD==LET TPREV TAKE THE VALUES 19 2 OR 4+ &4 OR By cee9 N/16os cen
N/6s No THE CHOICE RETWEENM 2 OR 4+ ETCes DEPENDS ON WHETHER N 1S C2D

A POWER OF FOUR, DFFINF IFACT = 2 OR 4+ THE NEXT FACTOR THAT cz2n
IPREV MUST TAKEes AND [REM = N/(IFACT#IPREV)e THEN=-- can
DIMENSION DATA(NPREVsIPREVIFACTIREMIMREM) cz2n
COMPLEX DATA cao

DATA(JLl9J29K3eJbedS) = SUMIDATA(JLeJ29J39JbeUS) #EXP(ISIGN#2RPI®#]I% C2D
(K3=1)#({(JU3=1)/IFACT+(J2~1)/(IFACT#IPREV))))s SUMMED OVFR U3 =1 C2D
TO IFACT FOR ALL Jl FROM 1 TN NPREVe J2 FROM 1 TO IPREVs K3 FROM C2D

1 TO IFACTs Js FROM 1 TO IREM AND U5 FROM 1 TN NREM, THIS IS czan
A PHASF-SHIFTED DISCRETE FOURIFR TRANSFORM OF LENGTH IFACT. cen
FACTNRING N RY FOURS SAVFS AROUT TWENTY FIVE PERCEMT QVER FACTNR- 20
ING RY TW0OS., DATA MUST RE BIT-REVERSED INITIALLY. can
IT IS NOT NFCESSARY TO RFWRITE THIS SURRQUTINE INTO COMPLEX cz2n
NOTATION SO LONG AS TrE FORTRAN COMPILFK USED STORES REAL AND ca2n
IMAGINARY PARTS IN ADJACENT STORAGE LOCATIONS. IT MUST ALSH c2D
STORF ARRAYS wITH THE FIRST SURSCRIFT INCKREASING FASTEST, cz2n
DIMENSION RUFFR(1) cen
TWOPTI=6,2831R453072#FLOAT (ISIGN) czn
IF (2%NFLEM=NPREV) 3043010 c20
DIMENSION DATA(Z2E#NELFMe (MPREVEN#NRFM) / (Z2#NELFEM)) cen
IP0=2 cen
IP1=IPO® (2#NFLEM) cen
IP2=1IP0O# (NPREVE#N#NREM) cen

NMID=MING (Ns (2#NELFM) /NPREV) cen

09



20
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40
50

60

70

NF INSMAXO0 (1o (2¥NELEM) / (NPRFVEN))

DO 20 I2=1+1IP2.1IP1

IREC=1+(2#(12~-1))/1P1

CALL DREAD (JOATASIRECsBUFFRe2¢NELEM)
CALL CNOLZ2 (RUFFRINPREVINMIDGNFINSISIGN)
CALL DWRIT (IDATASIRECBUFFRes2¢NELEM)
DIMENSTION DATA(NPREVsIPRODsZ« IREMeNREM)
IPO=?

IP1=IPO#NPRFV

IP4=TIPl#N

IPS=TP&4#NREM

NWORD=IPO#NELEM

IP2=TPO#MAXO (2¥NELEMyNDRFV)

IF (IP2-1P4) S0+100e100

IP3=1P2%2

THETA=TWOPI/FLOAT(IP3/1P])
SINTH=SIN(THETA/Z2,.)

WSTPR==2 #SINTH#SINTH

WSTPI=SIN(THETA)

IRECO=1

IRECI=IRECO+IP2/NWORD

IRECO AND IREC1 ARFE NEVER ADJACENT RECORDSe SO MUST RE READ aND
WRITTEMN SEPARATELY.,

CALL DREAD (IDATAGIRECOSBUFFR({1)91sNELFM)
CALL DRFAD (IDATASIREC1+sRUFFR(NWORD+1) 91 eNFLEM)
T1ELEM=1

I3MIN=1

DO Q0 IS=1.1IP54IP3

wR=1,

wi=0,

I12MAX=IS+IP2-1IP1

DC S0 I2=15.12MAXe1IP]

I1MAX=12+1P1~IPO

DO R0 I1=I12+T1MAXsIPD

IF (TELEM=NELEM) T0+70+h0

CALL DWRIT (IDATASIRECOsRUFFR(1)9s1eNELEM)
CALL DWRIT (IDATASIKRECI +RUFFR(NWORD+1)+s14NELEM)
IRECO=1+(I1-1)/NWORD
IRECI=TRFCO+IP2/NWORD

CALL. DREAD (TDATASIRECHDIRUFFR (1) el eNELFM)
CALL ORFAD (IDATASIRECIIRUFFR(NWORN+]1) o1 oNELFM)
TELEM=1

I3MIN=T1

I3A=11~13MIN+]

I3B=13A+«NWORD

TEMPR=WR#BUFFR(I3R) ~wI#3UFFR(I3R+1)
TEMPI=WR#BUFFR(T3R+1) +WI#BUFFR(I3R)
BUFFR(I3R)=BUFFR(I3A)~-TEMPR
RUFFR(I3R+1)=RUFFR(I3a+]1)=-TEMPI
BUFFR(I38)=RUFFR(I3A) +TEMPR
BUFFR(I3A+1)=8BUFFR(I3A+1)+TEMP]

cen
c2h
czn
cap
cen
cen
czap

czn
can
C20
cao
can
czn
cen
cen
cen
cen
can
cza2o
cen
can
can
cen
cab
cen
cen
can
(o))

czp
cz2n
cen
cen
can
cz2n
cz2D
cen
cz20
c2n
cen
czn
c2p
czn
ca2n
cean
cean
cao
cen
can
czn
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TEMPR=WR

WR=WR*WSTPR-WI#WSTP T +wrR
WISTFMPR#WSTRPI+WIHWSTPR+w]

CALL DWPRIT (IDATASIRECOCRUFFR(1) sl eNELFM)

CALL DWRIT (IDATASIRECLsRUFFR(NWORD+1) el oNELEM)
IP2=1P3

GC 7O 40

RFTURN

END

SURRNUTINE CNOLZ2 (DATACNPREVeNGNREMe ISIGN)
DISCRETF FOURIER TRANSFOKM OF LENGTH N, IN=PLACF COOLFY=TUKEY

ALGNRITHMy RIT-REVERSED TO NORMAL ORDERs SANNE-TUKEY PHASE SHIFTS,

DIMENSTION DATA(NPREVeNeNKEM)

COMPLEX DATA

DATA(JLeK49JS) = SUM(NDATA(JLedbs D) REXP (TISTGMN#2#PTI#T# (Js~1)#
(Ka=1)/N))s SUMMED OVER J4 = 1 TO N FOR ALL J1 FROM 1 TO NPRFV.
K& FROM 1 TO N AND U5 FROM 1 TO NREM, N MUST BE A POWER OF Tw0,
METHOD=~~LET IPREV TAKE THE VALUES le 2 OR 4¢ & OR Ry o069 N/16
N/4s N, THE CHOICE HETWFEN 2 OR 4+ ETCes DEPENDS ON WHETHER N IS
A POWER OF FOUR. DEFINE IFACT = 2 OR 4+ THE NEXT FACTOR THAT
IPREV MUST TAaKFEes AND JREM = N/(IFACTH#IPREV)s THEN=-

DIMENSTON DATA(NPREVsTPRFVeIFACTsIREMINRFM)

COMPLEX DATA

DATA(JL19J2sK3I9JbsJS) = SUM(DATA(ULsJ2eU39JaeS)REXP (ISIGNS2#PI#]
(K3=1)#((JU3=1)/IFACT+(J2=1)/(IFACT®IPREV)))) s SUMMEN OVER U3 = 1
TO IFACT FOR ALL Jl FROM 1 TO NPREVe J?2 FROM 1 TO IPREVe K3 FROM
1 TO IFACTe J4& FROM 1 TO IREM AND U5 FROM 1 TO NREM, TrIS IS

A PHASF=SHIFTED DISCRFETE FOURIER TRANSFORM 0OF LENGTH IFACT,
FACTORING N RY FOURS SAVFS ARQUT TWENTY FIVE PFRCENT OVFR FACTOPR-
ING RY Tw0S, DATA MUST KE BIT~-REVERSED INITIALLY.

IT IS NOT NFCESSARY TO RFWRITE THIS SURROUTINE INTO COMPLFX
NOTATION SO LONG AS THE FORTRAN COMPILEKR USED STORES REAL AND
IMAGINARY PARTS IN ADJACFNT STORAGF LOCATIONS. 1T MUST ALSO
STORF ARRAYS WITH THF FIRST SUBSCRIPT INCREASING FASTEST,
DIMENSION DATA(])

TWOPT=6,2R31R853072#FLOAT (ISIGN)

IP0=2

IP1=IPO#NPREYV

IP4=IP]l %N

IPS=1P4#NRFM

I1P2=1P1

I1P2=1P1#1IPRON

NPART=N

IF (NPART=?2) 60430420

NPART=NPART/4

GO To 140

NC A FOURIER TRANSFORM QF LLENGTH TwoO

IF (IP2<IP4) 4091604160

IP3=1P242

c2n
cz2n
cen
cz2p
can
€20
can
can
cean
can

coz
cog
coz
coz
cne
coz
coz
coz
coz2
coz
cn2
coz?
coz
cne
cop
coz
coz
coz
coz
coz
co2
coz
coz
coe
coz2
coz
coz2
cnz
co2
coz
co?
co?
cng
co?
coz
coz
coz
coz
coz?
coz

KBS
86
87
88
A9
90
9l
97
93
4=

ot et
N OO DT W -
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IP3=TP2#IFACT

DO 50 11=1+1IP1sIPO

I1 = l+(Jl=1)=]1PO

N0 50 I5=11+IPSsIP3

IS = 1+(Jl=1)%#IP0+ (Us=1)#]P3+(JS~1)*IP4
138=1%

I138=13A+1P2

I3 = 1+ (J1=-1)%IP0+(U2=1)#IP1+(J3=1)%IP2+(Jb=1)%IP3+(US5-1)#IP4
TEMPR=NATA (I3R)

TEMPI=DATA(I3B+])
DATA(I3ZR)=DATA(13A)~TEMPR
DATA(I3R+1)=DATA(I3A+1)~TEMP]
DATA(I3ZA)=DATA(I3A)+TEMPR
DATA(I3A+1)=NATA(I3A+1)+TEMPI

1P2=1P3

D0 & FOURIER TRANSFORM OF LENGTH FOUR (FROM RIT REVERSED ORDER)

IF (IP2-IP4) 7041604160

IP3=1P2%4

IP3=IP2H#IFACT
THETA=TWOPI/FLOAT(IP3/IP])
SINTH=SIN(THFTA/2,)

WSTPR==2  #SINTH#SINTH

COS(THETA)=-1s FOR ACCURACY,
WSTPI=SIN(THETA)

wWik=],

wi=n,

DO 150 172=1+IP2s1IP1

I2 = le¢(y2=-1)*1P1

IF (I2=1) 90490480

WZ2R=WR#WR~WI#w]

WZ2I=2.%wWR¥w]

WIR=WZ2R#WR=-W2I#W]

W3II=WZ2REWI+W2 I #WR

TIMAX=12+IP1=IPO

DC 140 T1=I2+11MAXTPO

11 = le(Jl=1)#1P0+ (y2-1)%1P]

DO 140 IS=I1+1IPS.1IP3

IS = 1+ (J1=1)#TP0+(JU2=1)%#IP1l+(Js=~1)*]IP3+(J5=-1)%]IP4
13a=15%

I3R=13A+1P2

I13C=I3R+1P2

13D=13C+1P2

I3 = 1+(J1=1)#IPO+(U2=1)#IPLl+(J3=1)H]IP2+(Ja~]1)#IP3+(J5-1)#%]P4
IF (12~1) 110+110410G0

APPLY THF PHASE SHIFT FACTNRS
TEMPR=DATA(T33)
DATA(I3R)=W2R*DATA(T3R)~n2I#DATA(I3B+1)
DATA(I3R+1)=w2R4DATA(I3B+1) +W2I+*TEMPR
TEMPR=DATA(I3C)
DATA(I3C)=WR#DATA(I3C)-WwI#DATA(I3C+1)
DATA(I3C+1)=WR#DATA(I3C+]1) +WIH*TEMPR

coz
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co?
coz
coz
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coz2
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co2
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coz?
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co?
coz
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coz
coz
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110

120

130

140

150

160

TEMPR=DATA (13D)

DATA(I3D)=w3R#DATA(I3N)-W3I#*DATA(I30+1)
DATA(I3N+1)=w3R#DATA(I3D+]1)+wW3T#TEMPR

TOR=NATA(I3A)+DATA(T31)
TOI=DATA(I3A+1)+DATA(I3R+])
T1R=DATA(I3A)=DATA(T3R)
T1I=DATA(I3A+1)-DATA(I3H+1)
T2R=DATA (13C) +DATA(I3D)
T2I=NATA(I3C+1)+DATA(I3D+1)
T3R=NATA(I3C)-DATA(I3D)
TII=DATA(I3C+1)=-DATA(I3N+1)
DATA(I3A)=TOR+T2R
DATA(I3A+1)=T0I+T21
DATA(I3C)=TOR-T2R
DATA(I3C+1)=TO0I-T21

IF (ISIGN) 12041204130
T3R=-T3P

T31==T31

DATA(I3R)=T1R=-T3I
DATA(I3R+1)=T1I+T3K
DATA(I3D)=T1R+T31
DATA(I3D+1)=T1I-T3R
TEMPR=WR
WR=WSTPR&TEMPH=WSTPT#W]I+TEMPR
WI=WSTPRE&WI+WSTPI#TEMPR+W]
IP2=1P3

GO TO 60

RETURN

END

coz
co2
co2
coz
coz?
coz2
coz
coz2
co2
co2
co2
coz
coz?
coz
coe
co2
coz?
coz
cn2
coz2
cao2
coz
coz2
Co?2
coz2
coz2
coz2
co2
co2

92
93
94
95

Y7

98

99
100
101
102
103
104
10%
106
107
10#
109
110
111
112
113
114
115
116
117
118
119
120~
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PROGRAM CHECK(INPUT OUTPUTsTAPES=INPUT, TAPE6=0UTPUT)

THIS PROGRAM WAS WRITTEN BY R, AKINS COLORADO STATE UNIVERSITY TO
ILLUSTRATE THE USE OF SUBROUTINE FQURT. A ARD AND éﬁt%gSE

TRANSFORM OF A _KNOWN FUNCTION ARE PERFORMED AND THE RE RE

COMPARED WITH THE EXACT VALUES.
PROGRAM VARIABLES IN ALPHABETICAL ORDER ARE=-~
ARRAY USED AS INPUT AND QUTPUT FROM SUBROUTINE FOURT

IME STEP OF INPUT FUNCTION
EQUENCY STEP NG _TO DELTAT
%ENENT OF D

D

~“~Z2ZMO00
mmunmz

EL
EL
RE
UM
UM
IM

-“>>2Z
—t—
<ttt X
mzz»>x
-4MoO ~

TA T
TAW ER
Q = ACTUA
BER NUM F
BEZ2 NUMBER OF
£ - TUA E
DIMENSION D(2 96)
READ INPUT VARIABLES

NUMBER¢DELTAT

OZ=D
mcTmm
rX~>

e e O~O-BMO
M X~

R*Z

2/ (DELTAT#FLOAT (NUMBE2))
NPUT EXPONENTIAL FUNCTION =~
AL PART OF THE FOURT INPUT,
DING TO THE IMAGINARY PART

MICOZ U
[N g)
-0
-2

P
™m
wn
v
o
r4
o
ot
z
@

R

v
~Z O w@WODW-

[] C ZMHumo

MBER
FLOAT(I-1)%DELTAT)

Wt DATH N~

o000
Py Ne)
omu
o Xt (NM—te (Tt
O Ve

N

REFLECT THE INPUT FUNCTION
NUMBER’I)“D(I'NUNBER)

0 I=2+NUMBER

1

L)=0.,0

L)=D(1sK)
PERFORM A FORWARD({=1) TRANSFORM ON THE DATA
CALL FOURT(DsNUMBEZ291l9e=190+0)

COMPUTE ACTUAL TRANSFORM AND PRINT OUT A COMPARISON WITH THEOUTPUT
OF SUBROUTINE FOUR

A)
BERIDELTATsCPTIME

~ e

:z(l‘l)°DELTAN)**2)
1) s ACTUAL

PR O b et et N\ V)
N4 e rsw et Y

R
E
R
.
L
Q

OCEMPOTULEOD
——0

AmDVBVOO~ODDV
VIV s B e T R )
0 ~ADC WO (W)ef =fimt
Z=MiPpN~-~OMMmMIT

C o~ N
+ OaNZe ZUO

XN N U O U
TWOe OFHOie on
- o CrC - Z

m
p o]

D(
NUM
MBE
) #D
MBE
1,0
=-1)
FRE
)1=0

59



) =D (1 +«NUMBER)

PERFORM AN INVERSE (+1) TRANSFORM OF THE DATA
kTS OF A FORWARD AND INVERSE TRANSFORM WITH

CALL FOURT(DsNUMBE2s191+0+0)
13
A

Toeetatlad bl 38 0 Q
ZOZXTX A ox
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PROGRAM SEGEMNT {INFUT«OUTPUT s TAPES=INPUT«TAPEG=0UTPUT+TAPE])

THIS PROGRAM wpS wRITTEN &/75 BY R. AKINS CSU T0O COMPUTE POWER

SPFCTRAL DENSITIES (PSD) FROM a TIME SERIES USING SUBROUTINE FOURTs

AND SEGMENT AVERAGING. AN QPTION IS _TO PERFORM AN INVERSE TRANSFORM OF
OF THE PSD ano OBRTAIN AN AUTOCORRELATION (ACR) FUNCTION, PLOTS OF BOTH
THF PSD AND THE aCR wlLL 8E MADE USING THE U200 HARD COPY PLOTTER

SUBROQUTINES CALLED ARE
ALL PLOT SUBROUTINES ARF DESCRIBED IN THE CSU USERS MANUAL 1975 EDITIO

AXIS = PLOT_ROUTINE

CURVE = PLOT ROUTINE

FRAME = PLOT ROUTINE

FIRSTPT = PLOT ROUTINE )

FOURT - FFT SUBROUTINE CALLED FROM FTNLIR

IPS =~ SUEKGUTINE TO INTEGRATE THE SPECTRA

LOCAT - PLOT ROUTINE

MACROT - CALCULATES INTEGRAL TIME SCALES FOR THE ACR
MICROLl = CALCULATES MICROSCALE FROM (N##2)#F (N)
MTCPOZ2 - CALCULATES MICRUSCALE FROM ACR

PENT - PLOT ROUTINE

READATA - KEADS DATA RECORD FORM TAPELl (12 BIT WORDS)
SFT = PLOT ROQUTINE

SYMROL - PLOT ROUTINE

UnPAK? - CONVERTS DATA RECORD FROM 12 T0 60 BIT WORDS
VFCOT2 - PLOT wOUTINE

INPUT VARIARLES IN ALPHABETICAL ORDER ARE

GAIN = GAIN UF LINEAR TRANSDUCER

IcOR - CODE FQW CUHRtLATION CALCULATION
IRATF - SAMPLE WATE OF DATA

IFEC - FECORD LENGTH OF TAPEI (DATA TAPE)

KFYT~o = PLOT LABELS FOR BOTH PSD AND ACR PLOT

LABX - X AXi> LasEL FOR PSD

LABY - Y axIS LadEL FOR PSD

NSEGM = NUMKEK OF SEGMENTS TO AVERAGE

TITLE - ALFHANUMERIC AR=AY USED T0 LABEL PRINTED OUTPUT
XTIT - x AXIS LABEL FOR CORRELATION PLO

YTIT - Y AXIS LAGEL FOR CORRELATION PLOT

PROGRAM VARIABLES

A - ARRAY OF lz BIT wQRDS READ FROM TAFE INPUT TO UNPACK
B - APPAY OF 60 BIT WORDS OUTPUT FROM

CONST =~ NORMALIZING FACTOR FOR ACR

B = 2 NIMENSIONAL ARRAY USED TO SIMULATF COMPLEX NUMBERS
DFLTAN ~ FREQUENCY INTERVAL OF SPECTRA

DFLTAT =~ TIME STEP OF INPUT DATA

FACTOR - CONSTANT USED_In SPECTRA CALCULATIONS

IND - INDEX USED IN SETTING uP PLOT ARRAYS

KTAPER - UPPER LIMIT TAPER START

LTAPER - LOWEk LIMIT TAPER CUTOFF

N = NUMRERK/Z2

NFW = NUMHEw/Z

NPLOT = PLAOT FamAMATER i .

NREC = NUMaEk OF RECOKDS TO BF READ FROM THE TAPE PER SEGMENT
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[glslnlelnle]

[elelgle]

NHMBRFERQ - | ENGTH OF O AKRRAY

RMS = COMPUTED vALUF (QF RMS

SFGMEN = AHKAY yUSED TO STORE THE SEGMENT AVERAGED SPECTRA
TOTAL - FLOATING PUINT VERSION OF NUMBER

UTAPER ~ TAkER FACTOR

X = INPUT ARRAY FOR PLOTS

XMEAN = RUNNING TOTAL USED IN MEAN CALCULATIONS
X2 = RQUNNING TOTAL USED IN RMS CALCULATIONS
Y - INPULT AkxAY FOKR PLOTS
COMMOM D (24R]19¢) oNgySEGMEN (4096)
DIMENSION X(500)eY(S00)«TITLE ()
DIMENSINN XTIT(4) o YTIT(4)sLABX(4)oLABY(4) ]
DIMENSTINN HEYL(3) ekEY2(3)eKEYI(3)9KEYL(3) s KEYS(3) s KEY6(3)
COMMONM/UINBK /A (204) 91 (1020)
COMMON/1/IRECINATE oK1
DATA Y/S00%0,0/

DO 1 T1=1+4096
SEGMEN(T)=0,0
NUMREP=R]192

IN OFDER TO CHANGE THE SIZE OF ARRAY Ds TWO CARDS NEED TO BE
CHANGEDs THr DIMENSION CARD AND THE VALUE OF NUMBER

REeD THE INPUT VARIAKWLES
READ(S«SN01)TITLE

FORMAT (RA10)
READ (SeS00)INSEGMeIRECeIRATEZICORGGAIN
FORMAT (4110+F1Go3)
READ (S¢510)XTIT
READN(S+810)YTIT
READ(S+510)LABX
READ(S+510) LARY
READ(Sew11)KEY]
READ(S+S11)KEYS?
READ(S¢S11)KEYS
REAN(Be5]1])KEYS
REAN(5«811)KEYS
REAN (S «81]1)KEYD
S10 FORVMAT(4A10)
511 FORMAT(3A10)
CALL LOCAT(2RAT)
CALL PENZ(SHBLACK «4rFELT)
QEAD TaRPUT HATa OFF OF TAPELe COMPUTE THE MEAN AND THE RMS
WRITE(HebB00) TITLE « NSEGMeNUMRERSIKECIIRATE
NREFCaNUMRER/IREC+]
N0 190 w=14NSEGM
JTCOUNT=]
;;FQN;0.0
600 FORMAT(1H1+RA1Ue//ebX9%A SEGMENT AVERAGED SPECTRA WILL BE COMPUTED
USING  #eJ4e% SEGMENTSHe/¢DXe#0F LENGTH #,16+%, THE DATA IS IN
RECNRNS #415¢% VALUES LONG AT A SAMPLE®s/9SX+#RATE OF #4164% SPS,
$o/// ol R #SEGCGMENT# ¢ L TX e #XMEAN® 9 16X 9 #RMSH)
DO 10 ®x1=1sNREC
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[elnle] [elele]
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PER=NUMRER/1(
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FORM A FORwAKRD THRANSFORM (OF THE DATA ARRAY D

RT(DeNUMBEReLe=190s0)
ER/e
L]
X

F
CALy F
NE w=NL
NFELTAT /ELOAT (IwalE)

f #1la 143*DPITAT/TOTAL

0

4]

/7 ( TOTAl’LPLTa

HE INCRemENT INTO ARRAY SEGMENs THE SEGMENT AVERAGED SPECTRA

FACTO
DELTA

ADD

00 20 1I=
SEG“EN(I

CONTINUc
COMPUTE THE CORRFLATION FUNCTION FROM THE N SEGM AVERAGED SPECTRA
N=NUMRER /P
REFLECT THF SKECTRA INTO THE D ARRAY
0 I=1leN
) =SEGMEN(]T)
)y=0

e 0
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M F
=1
=2
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T
leN
) = ( FLOAT(K 1) #SEGMEN(T) +FACTOR®(D(1oI)##2+D(21)%%2))/FLOA
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120

130

Y (loeN+1)=D(1eN)
N(Z2eN+1)=20,0
N0 11% T=2eN
k=N=]4+2

L=N+1
D(2eL)=040
D(leL)=D(1eK)

PFRFORM AN TNVERSE TRANSFORM T0O OBTAIN A CORRELATION FUNCTION
CALL FOURT(DoNUNMBEKs191e040)
NORMAUIZE ThE COKKELATION FUNCTION
CONST=D(1.1)
DO 120 I=1leN
D(leIN=N(1e1)/CONST

E THE NO=MALIZED C
TE ARRAY x = TIM

ORRELA ION FUNCTION INTO ARRAY Y AND
E STEP

50

:I‘l)*UELTAT

Fdm Lk e € IR S Y w]
VZNmmnDZ =D

(T vt et
-t SCOWS W W T

£ 0 o b ot
DN X2 Z bt [ e bt

OUTPUT aND PLOT THE CORRELATION FUNCTION

WRITE(6+602)TITLE

NO 140 T=14NPLOT S

?Rl}h&?ibz?)X(I)9Y(I)9K(I41)9Y(I*l)9X(I*2)GY(I¢2)9X(I+3)vY(I*3)oX(
+ [ +

FOWS?¥§IHI;?A}O;/¢lOXo*AUTOCOQRELATION FUNCTION®e//«5 (% TIME

’

FORMAT(10F10.6)

CALL SET(1e095e00]1,006e090e001e00=0g20140019101)

CALL AXIS(0.,00040eYTIT94006,0990,09=6294291)

CALL AXTS(U40e04UeXTITe=4095,000,09040+04251)

CALL SYMBOL(2eUsdeboe29KEY190,0030)

CALLL SYMHDL(2eUs4e30elokbY2904,0430)

CALL SYMBOL (260044090429 KEY340,0430)

CALL SYMROL (2.0+3479429KEY4e04,0030)

CaLL QYMBOL(?.O-B.Qn.ZQKEY590.0930)

CALL SYMRNL (2e0e3e1l9e29%XEYH00,0430)

CapLt FRSTPT(O.OQO.Q

CaLL VECTNR(14040, 0)

NPLOT=NPLNT=-1

CALLL CURVE (XsYeAFLOT+09e2)

CAlLL FraAMF

DO 1523 1=1,500

Y(I)=0,0

Pl ACE THE FIRST 10 POINTS OF THE SPECTRA INTO ARRAY Y AND ASSOCIATED
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255

260

265
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275
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a0

lelele]

OO0

150

157

154

4506

FREQUENCY [MTO X

PO 150 1=1410
X(I)Y=FLOAT(T)=0FLTan
Y(T)=SEGMEN(TI+])
InND=11

FRFELUEMCY AVERAGE 3 POINTS
DO 154 T=11e503
0O 157 1=1+3
YOINMD)Y =Y (IND) +SEOMEN(T+U=~1)
YIIMOD)Y=SY(IND) /3.0
X(IND)Y=SFLOAT(I+1)#DFLTAN
INO=IND+1
Na:'\‘-] 0

FREGUENCY AaVeERAGE 10 PUINTS

NO 155 1=6CeNZ2e10
NO 156 T1=1l,e10

Y(IN0)=Y(IND)*SEHMFJ I+11l1-1)
X(IND)=FLOAT(I1+5-1)#DELTAN
Y(IND)=Y (IND)/1Ga0)
IMD=IND+]
NPLOT=IND-1
WRITE (RebT)SHFGMEN(])
FORMAT (1HO«10Xo%THE FIRST ELEMENT OF SEGMEN IS #4£15,.4)
WwRITE(6«604)TITLE
DO 160 T=1eNPLUTW4
WRITE (64609)X (1) oY (1) eX(I+1)aY(I+4]1)oX(I+2)eY(I+2)9X(I+3)eY(1+3)
FORMAT (1M1 eBAl0e/s10Xe#NORMALTZFi) POWER SPECTRAL DENSITY FUNCTION®
le//ad (% FRFU=-CPS F(M)#)9//)
FORVAT (RE15,7)
CALL IPS(SEGMENIDELTANISUMING])
wRITE (6Be60R)SUY
FORMAT (1H0e10XeakEA OF SEGMEN = #43F10,5)
CALL SET(145%9099¢2%¢1675912e9500,0191000400,000000191.0929794)
CALL PERIM(54047s0)
CALL SYMHOL (3e5e=eRee25¢LAEXs0,0940)
ca_iL SYM%OL(-.va.Oo.aboLAHVQHO.Ooao)
CALL SYMBOL(1,093054429%KeY100,0430)
CALL SYMROL (14093420429 KEY240,0+30)
CALL QYMHOL(l.0.&.9..2.xgv3.o.u.3o)
CALL SYMHOL (leOeclabreoe2eREY440,0030)
CALL SYMBOL(leUeCa39e29KEYD004,0030)
CALL SYMHOL (leU9Z2e00029KEYH90,0930)
CALL CURVE(XeYeNPLOTe0e2)
CALL FrRAMF
CALL MACROT(DELTAT)
CALL MICWQZ(DELTAT)
CALL MICROI(DELTANI~MICROL)
WRITE (A4606)RMICKNI
HMAT (1H0 910X e#mICROSCALE COMPUTED BY INTEGRATING N2F (N)#eF10,6)
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1$§gg§€M EXTCORE (INPUT9QUTFUT+ TAPES=INPUT s TAPE6=OUTPUT«TAPELl s TAPE2,

THIS PROGRAM WAS WRITT En BY R. AKINS TO COMPUTE A POWER SPECTRAL
USTNG SUBROUTINF FOR2Us AN EXTERNAL CORE FFT ROUTINE

SUBROUTINES CALLED IN LPHARETICAL ORDER ARE =

ALl PLOT ROUTINES ARE DISCUSSED IN THE CSU USERS MANUAL

CURVE = PLOT ROUTINE

DREAD - READS RECORNDS FROM MASS STORAGE

DWRTIT = WRITES ON_MASS STORAGEs REWRITING OVER OLD DATA USED AFTER THE
DATA +AS KEEN WRITTEN ONCE

ODWRIT1 = WRITES ON MASS STOPAGE - FIRST TIME

FOR2D = EXTERNAL CORE FFT

FRAME = PLOT ROUTINE

IS = INTEGRATION SUBROUTINE

LOCAT - PLOT ROUTINE

PENZ = PLOT WUUTINE

PERIM - PLOT ROUTINE

OPENMS = SETS UP MASS STORAGE - SYSTEM SUBROUTINE

RFADATA ~ READS 1 DATA RECORD IREC VALUES LONG FROM TAPEl USING ARRAY
SYMROL =-PLOT ROUTINE

UNPBKZ - CAHNGES FROM 12 BIT T0 60 BIT WORDS

TAPF UMITS USED -

- DATA TAPE

MASS STORAGE

OQUTPUT FOR EQUALLY AVERAGED SPECGRA

PRINTED OUTPUT

OF 12 EIT wORDS INPUT TO UNPACK. RE&D FROM TAPE1L
g 60 HIT WORDS OUT PUT FROM UNPA
1
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L
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ALIRRATION FACTOR
N = CHANNEL TO RE USED
UNT = COUNTER USED IN TAPERINGe AND IN INITIALLY PLACING THE DATA
MASS STOwARE
X = INTFGEK ARRAY USEL IN MASS STORAGE CONTRO
1 - COUNTE®R USFO Tn KEFP THRACK 0OF MASS STORAGE LOCATIONS ON INPUT
SAMPLE RATE PER CHANNF T
- UMﬁFw OF DATA VALUES PER FCORD, TAPEL
Ew USED IN FREGUENCY S
E CakD FUr PLOT OF SPE
E CarD FOR PLOT OF SPE
ARV FO= PLOT OF SPE
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60

65

70

75
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85
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95
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115

slalslelelelnielelslniaisisieliglninieisininielsinlieliniale

[e]ele]

1000

LTAPER = USED Im TAPERING THE DATA

N = ARRAY GIVING NIMENSION OF ENTIRE DATA ARRAY INPUT TO FOR2D
NAVG - NUMBER (F AVERAGING INTERVALS

NAVGl = UNIFORM AVERAGING TO ®WE USED IN OUTPUT TO TAPE3

NCHAN = NUMHER OF CHANNELS OF DATA ON TAPE 1

NKEC = COUNTER USED IN INTEGRATION

NRECURD = TOTAL NUMHER OF DATA RECOROS ON TAPE

NTRFC = NUMREKR OF RECORDS NEFDED TO READ N(l) VALUES FROM TAPE 1
NUMREw = LENGTH OF DATA RECORDS IN MASS STO

N1l - NUMBER OF RECORDS TO BE USED IN MASS STORAGE +]
PFUNC(X) = GAIN#X = CALIBRATION FOR A LINEAR TRANSDUCER

PxHT = HIGHFST VALUE 0OF RECORD

PO = SMALLEST VALUE OF RECORD

RMS = ROOT-MEAN=-SQUAKRE OF THE INPUT DATA

RMS? = RMS#i#g

SPECT = REALL ARRAY USED TO STORE THE SMOOTHED SPECTRUM

SO - SUM OF SQUARES OF NDATA VALUE

STORE - REAL ARKAY USED IN UNIFORM SMOOTHING OF THE SPECTRUM
TEMP « COMPLEX AKRAY NUMBER ELEMENTS LONGo USED WITH FORZD
TOTAL = TOTAL NUMBER OF POINTS USED IN THE FF

UTARER = USED IN TAPERING THE DATA

WORK « COMBPLEX ARKRAY 3#NUMBER ELFMﬁNTS LONG USED WITH FOR2D AND MASS S
STOPAGE READ ANy wWRITE ROUTINES
XINC = ARRAY USED IN INTEGRATION TO STORE FREQUENCY INCREMENTS
XINT = RUNNING VALUF OF INTFGRAL OS SPECT
XLIMIT(lel) -~ RANDWIUTH FOR THE I-TH AVEPAGING INTERVAL
XL IMIT(2e1) = UPPER LIMIT FOR THE I-TH AVERAGING INTERVAL
XMEAN = RUNNING MEAN

COMPLFX TEMP

COMPLF X wnkK

COMMON TEMP (1024)

COMMON/UINPK/A(204) «B(1020)

COMMOM/1/TRECINChANS IRATE

COMMON/P2/TRUNGDIAMSLENGT s TWIND .2

NDIMFENSION WOWK(3072)-N(j)OINDEX(bl3)sSPECT(l?OO),FREQ(ZDOO)

DIMENSINN STORE (R)

ng¢£?§¥0N LARX (4) «LABY (4) oKFY1(3) eKEY2(3)sKEY3(3) oKEY&(3) sKEYS(3) »

KE

DIMENSION XLIMIT(ZeR)osLIMIT(346)

DIMENSINN XINC(6)

DATA SPECT/1200%U,0/

NATA STORE/8%0,0/

PFUNC (X)=GAIN#*X
RFAD IN PARAMETERS FOR PROGRAM EXECUTION

XINT=0,0

CALL PENZ(SHBLACK4HFFELT)

GAIN = ,04114

READ(5+1000) IRECoNCHANS TRATE ¢N(1) s NAVGoNRECORD s NUMBERWN1

FORMAT (RI]0)

READ(%+]1000) IChRANYNAVGI

REAND(541001)LABX

READ(5+4]1001)LABY

FEAN(591002)KEY]

REAN(S5+1002)KEY2

REAN(5+41002)KEY3

REAN(S41002)KEYs

eL
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CONVERT TO A POWER SPECTRAL

PFRFORM A FORWARD TRANSFORM ON THE DATA
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CALL FORZN(2sNelo=1919wWORKINUMHBER)
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