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PROBLEM

The formation under consideration is a confined sand having a Pp = 0,2
psi (oil into water) bounded up-slope by a sand having a P = 1.75 psi.
The slope has, in the first case, a va.lue of 100 ft. /mile, and i‘n the sec-
ond case, a valuec of 20 ft./mile. The S.G. of the water is 0.984 and
the S.G. of the 0il 13 0,716, An oil body extends from the tight sand
down-slope for an elevation difference gf 40 ft. Assuming tha§ there
exists a flow of water dowm-slope. (which is the same throughout the oil
body as in the tight sand), what is the distribution of pressure of the

fluids within the oil body?

THEORETICAL ANALYSIS

The assumption is made that the k. varies as the 4th power of the ef-
. e 3 % v Sfe 43

fective saturation to water, According to this theory, the krw also

varies inversely as the §th power of the capillary pressure, being 1.0

<
when Pc S PD.

At the bottom of the oil body, the P, must be equal to the Pp of the

aquifer which is 0,2 pei (the Pp of the tight sand which is retaining the

oil body).

*See ""The Interrclation between Gas and Oil Relative Permeabilities
by A. T. Corey, Producer's Monthly, November 1954,

-



A circurmspect consideration of the problem indicates that the pressure

of the oil, Pg, decreases up-slope from the bottom of the oil bod; ac-

cording to the reclation,

dP,

—_ = =Y T
a7z o] \1)

. where Z is the elevation above the bottom of the oil body and y is the

specific weight of the oil, If the water were static, it would decrease in

pressure according to the relation,

dP,,

Sriad . PV 2 (2)
az w

Because the water iz flowing, the pressure in the water actually decreases
at a lesser rate according to the relation,

APy,
o= “Yw + 1 (Be) (3)

8

where f(P.) iz assumed to be {(Fc)

Pp

A complete expression for dPw is found as follows:
dzZ

Assuming uniform discharge, and a uniform sand of constant slope at

uniform temperature, we have,
8
; P =
Ci=C(_D) a4 (% +2) (4)
PC a 2/‘3 Y\V

" where S is the slope of the aquifer, C is the conductivity of the aquifer

below the oil body, and i is the hydraulic gradient below the oil body.

This gives

1
i=8 (5) N, @zt



8
or de = Yw? (...Pi.g-) ‘Y\V : (5)
dzZ S PD
Since by definition P, = P, -Py,
e , "Bl 4Py (6)
dZ dZ dZ
8
dp Yyl Pc Y
and ke, = LY '[-"'."- b -Yw]
dz © 178 (PD)
8 .
or jgc =AY 4<(§3) : (7)
D

; . wi
where AY = v, -Y o and k is the parameter, lg_-._.

This parameter is not an arbitrary constant, however, for reasons which

are discussed below,

Equation (7) can most easily be solved by numerical methods. The solu-
tion for the given boundary conditions iz shown on the attached graph.

8 .
Because of the nature of Equation (7), only one value of k/}?D is possible

4

B %08 % 107,

for a given cet of boundary conditions. In this case, k/Pp

H!

This value is such as to make the capillary pressure gradient vanish at the
upper end of the oil body. If the value of k/PD8 would be larger, P, would
be less than 1.75 at Z = 480", and if the value were less, Pc would be
g;eater than 1.75 at Z = 480",

An analogous situation would arise regardlecs of the functional relation-

ship which one might reasonably assume to hold for k. vs. P It should

Cé
be observed, however, that for the assumed range of Pc (0.2 -1.75 psi),

Equation (7) would permit a AZ greater than 480' with the same value of

8 V. X .
k/Pp . This would mean an extension of the region at the upper end of



- dP
the oil body at which dZC = 0, The distance, AZ = 40 feet, which has
been assumed for this problem, is merely the minimum depth that would
give a P, of 1.75 psi at the upper end with the given value of Ay and the .

8. No higher value of k/PD8 would permit a Pc

assumed value of k/Pp,
of 1.75 psi at the upper end, however, regardless of the depth of the oil

body. A smaller value of k/PDB, on the other hand, would permit a P,

& ~

of 1,75 psi with a lesser value of AZ than the one assumed. In this case,
a greater AZ could not be obtaincd unless the displacement pressure, Pp

of the containing sand up-slope were greater than 1.75 pei.

Note that the value of the conductivity of the sand cancels out of the final
equation. Of course, the conductivity and discharge could be substituted

for one of the other variables to obtain a solution,

CONCLUSIONS

From the foregoing considerations, it would seem that if one wanted to

predict the value of AZ from given values of y , v, P, P_ , S; and
© o W D1 D2
i, it would be possible to do this only if the value of Yyi  were less
SPp, 8
than a certain critical value. This value would bz such ~ as to make

‘

dP, vanish at the upper cnd of the oil body. For any greater value of

dZ

SPDI8

not actually be controlliag the value of AZ, and one would need additional

Ywi , the displacement pressure, Pp,, of the confining sand would

information to obtain a solution,such as the absolute value of the water

pressure at the top and bottom of the oil body.



One of the original .specifications for this problem was that the value of
i was 1-1/2 feet per mile. It ;;vas found that this gradient was not com-
patible{ with the given boundary conditions. The solution that has been
presented in the attached graph is for values of i (fof cach of the two
given val_ue: of S) that give a minimum AZ of 40 fcet. For a slope of
100 ft. /mile, the value of i is 0.3 ft. /mile, and for a slope of 20 ft./

mile, the value of i is 0,06 ft, /mile.
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PROBLEM 1I
PRESSURE DISTRIBUTION

IN OIL BODIES CONTAINING FLOWING WATER

An oil body is trapped in a stratum consisting of two distinct sands in
hydraulic contact. The trapping formation iz a shaly silt (O.é md.,,
Pp = 4.65 psi) which is up-slope from the tighter of the two sands and
is in hydraulic contact with this sand. The sand down-2lope from the
tight sand has a permeability of 1,000 md, and a displacement pres-
sure of 0.1 pzi. The tight sand extends down-slope from tihe face of
the shale to a depth of 30 feet, an;‘l the more permeable sand extends
an indefinite depth kelow this. The oil bedy is cogtinucvu; in the tight
sand and extends into the more permeable sand to a depth of 50 fzet -
a total depth of 80 feet below the shale. Assuming that there exists a
flow of water down-slope which is uniforin throughout the shale and the
two sands, what is the distribution of capillary pressure within the oil
body? The S.G. of the water is given as 0.984 and that of the oil as

0,716,

THEORETICAL ANALYSIS

The analysis of thiz problem i3 similar to that for Proklem I, The

equation used to obtain the capillary nrescsure distribution is
i 3 y &

=€ . AY -k (5 (1)



where k is given by

/

in whi.ch Y is the specific weight of the brine; q is the velume flux of

water; C is the hydraulic conductivity of the sand at a relative perme-

ability of 100%; S is the slope of the formations {assumed to be the same

for each); AY is the diffezence in cpecific weight between water and oil;
£ P, is the capillary pressure; Z is the height above the bottom of the

oil body; Pp is the displacement pressure (oil inte water) of the sand

under consideration,

PROCEDURE FOR SOLVING EQUATICN (1)

Since the problem states that the oil is trapped by the shale, the P, at
3 the face of the shale is 4.65 psi. At the bottom of the oil body, the P,
cannot be less than 0.1 psi which is the P of the cleaner sand. These
pressures combined with the given depth of the oil body constitute the
boundary conditions for which Equation {1) was solved by numecrical

methods,

,  In this case, however; the solution required successive approximations,
The proccdure was to assuame a value of k for onz of the sands. Since
tie value of k for the two sands differs by the inverse ratio of their per-

meabilitics, the value of k for the second sand could be computed. Using

dpP
these values of k, Equation (1) was solved by plotting the slopes, E'EE’

-

b on a graph of P.vs. Z. By thic method, a separate curve was plotted



for each sand. The curve for the tight sand was plotted by beginning at

the top of the oil body (Z-

plotted by' beginning at Z

"

960"}, and that for the permecable sand was

0", Since only one solution is possible with

the given boundary conditions, the two curves did not, in general, meet

at the junction of the two sands (Z = 600').

By adjusting the values of k,

successively better approximations were obtained, When the two curves

met within 6 inches of Z = 600", the approximation was congidered satis-

factory.

result was obtained with a value of k= 1,2 x 10~9 lbs/in3

The result is shown on the graph labeled as Problem II.

sand.
CALCULATIONS
(1) (2)

' g
Fe Fe.
4.65 2.2 x10°
4.6 2.02
4.55

5
4.5 1.68 x 10
4.4 1,405
4.2 9.7 x 10%
4.0 6.5x 10%
3.8 4.33 x 10°
3.0 6.5x 10°

(3)

P /.43
5.12 x 105
4.69

32.91 x 105
3.27

2.26

1.52

1,006 x 105
1,51 % 104

for the tight

(4) (5)

5 .00965 -

(3) = 10 (4) gives m
-4

5.12 % 10 .00914
-4

3.91 x 10 . 00925

1x10°% . 00955
-5

1.5x 10 . 009645

This

.926
+ 932
<942

. 950
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Coarse Sand
a (2) @) (4) (5) (6)
100 x (5)
. 00965 gives m
P Pce PCS/IO-g 1.3 % 10-11 (4) givea m  1lbs/100 in.
.1 107"
2 2,56 x IO"6
4 6.4 %1072
X -3
B 3.83x 10 . 965
-2
.6 1.8 x 10 . 963
-2
. 7 5.75% 10 . 958
-1
'S 1.68 x 10 . 943
.9 4.32x 10" . 909
1 ] .865
1.1 2.15 . 685
1.2 4.3 . 405
1,25 5.95 .190

1.285 0



PROBLEM III

1,000 md. Sand

~10
k=2.24x 10

(1) (2)
Pe e

1 10-8

2 2.56 x 107
3 9.3x 10"
4 6.4 x 10
B 3.8 % 10"
s 1.8 x 10
7 5. 75310
.8 1.68 x 10
9 4,32 x 107

.75 1x10°}

.85 2.73x 107}

13 md. Saad

(3)
8, -8
e ekl
6
1
10

, x 1
k= { 1.3 )

x 10

©
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59.5 x 10!

-10
x2.24 210

(5)

. 00965 - (4)

10

(6)

100 x (5)

376 1bs /100 in. %

2.24 x 10710 .965
5.73 % 1079 . 965
2,08 x 10-° . 965
1.43x 1072 .965
8.5 %1072 . 956
4.03x 1074 925
1.29 x 1073 .836
3,76 % 1073 . 589
9.67 % 1073 0 0
2,24 5% 1073 . 00741 . 741
6.12 x 1073 353 .353
2 -1.725x 108

1.725 % 107" . 965

1.03 x 10°6

. 965
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PROBLEM III (contd.)

a1, 62 % JO°%

(1) (2) (3) (4) (5) {6)

P, P, P./.43 x1.62x107% -(4) 155 /100 in.
0.9 .43 ] 1.62 % 10~% .00949 . 649
L4 _
1.0 1.0 2.32 3,77 % 10 .00927 .927
1.05 1.478 3,44 5,50 x 1074 .00909 .909
1.10 2.145 5.0 8.10 x 1074 . 00884 .884
£ 46 3.06 7.1 1.15 % 1072 00550 .851
1,20 4.3 10,0 161 x 10" . 00304 804
1.25 5.95 13.85 2.25% 103 . 00740 . 742
1,30 8.2 19,1 3,09 x 1073 , 00656 . 658
1,35 11.0 25,6 £.18 x 1073 00550 . 552
1.40 14.8 34. 4 5.53 x 1073 00407 210
1.45 19.5 45, 4 7.35% 1073 .00230 . 234
1.50 25.6 59,5 9.65x 1073 00 000

&
8 P, x .00955 100 x (5)
P P, 2.12 x 10% -(4) 155/100 in,
;! -5 : .
0.1 10 2.12 x 10 ,00965 .965
-6 -4
2 2.56x107° 5,4 x10 ,00911 .911
._4 __l ) .
4 6.4x 10 1.35% 10 000
5 3.8xie>
s -2 apr Q
.6 1.8 x 10 —L =0=.,009465-2.12 x 10° pc"
7 5.15x107° "z
" .15 x10 ' g
= § . 9.65x10"3 . 5
i p 8222 E o - 4,55 % 10
.8 1,63x 10" ¢ ~ 2idx 10 e

.9 4,32 % 10~} )
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PROBLEM III
PRESSURE DISTRIBDUTION

IN OIL BODIES UNDER HYDRODYNAMIC CONDITIONS

Thiz problem is the same as Problem II except that the silt which coan-
fines the oil has a Py = 1.5 psi instead of 4. 65 pei. Conseguently, the
oil body iz much smaller and i3 in two parts., The first part extends 20
feet below thic silt, and the second extends 40 feet below the junction of

the two sands and is confined by the upper sand.

THEORETICAL ANALYSIS

It is immediataely evident that if the value of ""g' is considoered conztant
throughout both cil bodies, and the values of P, at the boundaries are
specified, the deptihs of the oil bodics are not independently variable,
Consequently, it is very improbable that Equation (1) as given in Prob-
lem II would have a solution satisfying the giver btoundary conditions.
The procedure explained below was followed with this fact in mind.

It will be noted that if one assumed the valucs of k found to apply for
Problern II, thc depth of the uprer oil would be ouly 5' and the lowex
oil about &'. This weuld be virtually a hydrostatic distribution, It is
characteristic of Equation (1) that valucs of k appreciably less than a
certain critical valuc will give deptins of oil not ruch difforent than hy-

drostatic conditions, considering the limiting P.. Values greater than

the critical k will not permit the P to build up to its limiting valae

-
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regardless of the depth of oil. In fact, if a depth of oil is specified
which is appreciably greater than would be possible under hydrostatic
conditions, it i5 sufficient to assume that k is exactly critical. The re-
sulting plot of P, va. Z will be as accurate as iz possible to obtain by
graphical methods. Theoretically, however, the valuc of k is slightly
lese than critical because the critical k is that which would permit the

P, to reach its limiting value at Z =o=.

It ehould 'also be noted that because of these characteristics of Equation
(1) and the graphical solutiens, it would not be practical to attempt a
determination of Z from given values of k and a limiting P_ unless the
distribution of pressure was nearly hydrostatic. Theoretically, the
value of Z is determined so long as k iz less than critical, but when k
approaches the critical value, Z is extremely sensitive to small differ-
ences in k. On the other hand, if a value of Z is given that is appre-
ciably larger than hydrostatic, very accurate plots of P, vs. Z can be

made by assuming a critical value of k.

PROCEDURE

Two different solutions are shown, neither of which satisfiez all of the
given boundary conditionz, Solution (a) was obtained by acouming a
critical k in the more permeable sand. The critical k was computed
b"tt'ndpc-f) t the limiting P_ which 5 0,9 psi. This

y setting % = 0 at the limiting P, which was 0.9 psi. is gave

8

p )
Ay 29 =ke2.24% 107
PC

© e in, 3
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for the lower sand. The corresponding k for the upper sand is

3

(2.24 % 10

)
10, J000 1bs/in.,

15} = 1.725 % 107
The reculting solution satisfieg all boundary conditiens exzcept that the

depth of the upper oil body is virtually hydrostatic.

Solution (b) was obtrined by assuming k to be critical in the upger sand,
Under these conditions, P, cannot reach its limiting value of 0.9 psi in

the lower sand, but all other boundary conditions are satisfied.

As previously noted, a value of k apireciably less than critical for the

iong being virtually hy-

(0]
(o}
e
[}
=
[ d
d
[
1
-

lower sand would result in the pressure
drostatic for both the lower and upper sands. A value of k greater than

critical in the upper sand would prevent P_ from reaching its liniting

value in eithar sand.

DISCUSSION AND CONCLUSICNS

It would appear from the foregeing that tie equation

&
dP
—S =AY -k (55 (1)
dzZ D

is very useful for predicting precsure distributions when certain bound-
ary coaditions are known., In many cases, it iz necessary to know the

depth of the oil bady for graphical sclutions to Ge practical upder hydro-
dynamic conditions., Except in sitvations where the distribution of pres-
sure differs only slightly from hydrostatic conditions, it will be difficult
to predict the depth of an oil body frorn the displacement pressure of the

1,

confining rock and the hydraulic gradientc. This is hecause the capillary
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pressure gradient is co extrernely small for a great distance below the

confining rock,

The value of the parameter, k, which gives

dpP
£ =0
dZ

for a particular limiting value of P_ bas been called the critical k in the
foregoing discussion, This value is significant because for any system

whercin the oil body is substantially deeper than could exist under static
conditions, the value of k will be only slightly less than critical, and for

the purpose of solving Equation (1) to obtaia pressure distributions, it

is sufficient to asscume k to be critical,

Thcre arc certain geological and hydrodynamic conziderations which in-
dicate that a value of k approaching the critical value would often exist
in naturc. Consider, for example, the situation that exists in a forma-
tion of a given slope wherecin water enters at a given elevation and leaves

-~

at a certain lower clevation. The potential encrgy available for water

movement would therefore be fixed, If oil migrates into such a system
and is trapped Ly a tight sand up-slope, the rate of flow of water would
be reduced because of the added resistance. Consequently, the value of
k would be gradually reduced as more and more cil migrated into the
formation. As k is reduced, the maximum capillary pressure which
occurs at the face of the confining rock would increase. If k exceeded

a critical value, however, the oil would break through the confining rock

and the accumulation of 0il would cease. It would seera, therefore, that
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k would always approach e critical value if there were a sufficient sup-
ly of hydrocarbons in the beginning and if the potential energy available
P ¥ Y’ o ¢ o

for water flow were sufficiently large that the oil accumulation could be

materially greater than under static conditions.,

According to the foxegoing theory, if sands of varying di:pla.cgrhcnt pres-
sures are in ceries in a continuous hydredynamic system, oil will accu--
mulate preferentially in the less tight zands., Hence, the sands which
have the greater perreability will tend to have the least effective perme-
ability to water, and the flow of water will be controlled by them. As a
result, the distribution of pressure in the tighter sands will ordinarily
differ only slightly from thz static cace, This, of course, presupposes

.

that the flow of water iz the same for all the sands,
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