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ABSTRACT OF DISSERTATION
ESTIMATION AND LINEAR PREDICTION FOR REGRESSION,

AUTOREGRESSION AND ARMA WITH INFINITE VARIANCE DATA

This dissertation is divided into four parts, each of which con-
siders random variables from distributions with regularly varying
tails and/or in a stable domain of attraction. Part I considers the
existence of infinite series of an independent sequence of such ran-
dom variables and the relationship of the probability of large values
of the series to the probability of large values of the first compo-
nent. Part II applies Part I in order to provide a linear predictor
for ARMA time series (again with regularly varying tails). This pre-
dictor is designed to minimize the probability of large prediction
errors relative to the tails of the noise distribution. Part III
investigates the products of independent random variables where one
has distribution in a stable domain of attraction and gives conditions
for which the product distribution is in a stable domain of attraction.
Part IV consideres estimation of the regression parameter in a model
where the independent variables are in a stable domain of attraction.
Consistency for certain M-estimators is proved. Utilizing portions

of Part III this final part gives necessary and sufficient conditions
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for consistency of least squares estimators and provides the asymptotic

distribution of least squares estimators.

Daren B. H. Cline

Statistics Department
Colorado State University
Fort Collins, Colorado 80523
Summer 1983
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OVERVIEW

The common theme in the four parts of this dissertation is the
application to statistical inference of the theory of distributioms
with regularly varying tails. Parts I and III lay the groundwork for
the specific applications in Parts II and IV and though they are written
with the applications in mind, they consider problems which are of in-
dependent interest. Our ultimate objective was to study both estimation
and linear prediction for autoregressive-moving average (ARMA) time
series with regularly varying tails and as a stepping stone, estimation
for regression. Time, however, has required us to consider estimation
for the regression model only.

Part I studies infinite series of the form Y = jzlpjwj where the
{Wj} is an iid sequence of random variables with regularly varying
tails. We consider conditions for the existence of Y and relate the

probability of large values of Y to the tail of W This relationship

1
turns out to be similar to a common metric for la sequence spaces.
Capitalizing on this, we define projection operators for the linear
space generated by {Wj}. Part I also shows the ARMA time series can
be expressed as infinite order moving average sequences.

The results of the first part are applied in Part II to ARMA pro-
cesses with regularly varying tails. Using the metric defined in Part

I, we consider linear prediction by minimizing the probability of large

prediction errors. Prediction for the AR(p) and ARMA (1,1) models is



investigated thoroughly. The procedure is similar to least squares
prediction and comparisons are made.
Part III presents theory used partially in the final part. 1In
Part III we consider conditions for which the distribution of the pro-
duct of independent random variables is in a stable domain of attraction
when at least one has distribution in a stable domain of attraction.
The theory is extended to include bivariate distributions of the com-
ponent-wise product of two independent pairs of random variables.
Estimation of the regression parameter appears in Part IV. Our
regression model assumes the independent variable is in a stable domain
of attraction. Using results in the literature, we consider consistency
of M-estimators. Least squares estimation, however, is given the fullest
treatment and we provide necessary and sufficient conditions for the
least squares estimator to be weakly consistent. Limit distributions
are described for the least squares estimator and we demonstrate the
startling result that the limit can be either normal or the ratio of
two non-normal stables, depending on the distribution of the independent

variable.



PART I: INFINITE SERIES OF RANDOM

VARIABLES WITH REGULARLY VARYING TAILS

Summary. We give conditions for the convergence of an infinite series
of independent and identically distributed random variables, whose
distribution has regularly varying tails. More importantly, we show
that the distribution of such a series is tail equivalent to the
distribution of its components. This enables us to define a quantity,
which we call dispersion, measuring the relative thickness of the tails
and thereby to compare different infinite series. The dispersion may
be related to the Qd metric for sequence spaces and this leads to a
notion of linear projection which is useful for prediction of time
series. Since time series prediction is our ultimate objective, we
also discuss the notions of stationarity, causality and invertibility
for ARMA processes which are driven by random variables with regularly

varying tails.



1. Introduction

(o]
We are concerned with random variables of the form Y = X iji
J=1 = -
where {Wj} is a sequence of independent random variables, all from a

distribution F* with regularly varying tails. Let F be the distribu-
tion of [W5| and define ?(t) = 1-F(t) = P[|Wj|>t]. We say that F(t)

is regularly varying with exponent -a (FeRV_a) if for every s>0

1lim F(st) - s-a
B F ()

In fact, if the limit exists at all, then it will be of the form

s % for some 0>0 and the convergence will be uniform on [so,w) for any

S = -ote
so>0. Furthermore, for any €>0 there exists c¢>0 such that F(t)<ct

for all t>s (See Feller II for a discussion of more general regularly

0
varying functions.) The parameter o we call the tail index of F.

Distributions with index o have moments up to (and perhaps including)
order a, but higher moments do not exist. In particular, if a<2 then

the variance does not exist. More precisely, Feller (1971), p. 283,

proves the following relationship between F and its truncated moments.

Lemma 1.1 Suppose |W| has distribution F* with F = P[|W|>t] eRV__ .

X - Y " - Y
Define my(t) E[|W] llwlfﬁ] and, when it exists, uY(t) E[ W] lIW|>t]'
-y 1lim my(t) o
Then for y>a, t 'm (t) € RV and = , and when u (t) <w,
= Y -a b e = Y
t'F(t)
1am Yyt a

= ; #

t Yu (£)eRV_ and o —— = =2
Y tYF(t) Y



Random variables with regularly varying tails exhibit a striking
relationship between the distributions of sums and of maxima. The

following is a modification of a theorem in Feller (1971), p. 278.

Lemma 1.2 Suppose wl’w2’ ...,Wn are independent and identically distri-
buted. Let F be the distribution of ijl and _suppose FeRV_a. For real

numbers p

n
IERRRELT define G(t) = P || } ijj[>t and

3=1

H(t) = P sup Ip,W.|>t . Then aeRV~a, ﬁsRV_a and

1<j<n
1im G(t) _ lim H(t) _ % " |a
B F) U Fw) =1 I

Proof: The result, if true for n=2, extends by induction. We therefore

consider only the case n=2. First,

lim H(t) _ lim F(t/}pll)*‘i(t/Ipzl)'f(t/lpll)f(t/lozl)

F(t)

o)1 %]p, %0

by the regular variation principle.

Second, by an application of the theorem in Feller (1971), p. 278,

P[[plwl|+|p2w21>c]

Iim G(t) _ lim
B Fe) — F(t)
_lim F(t/lpl|)+f(t/|pz|)
£t

F(t)

oy %0, 1% (1.1)



However, for any 6>0

G(t) P[]o W o, W, [>t]

|v

P[ |plwll>(1+<s)t, lo W, | <8t1+P[|o, W, [>(1+8) €, [p W, | <st]

(G ) A ()

And from this we calculate

lin &(8) (1+8) %o, | *+(1+8) %0, |°. (1.2)
£ F(e) & 2

Since § is arbitrary, then (1.2) combined with (1.1) gives us the result.f
Lemma 1.2 tells us in particular, how to compare the tail of the
distribution of a sum with the tail of the distribution of each component.

We will extend this result to infinite series in Section 2. Whenever

two distributions with regularly varying tails (say F., and Fz) satisfy

i
14m F1(8)
t—)-°°

- exists and is nonzero, we say that Fl and F2 are tail equiva-
F,(t)

lent. The limiting ratio gives us a convenient means to compare the

probability of large values of random variables from the two distribu-

tions. In particular, we may be interested in the probability that

!Yll = | z pl.W.l is large relative to the probability that
j=1 J 3

) pzjwj] is large. For example, Y, and Y, might be the pre-

|Y
521 1 2

2|

diction errors from alternate methods of predicting a time series and we
may prefer to choose the predictor which has the least chance of large

errors (see Part II).



The limiting ratio of probabilities for Y = z Ojo and Wl will
i=1

oo

turn out to be z |pj|a, a quantity we will call the dispersion of Y.
j=1

When comparing variables on the linear space generated by a given
sequence {Wj}, the dispersion is a useful measure of distance. This
leads to the concept of minimum dispersion projection for variables in
this linear space. Section 3 investigates this notion.

In Section 4, we discuss the existence of a stationary ARMA time
series driven by regular varying tail noise and conditions for causality

and invertibility of such a time series.



2. Existence and Tail Behavior of Infinite Series

We start with an application of Kolmogorov's three series theorem

to series of regularly varying tail variables.

Theorem 2.1 Suppose {Wj} are iid F* and F(t) = P[ij|>t]eRV_a.

n
Then Y = 1im Z p.W, exists almost surely if either
n>® j=1

i) ) |p,|6<oo for some &<a, 6<1
j=1 -

or

ii) EWj exists and equals 0, and ) ]pj|6 <
j=1

for some §<a,§<2 (or 8=1 if a=1).
Proof:

o]
i) The series Y = 2 p,Wj is absolutely convergent if and only if
j=1

for all v>0

Y Pllo.W,[>v] = F(v/|p.]) <=
Lty = TEG/le]

co

E W1 = ' o .
jzl [IDJ Jl !pjwjlf_"] jzllpj|ml(v !OJI)

and

(The third series is not necessary to prove absolute convergence.)

Since by Lemma 2.1,



- = if a<l
lim __F(t)  _ o =
- bl
Laaall lml(t) 0 otherwise

it suffices to show the second series converges.
If o<l then t—lml(t)sRV_a and so there exists a ¢>0 such that for

v -1 -5
any S>;GBTE;T’ s ml(s)jps , if 8<a. If a>1 then ml(t)+E|Wj| and so
h|

we can use the bound s_lml(s)jps_s if 6<1. In either case,

T =i 8
Z ‘DJ|m1(V/|QJI) v . IpJI < @.

j=1

J=1

Thus, condition i) is sufficient for absolute convergence of Y.

ii) If EW,=0 (in which case o>1), then

J
IE[lelel:t] il IE['wjl‘lwlht:“
Eﬂwjllle’”]

ul(t)

| A

For Y to exist, it suffices to prove that

Il o~ 8

2 P[lpjwj]>v] =

F(V/|pj|) < w
j=1 3

1

(o]

jzllijE%jl|Pjo|§Y]l'i jzllpjlul(V/lpjl) <

and

) .w. . = S . < oo,
jzl [}pj J) ipjwjlfy] jzlmez(V/|°J|)
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From Lemma 2.1

lim F(t) o o1
> t-lul(t) o
= 2-a :
lim _F(t) _ )= if a<2
too =2
t mz(t) 0 otherwise

Thus if a=1, convergence of the second series is sufficient and if

a>l, convergence of the third is sufficient. For o=1, since ul(t)+0

there exists c¢ such that for all s>gGS%E—T , S lul(s) f_cs-'l so that

J

0

jzllojlul("/lojl) icjzllojl

and hence condition ii) guarantees that Y exists.
. -2 -8
For a>1, we can find ¢ such that s mz(s)_ics where §<a,

§<2, so that

o)
o, |

I
Zl J

my v/1o1) < e

[ 1o,
=1 1

j

and again condition ii) is sufficient. #

0

We remark that when Z p.W. is absolutely convergent then

i=1
sup]pjwj[ exists almost surely, also.
k|
(=]
Sometimes the condition Z ]p,|a<°° is sufficient for the existence
j=1
of z p.W,. For an example, assume the Wj are symmetric about O and

j=1

FERV_a, 0<a<2. 1In this case it is sufficient to show
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]

F(v/[pj|) < o for all u>0.

j=1
If F satisfies lim taf(t) < o, then there exists c¢ such that for
t>oo
> L F(t) < cs %, Thus
su p.l ’ - :
1P j

and hence z ijj exists almost surely.
j=1
On the other hand, a counterexample is the following. Suppose

{Wj} are distributed so that for t large enough, P[le|>t] = F(t)

= t *int. Suppose also that pj = (j(lnj)z)—l/a; j>2. Then

Il o~ 8

p? < «, but with j0 chosen large enough,

j=2
s 1 ® ln('(ln')2
= = 1n(jdnj) )
Y F(1/p,) == )
) j a LB 2
b g j=ip 3(nj)
1 =« 1
=% _Z. iing
J=JO

o]

Therefore Z ij, almost surely does not exist.
j=2

Lemma 2.3 Suppose F* is a probability measure for W with F the

distribution of [W] and F(t) = P[|W|>t]sRV_a,a:>0. Suppose also that

=]

{oj} satisfies ) |pj|‘5 < = for some d§<a. Then

=1,
L & -
gy lim j=1 (/e D ST lel]®
ity F(t) j=1

and

oo

1- I F(t/|e.]) -
..y lim j=1 o
ii) - = Z Ip,l .
e F(t) j=1
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Proof:
i) Letm = suplpj|. There exists ¢>0, t0>0 such that for all
k|
t>ty, ¥ >1/m.
F(ty) <Cy-a
F(e) ~
Therefore — Z F(t/lp.l)_i Z Ip,]6 < o,
F(t) j=1 J j=1 3
. F(t/|o.])
Sfnee DR 1 . [®
£t

F(t) J

Then by dominated convergence the result i) holds.

ii) By i) | ?(t/lpjl) < » for all t>0 and sup ?(t/|pj|)+0 as to»
j=1 J

We can therefore exchange F with 1nF to get

ERCTATD Y Fe/ oD
lim  4=1 J _ lim  j=1 I .
t>co 0 T o -
1- 1 F(t/]p.]) T 1nF(t/]p.])
3=1 =1 ’
With i), this implies ii). i

The main result of this section is next.

Theorem 2.4 Suppose {Wj}'uiid'F*where F(t) = P[IWj|>t]eRV_a and suppose

{0,} satisfy ) |p.|6<m for some §<a,a<l. Let G(t) = P[| } p.W,|>t] and
3 gu1 3 j=1 31

H(t) = P[sup[pjwj]>t]. Then

t>o = t>o -
j F(t) F(t) 3=1 7
© n ©
Proof: Set Y = piWss Y = y pWss 2y = y |ij.|and zZ, = Suplpjwjl.
3=1 g=1 o j

By Theorem 2.1, Z., exists almost surely and hence Z_ and Y do also.

1
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Since H(t) =

J

= 8

(l—?(t/lpjl), Lemma 2.3 immediately gives the second
1

conclusion.
To prove the first, we let Gn be the distribution of Yn' Then

for any n>1, >0,
PI|Y[>t]1 > P[|Y_[>C+e)t, |Y‘Ynl<€t]

= an((1+g) t)P[ |Y—Ynl<et] :

Thus,
- G 14+€) ¢t
1im C(t) > lim n(( ) ) P[IY_Y |<€t]
B F(e) T F(e) n
-t o o
= (1+e) Z ID.I .
j=1

where the limit is obtained by using Lemma 1.2 and the fact that ?eRV_a.

Since both n and € are arbitrary,

ik
=
|

©

fom ——t = Z lo. |* (2.1)

=l
~

(s
~
(=)

The alternate inequality is first proven for a<l. Define

-A|W, |
e G

¢(A) = E When a<l, then by Feller (1971), p. 447,

1im 1 = ¢(1/t)
R TE )

= I'(1+a) (2.2)

This indicates that 1-¢(1/t) is a regularly varying distribution tail,

so that Lemma 2.2 applies.

1- 1 ¢(o.|/t)
lim j=1 :

- o
toe 1= 0(1/0) jlepjl

(2.3)
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0f course, Ee %1 = T

j=1 !
Applying the theorem in Feller again, ﬁle:RV_a and
1- 1 ¢(]p,|/t)
. . 3
lim i=1 = T(1+a)
e (t)
B
Combining (2.2), (2.3) and (2.4) we have
H, (t o
el SPNL
R Y COTE 5 S
Since |Y|i21, then
e H (t w
lim G(t) _ lim 18 - lo.|®

el IR (OO N SR

which, together with (2.1), proves the result for a<l.

©
When a>1, then a = ) |p.|<®. Let y>a and p,
j=1 3 J

¢(A|pjl). Let H, be the distribution of Z..

1

1
;1oj|- By

Holder's inequality, with {pj} as the probability measure,

z. = W
1@ j§1| 317

| A

al 7 lW-lY D. 1/y
PR A

Sl I AL
jup 3 3

The distribution of |Wj[Y is F(tl/Y) and has index a/y<l. Letting

oo

V=) !Wj|Y[pj| and relying on the result for index less than 1,

3=1

(2.4)

(2+3)
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lim R[v>e] _ EIO-la/Y- (2.6)

e 5ty g2 3

From (2.5) and (2.6) we can calculate,

Hl(t)

F(t)

1im plal /Yy

—

lim
tr»

F(t)

_ lim P[V> a2’ 's]

o F(sl/Y)
- (al—Y)—a/Y ) lp_,a/v
=1 2
=| I leyl I 1oy,
j=1 . .
j=1
Since Yy > a is arbitrary,
— H. (t) ©
lim 71 o
L B le,|]". (2.7)
e F(t) j=1 J

This is still not strong enough to prove our result. However,

n
with Y = ) p W, and e<,
no L3
PL|Y|>t] < P[]Yn|> (1-e)t] + P[IY-Yn! > (1-e)t]

+ P[|Ynl > et, |Y—Yn| > et].

G ((1-e)t) + G ((1-e)t) + G (et)G (et) (2.8)
n =1 n b 8 §

where G_n is the distribution of Y—Yn, which is independent of Yn.

By Lemma 1.2 and the inequality (2.7), respectively,
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G (t)

n

Hn 2= foy]®

= P
B Fe)  j=1 3

and

o A ]
__ G _ P >
Tim o-n'® T _Li=mk1 ) i
> F(r) F(t)

<( I I )"
J

j=nt+l

Using these in (2.8),

s n = "
i R SRR P L GRS e (NI IR I
F(t) j=1 J J

Since n and € are arbitrary, then

lim G!t) " Z lp'|C£
t>®o = - ]
F(t) j=1
and with (2.1) we have our result for a> 1. #

The quantity ) |pj]a we call the dispersion of Y (disp(Y)). This
j=1

theorem indicates that disp(Y) is a measure of the probability of large
values of Y. 1If {Wj} are symmetric stable (a) in distribution, then Y

/o

will also be symmetric stable (o) and (disp(Y))l will be the ratio of
Y's scale parameter to Wj's scale. Section 3 demonstrates how dispersion

may be used as a measure of distance between random variables which are

infinite series in {Wj}.
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Corollary 2.5 Let z_ =| 1 |o.W,|"|[*Y for v > 8, then
Y j=1 1]

Pl[Z >t
1lim [ Y ]

W E RS

| a

Proof: IW’jIY has distribution tail FY(t) = F(tl/Y)eRV_a/ . For

-

o §
§, = &8/y, 8§, <1 and 8§, < a/y and Z <]p,ly> 1 < o, Thus Z exists
1 1 = L =1 j Y
almost surely. Let H_ be the distribution of (Z )Y = ] |p.W.lY. By
the theorem,
ﬁ (t) © )

tm LT (- T el

traF ey g1t ? j=1 -
Thus

. Plz>t] lim# CRAS T

lim TIIE = oo _I_ETT__ = z |p.|a.

t> t] F(t /Y) _‘]=l J
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3. Dispersion as a Metric

In this section we define a metric for infinite series of regularly
varying variables and a corresponding projection operator. We also elab-
orate on the nature of the projection operator. As before, the sequence
{w.} will be independent and identically distributed, F(t) = P[Ile>t]
is the tail of IW | and regularly varylng with exponent -o. Recall that
we have defined the dispersion of Y = z pJW by

Jug, <

X o
disp(Y) = Z lp_| ’
j=1 3
Let 6>0 satisfy &<a, a<l. Define now the (random) linear space for

given sequence {Wj},

S={Y= J p.W, such that ) ]p,]6.< w},
51 49 2109

We remark that in fact we need only work with a space of equivalence

classes which are well defined by the distribution structure, but S is

2 1 a = = W
a convenient means to express this For Yl X le 32 2 jzlpzj j we
define
a o
a
- = i - i <
jzllplj ijI dlSp(Yl Yz) if o <1
d(Yl’YZ) = <
@ 1/a
a . 1/a |
= = - >
) lplj ijI (disP(Yl YZ)) if o > 1,

\\j=1
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Lemma 3.1 d is a metric on S.
Proof: The only condition not obvious is that d(Yl’YZ) = 0 if and only

if Y,=Y, almost surely. Clearly, if d(Yl’Yz) = 0 then p for all

172

j and hence

13 23

n

Y.-Y, = lim| } o,.W, - Zo
2
1 o P 2373

= P, )W,
jz (p15=P 9y Wy

On the other hand, if Yl—Y2 = 0 almost surely, then by Theorem 2.4,

lim P[|Y1 Ll>e e

_ a

Therefore, we see that dispersion is not only a measure of tail
thickness, but can also be used to define distance between two random

variables in S. We remark that if, as in the example given in Section 2,

a . § o g
Z lpjl < o is sufficient for existence, then the use of § < a is not
j=1

required.
The obvious next question concerns the nature of convergence in this

metric. We answer this partially.

Lemma 3.2 Convergence on S with the metric d implies convergence in QG

o]

Proof: Since d<a then E|Wj|6 <, Furthermore, for any Y = z DJWJ
j=1
6 [oe]
E|Y|” < E| ] |o.W,|
j=1 33
8 $ .
= E|Wi Y e.] since § <1 (3.1)
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Therefore, for Y = ) p ,W,, disp(Y_)»0 implies ) |o ,|6+0
21 i d n PR

which in turn implies E|Yn]6+0. #
We recognize that when a=2, S is a subspace of a Hilbert space. In

this case and when a>2 so that variances are finite, it is usually most

convenient to consider a Hilbert space setting. However, we are primar-

ily interested in cases where a<2. To consider projection operators in

S, let Xl’ . Xn.eS, then for any Yec S define the projection operator
P Db
X Y
PY = {Y = a'X such that disp(Y-Y) is minimum}.
(o]
Theorem 3.3 Assume o>1 and suppose Xi = z T W .€S, where for each m>n,
J:
(o]
H(m) = [r.,]™ ™ 4is of full rank n. Suppose also that Y = Z p W eS.
ij~, . =
i=1 j=1 =
. o @ _
Then PXY has a unique element. Furthermore, if Xi = z Wijwj’ then
A j=1
n lim
Y = PXY = m>» P Y.
P:S E(m)
m m
Proof: We start by assuming X, = Z mT,.W., Y= z p.W, where n<m and m
- 1 j=1 1] ] j=1 3]

is finite. We wish to minimize

h(a) = disp(Y-a'X)
m
= —a'm
Z lps-a'm, | (3.2)
3J
’ .th n m
where m. is the j column of T = [m,.] . We have assumed II has
I =1 =

full row rank n. Define
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D, = {aeR™ such that a'm, = p.}
J - - ] J
o
and .(a) = |p.-a'm, |,
gJ - | J —'_jl

For gﬁDj (using [x]7 = sgn(x)|x|Y),

3g. (a)

a-1
=am,[a'm.-p.
da —J[— = pJ]
2
37g.(a) a-2
and —_o7— = a(e-Drm |an-e |77 (3.3)

Since a>1 and Ejﬂé is nonnegative definite then gj is convex off
of Dj. In fact, gj is minimized on Dj so that gj is everywhere convex.

We can actually go a step further and say that for 3 §2€Rn, Ae(0,1),

ng (31)+(1—>\)gj (3_2) > gj(>\31+(l—K)32)

with equality ifflgigj = ééjj. That is,gj is strictly convex except

along lines orthogonal to Ej' Equality cannot hold for every j, since
m

m is full rank, so that h = z gj must be strictly convex. Furthermore,
=1

as max |a,|+>®, h(a)>®. Thus h must have a unique minimum.
1<j<n
The argument that h has a unique minimum holds even when the series
=] e
are infinite, that is, when Y = z p.W., X, = ) m, W, and
j=1J o= M

h(a)

disp(Y-gf&)

©

j§1|°j a'n,|
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Let a, be the unique minimum of h(a) and set (for m>n)
T a
h (a) = ) |p.-a'm,| with unique minimum a_. Suppose for some subse-
m— ., < "3 ~m
j=1
quence {a_ }, max la_,|+=. Then

L<i<n

limh_ (a ) > limh (a ) = =.
n>® o Ty

But for any m,

hm(ém) inf hm(g)

a

| A

inf h(a)
a

= h(éo). (3.4)

Thus, the sequence {ém} must be compact and every subsequence must have

a convergent subsequence. Suppose a +a,. Then from (3.4)

h (@ ) <h(ay

m

But since hmfh and the functions are all continuous, convergence is
locally uniform, by an application of Dini's Theorem. This means
lim h_ (a_ ) = h(a,)
- —m, 1

lim a and

which implies h(él) = h(éo) and hence 2, = 3y Thus a

&
3

= ! = : ' - .
PXY 30 X 1im émX lim P (m)Y'

== m—>® m>>® X

#
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To actually calculate a, is not easy unless either m=n

= (H(m)n(m)')-ln(m)g). An iterative

(én = (H(n)')_lg) or a=2 (gm

procedure would be
' —
_ (H(m)n(m) ) 1, (m)p

a
—m, 1l

& ekt ™ By g @@y @y (2,10

Q

where 2§m)(§) - [gfgém)-oj] -1 (using [x]* = sgn(x)lxll), 1<j<m.

Even though the mapping Y»Y = PXY is unique it will not be a

linear mapping (except when a=2 or m=n). (See the example at the end

of the section.)

Theorem 3.4 Assume that X and Y are as in Theorem 3.3, except assume

a<l. To minimize disp(Y-a'X), it suffices to consider_gef, the closure

of E = {_an:§f1j=pj for at least n values of j}.

Proof: As before, we seek to minimize

(m) ¥ o
h/(a) = ) |e,~a'm, |, mn. (3.5)
Define again Dj ={§§Rn;i'1j = pj} and gj(g) = Lgfg.-pj *. The matrix
J

of second derivatives given in (3.3) indicate that at every §¢Dj, gj

is concave since a<l. However, gj is minimized on Dj' Since

m
m
h(m) = z g. is continuous everywhere, concave at alllgé v D, and
e e (m) __ m
infinite at infinity, then h must therefore be minimized on Dj.
j=1

(This is not to say that points of minimum are exclusively in this set.)
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Now consider the set

Em = {_ﬁangfjj = pj for at least n values of je{1l,2, ...,m}}.
Since H(m) =[r,,] ™ ™ has rank n, then Djfﬁ Em is non empty.

=1 5=

Suppose alsDj and azaDj(jE . From (3.5) we clearly have
- = m

(m)

h(m)(gl) Z_h(m)(gz). Thus h will be minimized on the set

m
Y 050 = By

(m)

Suppose a_ ¢ E minimizes h =
-m m i

I o~>8

<o
g.. To minimize h = 2 g. we
1 j=1 3

consider the sequence {gm}. As in Theorem 3.3, this sequence must be

compact, and hence there exists a subsequence a +§05E where

E = 1lim Em. That 2, will minimize h is also true, and this is argued
m>°

as in the previous theorem.

(m)

The point of minimum a for h will not necessarily be unique,

™4

except when m=n. In that case, a = p and the mapping Y+PXY

is linear. When m=n+l, however, such a linear mapping can still be

defined, even when there is not a unique minimum.

o]
Theorem 3.5 Suppose Y = Z ijjeS, @<l and suppose, for 1<i<n,
j=1

n+1
X, = X m,.W, and T = [m,,] has rank n. Then there exists a linear
i g1 ij a g

mapping Y+Y into span {Xl, 6 5 Xn} which minimizes disp(Y-Y).
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[e]

Proof: Let Z= ) p.W, so that Y = Z+p'W, where p = (p,, +vvy 0_ 1)
R— ' S = 1 n+l
j=n+2
and W = (Wl,..., wn+l)'
We wish to minimize
h(a) = disp(¥-a'X)
nt+l "
= disp(2) + ] |p.,-a'm.| .
j=1 J J
Since a<l, then according to Theorem 3.4 a solution is given by a
satisfying éﬁﬁj = pj for at least n values of je {1, 2, ..., ntl}. If
= ' n = 1 . .
p =1 a, for some QOER , then Y Z+aCX and Lemma 2.1 applies. In this
case, Y = a'X is the unique solution and the mapping is linear.

2=

On the other hand, if p is not in the row space of II, then it

suffices to consider a such that gfﬂj = pj for exactly n values of j.

Suppose k is the one value for which_g'vrk # P Define II_ and_g_k

k

to be II and p, respectively, with kth column (Ek) and kth element

removed. Then a = (Hlk)_%l_k and
n+1 o
min h(a) = min. z |p,—§f1,| +disp(Z)
a a j=1 277
= min [p !, ()7 m [*4disp(2) (3.6)
1<k<n+l

By inverting Q = [I'p] we can find the (nt+l,k) element of Q~l

=i kt+n+1

ooy (0 1, 170 = (D™ et @_Dlder@1™h (3.7)

Note that this factors into a part depending only on p and a part

depending only on k.
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Define ip = max{k§n+l:|det(H_k)_l] is minimum . Then from (3.6) and
(3.7) we have

a
min h(a) = _det(Q) _ +disp(Z)
= det(l , )
a -JO
' -1 o ¢
= |p, —p', (I_, ) "I, | +disp(2).
Jo ™70 o o
And a point of minimum for h is a, = (II', )-lp . . If we define P to
4 “Jo "o

; -1 . ,
be the matrix (I', ) where a column of zeroes is squeezed in to make
0

a new joth column, then 2y = Pp.

By this definition, Y = (Pp)'X defines a linear mapping on S and

;EPXY, so that it is a minimum dispersion predictor for Y. #
—.The following example illustrates that PX is not necessarily linear.
With X = w1+2w2+w3, then PX(wl+w2) # PX(W1)+P;(W2) for o« = 1/2, 1, 3/2.
o 1/2 1 3/2
P, (W) 0 0 2—‘4‘/—2 X
PX(WZ) 0 0 178 X

PX(W1+W2) 1/2 X 1/2 X 1/2 X
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4. ARMA Processes With Regularly Varying Tails

We now look specifically at autoregressive - moving average pro-

<

cesses driven by a sequence {W,} , independent and of identical,
j =00

regularly varying distribution F*. As before, let

F(t) = P[le|>t]eRV_a, a>0.

Theorem 4.1 There exists a stationary sequence {Xn} satisfying
n=-c
- - e = + . .
Xn ¢1Xn—l ¢PXn—p wn elwn--l +6qwn—q L4-1)
for all n, if &(z) = l—¢lz—...—¢pzp% 0 for all complex z such that
|z| = 1. Furthermore, suppose the sequence {t,}  and generating
% . 140 z+. . .48 23

function T(z) = 2 T2 satisfy T(z) 9 # 0 for

n=-w lﬁaqz—...—@pzp

’4" "‘-'vr

o]

L
l-e<]z|<l+e, for some ¢>0. Then the infinite series z Tﬁgn is almost
==00

surely absolutely convergent and has regularly varying tails equivalent

to F.

Proof. Since o(z) # 0 for ]z[

1, there exists ze(0,1) and a sequence

{cj} such that I(z) = z csz @2;) for complex z such that

C<|z{«<;—l. In particular, Iojlgkg-ljlfor all j and some k>0 and

0 if j#0
0.,=¢,0, 1=++.—¢PO, _ = : (4.2)
37 TP 3 if =0
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e}

By Theorem 2.1, z ijn . is almost surely absolutely convergent for

j=_oo

all n.

©

Let 7, = 0. +6.0, _+...+¥6 0, and X = 2 m.W_ .. Then X exists
j 1 1 j-1 q j-q n n-j n

j=—oo

as well and {Xn} is stationary. Furthermore

[ee]
X = W+ W oot ).
n Z cJ( n-j 1 n-1-j eqwn—q—J)

j:—co

Using (4.2), we show that {Xn} satisfies (4.1).

X =¢,X _1=...-¢ X

pXa-p .Z (oj—¢loj_l-...-¢ o._ )W

=00

+6.W +...+
1 nt+l-j eqwn-q—j)

W+6.W _+...+6
n n-

1 n-1 qwn-q'

Now suppose T(z) is as in the statement of the theorem. To show

oo

that z T X 1is almost surely absolutely convergent, we need to show

-0

§
<o for some é<a,8<l. It suffices to show that

o]

that )

jome

[=<]

z Tnﬂn--j

n=-o

oo
z Tnﬂn_j' decreases at least geometrically as {j|+®. But this is

n=-w

indeed the case, since

foe]

Z z Tnnn—j zj = T(z)

j=—oo n=-o

for any complex z in an annulus containing the unit circle.
This theorem, of course, is proven almost identically to the

analogous theorem for finite variance processes. The same is true of

#
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the next theorem. We first provide a couple of definitions. A station-

ary sequence {Xn} satisfying (4.1) is said to be causal if for some

0 (o)

sequence {7, } and some 6<a, 6<1, X = z m,W . almost surely and
© J s - n 2o J n-d

5 J J ©
2 lﬂ,{ <oo, {Xn} is said to be invertible if for some sequence {wj}

j=0 §=0
and some §<a, 6<1, W = Z Y.X . almost surely and 2 |¢,|6<w.
— n PR B .
Theorem 4.2 Suppose {Xn} is a stationary sequence satisfying (4.1)
where ®(z) = l—¢lz—...-¢pzp and 0(z) = 1+elz+ ...+6qzq do not have common

roots. Then

i) {Xn} is causal if and only if &(z) # O for every complex z

such that |z|f}.

ii) {Xn} is invertible if and only if 0(z) # 0O for every complex

z such that |z|<l.

Proof: Let 8j=0 for j>q and ¢j=0 for j>p, and 60=¢O=l.

[oe] o]
i) Suppose {Xn} is causal, that is, Xn = jzlnjwn_j and jzl]ﬂj

<o

§
|
h

m.2z° and {o,} so that
J

for some §<a, §<1. Define M(z) = i
0

3

Il o~ 8

o]

Z(z) = o(2)N(z) = ) o.29. Clearly ) ]c.|6<m and ) [c.—e,|6<w.
520 3 j=0 3 j=0 4 3

Therefore

@ o]

P O, =X =6, X _j=emd X = jzoojwn_j

and hence 0 = disp ) (0,-8)W__, = ) Io.—G.[G. This implies
j=0 J 1 0] 3=0 J 3]

L(z)=0(z). Since T(z) has no poles when [zlf} and 0(z) has no roots in

0(z)
n(z)

common with &(z), then ¢(z) = has no roots in |z|<Il.
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Now suppose ®(z)#0 for |z|§l. Then there exists <1l such that the

roots of ®(z) are in |z|>€-l. Let M(z) = ) M.z° =

For some k>0,

lnjlfkcj for all j and ) |nj(6<w for any 6>0. Therefore, the series
j=0

Y = z m.W_ . is almost surely absolutely summable for every n. Since
n oyl 3]
T,=¢ . T, =...=¢ m, =6, for all j>0, it follows that {Y } satisfies
j '13-1 p j-p ] n
: e _ v _ 4. b 8
(4.1). Defining I (z) = Z g,2° = —=—, then Z Ic,l <o and
2o 3 o (z) S 3
J— =l
m, = g,+6.0., ,+...+6 0. . Thus,
] j 173-1 q73-q
= + +o.t
Xn jZ X (wn-j ean—l—j epwn—p—j)
= LW _
y=0 33
=Y .
n

(o]
ii) Suppose {X } is invertible, so that W = Z v.X ., where
n n 1=0 J n=]

©

) |¢,16<w for some §<a, 6<1. Define ¥(z) = ) y.z9 and
j=0 J j=0
Z(z) = z csz = 0(z2)¥(z). Then Z |o,[6<m. Using absolute convergence
j=0 j=o0
to rearrange series,
Wm0 W gt W = jzowj(xn_j-¢lxn_l_j-...—¢pxn_p_j)

(W +e.W Fo O W )
i OwJ( o=§ 1 m=l~j q n-q-j

I~18 Il o~18

WL
J n=]
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This implies £(z) = ®(z), because 0 = disp Z (0.,=¢.)W_ .
520 3 37

|%'¢j,6' Since ¥(z) has no poles in lzljﬁ and since @(z) and

J

I
Il ~1 8

0

1

(2)
v(z)

©(z) have no common roots, then 0(z) = has no roots in lz!f}.

Finally, suppose 0(z)#0 in |z|§l, and define I(z) = The

-~
0(z)"’
coefficients {oj} of Z(z) will decrease at least as fast as a geometric

[o]

sequence, SO z |cj|6<oo for any 6>0. Then 6j+6

o, ,+...+8 o, =0, j#0.
3=0 = q°3-q 7

1 j-1

So, for any n,

Wn = jzocj(wn-j+elwn—l-j+"'+6qwn—q—j)
= jzooj(xn—j—¢lxn—l—j—"'—¢an—p—j)
) jzowjxn‘j’
where wj = oj-¢loj_l—...-¢pcj_p. #

If the sequence {Xn} satisfies (4.1) and is stationary, causal, then

the expression X = z m,W_ . gives us the dispersion of X .
n 4=0 n-j n

(o]

disp(xn) = ) Inj[a.

j=0
And in particular, if Xn+l = aan+...+anX1 is the predicted value of
o]
X = then

w1 T L Ty
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: o
i - =1+ o+ .
dlsP(Xn+1 Xn+l) s .Zolnn+l-3 (al“n—J an l-J)l
If al, s 5 an are chosen so that this error dispersion is minimized,
then Xn+l will be an element in the projection of Xn+l onto span
{Xl, 3w Xn}, as described in Section 2. Part II discusses in detail

the prediction problem for ARMA processes with regularly varying tails.



PART II: LINEAR PREDICTION OF

ARMA PROCESSES WITH INFINITE VARIANCES

Summary To predict unobserved values of a linear process with infinite
variance, we introduce a linear predictor which minimizes the chance of
large prediction errors. The procedure corresponds to minimizing, in a
linear space setting, an 2& (0<a<2) distance between predicted and
actual values, and is the natural procedure when the process is driven
by symmetric stable noise. We derive explicitly the best linear pre-
dictor of Xn+l in terms of Xl’ cees Xn for the process ARMA (1,1) and
for the process AR(p). For higher order processes, general analytic
expressions are cumbersome, but we indicate how predictors can be de-

termined numerically. Numerical comparisons with the least squares

predictor accompany the report.

33
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1. Introduction

To define the problem we express the ARMA (p,q) process {Xn}o_ooo as

the stationary solution of

X =WHOW _+...+0 W (1.1)

Xn_¢an—l-"' p n-p n 1n-1 q n-q

where {Wn} are independent and identically distributed and
(l—¢lz—...-¢pzp)(l+elz+...+eqzq) # 0 for complex IzLil.
(1.2)

For purposes of this investigation, the residuals {Wn}:=_°o will have

distribution which satisfies for all x>0

P[]Wn|>xt] -
lim =x , a>0. (1.3)
- P wnl>t]

Such distributions are said to have regularly varying tails and the
parameter o is called the tail index. When a<2, the variance does not
exist. We also assume throughout the main body of this paper that Wn
has distribution symmetic about zero. This provides a precise notion
of location of a distribution.

Part I of the thesis discusses infinite series of regularly varying
tailed random variables and demonstrates that a stationary solution to

(1.1) does exist when (1.2) holds. This solution satisfies
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o]
where the {ﬂj}j_ are determined (as in the usual manner for finite

0
variance ARMA processes) from the coefficients ¢l,...,¢p,61,...,6q in
(1.1).
We desire to predict the future values of the process, Xn+l’
Xn+2"" based on the observed data Xl’ XZ’ wuiny Xn' Since the process

is linear, we consider only linear predictors. The predictor for a

~

random variable Y will be denoted Y = éfgn where a' = (al,..., an) and
' =
X o= (XX 0,5k

Traditionally, linear prediction for a stationary ARMA (p,q) pro-
cess (satisfying (1.1) and (1.2)) has relied on the least squares pro-
cedure (see e.g. Fuller (1976) and Box and Jenkins (1976)). When the
process has finite variance, the least squares predictor minimizes the
mean squared prediction error and when the process is Gaussian the pro-
cedure has maximum concentration. If the variance is infinite, however,
least squares may be ineffective and perhaps even inappropriate. A
different measure of prediction error becomes necessary, although we
may be forced to relinquish the elegant Hilbert space results of the
least squares predictor. Other possibilities spring to mind, for exam-
Ple minimum mean absolute deviation prediction or a pseudo-spectral
approach as that studied by Cambanis and Soltani (1982). Most such
measures are extremely unwieldy in practice, however, and require pre-
cise knowledge of the noise distribuiton. One would prefer a predictor
which can be calculated with only minimal knowledge of the noise distri-

bution. 1In addition, infinite variance processes can have quite



36

extraordinary, outlying values and this suggests minimizing the
probability that a large error occurs in prediction.

Fortunately just such a predictor exists for symmetric stable pro-
cesses. This predictor is obtained by use of the '"matural" criterion -
minimizing the spread of the prediction error distribution. Stuck
(1978) has quite successfully utilized this criterion, which he calls
minimum dispersion, for Kalman filtering problems with symmetric stable

processes. Recognizing that for any sequence {Wj} of independent and

[e o]

identically symmetric stable (a) random variébles, Y = z p.W, is also
j=1
. . . oll/a
symmetric stable (a) with relative scale z ID.| sy 1.e.,
j=1
d o o 1/a
Y = z |pj| W, » Stuck defined the dispersion of Y as
j:—oo J
. T a
disp(Y) = z ij! . (1.4)
j==

This extends the usual notion of dispersion (variance) for Gaussian

variables. Regardless of the distribution of wn, if it satisfies (1.3)

foe]

then (1.4) will define the dispersion of Y = z ijj for us.

J:—oo

Writing the ARMA process {Xn} in its moving average form

n N
X = z m  .W, and letting Y = a.X +...+a X we define the minimum
n = n-j j 1In nl

o)

[oo]

error dispersion linear predictor of Y = Z p.W, to be that Y which

==

minimizes (over all choices of al,...,an)

(o]

disp(Y-Y) = 7§ |pj-(alﬁn_j+...+anﬂl_j)_1°‘. (1.5)

j=res
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In the special case where Y=Xn+k we minimize

n a

) = 1+ Z l (a

i - = +...+ .
dlSp(Xn+k é [l TTn+k—j lﬁn—j anﬂl--;])l

n+k
(1.6)
For a linear process driven by symmetric stable noise, the pre-
diction error for any linear predictor also has symmetric stable distri-
bution. The minimum dispersion prediction error has the distribution
with the smallest scale and hence is optimal. The procedure is easily
extended to more general linear processes, since it requires only knowl-
edge of the coefficients of the process and of the tail index a of the
noise distribution. Furthermore, by use of the next lemma we can
relate dispersion to the probability of large values. The corollary to
this is that among linear predictors, the minimum dispersion predictor

is optimal in the sense that it minimizes the probability of large

prediction errors.

Lemma 1.1 Suppose {Wj} are independent and identically distributed and

o]

satisfy (1.3) and suppose Y = ) pjw, where ) Ip.la<w for some &<a,

1 =00 j =—

§<1. Then

lim PL|Y[>t] _ .. _ T a
£oroo P[Mn] AapkEd = j}_ml"j' :

Proof: See Part I, Theorem 2.4. #

Since the coefficients {ﬂj} for an ARMA process are geometrically

~

decreasing in magnitude, this lemma indicates that dlsp(Xn+k-Xn+k) is

roughly proportional to the probability of a large prediction error.
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We recognize disp(%—Y) in (1.4) as being related to an Za type of
distance between Y and § on the linear space generated by {Wn}. In case
a=2, it is the usual Euclidean squared distance. In that case, § = PnY
where Pn is a linear projection mapping Y form a Hilbert space into span

{Xn,..., X.}, the space generated by linear combinations of Xn’ - Xl'

1
With a<2, Pn is still an operator but not necessarily a linear operator
(Pn(Y1+Y2) # Pn(Yl) + Pn(YZ)) and not even necessarily unique if a<l.
(See Part I, Section 3 for a discussion of some of the linear space
properties of Pn')

We shall see in Sections 2 and 3 that minimum dispersion linear pre-
dictors can be found quite explicitly for autoregressive processes and
for the mixed ARMA (1,1) process. In both cases, the prediction operator,

Pn is unique and linear on span {X «+.}. For higher order moving

l’XZ’
average and mixed processes, however, one cannot always give a single
general expression which is acceptable for all values of the parameters.
For particular values, determination of the predictor is straightforward.
Section 4 discusses the higher order processes and in Section 5 we

compare numerically the minimum dispersion predictor with the least

squares predictor.
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2. Minimum Dispersion Prediction for Autoregressive Processes

For a purely autoregressive process, the difference equation (1.1)

reduces to

X = ¢,X .+ X (2.1)

+W
n Pn-p n

where {Wn} are independent, identically and symmetrically distributed
and satisfy (1.3).

o]

Assumption (1l.2) guarantees that X = z m.W_, where the 7, are
no 525 dnd 3

uniquely determined by
® . n A
Yomzd = Y oe.20)7, |z]<l. (2.2)
=O ’EJ j=0 J
Furthermore (see Part, I, Section 4) the sequence {Xn} is stationary

and has symmetric marginal distributions with regularly varying tails

with index o and dispersion

0
t~1
=
e

disp(Xn) (2.3)

imi = .o -a'X = - +...
Similarly, for any a = (a 95 ,an), then Xn+ §_§n Xn+k (aan

k
+anXl) also has tail index a. We seek to find an a such that

disp(X . -a'X ) is minimized. First we establish a useful lemma.
ntk — —n

Lemma 2.1 Let S* be the class of random variables of the form

(o]

Y = Z+m'X for some msRn and Z = 2 o.W, such that Z exists. Then for
- - j=n+1 JJ

each YeS,, the set PnY = {ngn: disp(ng'Xn) is minimum} consists of



40

exactly one variable.,: For Y = ng‘:X , this unique variable is Y = aEX .

Furthermore, the mapping Y»Y is linear on S_.

Proof: The dispersion of the prediction error ngfgn is

; At = a4 RN
disp(Y-a Xn) d.’LSp(Z+(E0 a) En)

(oo

n
a
= j=g+llp.| + jz—w|(al—a01)nn_j+...+(an—aon)nl_j]

6]

(o]

e, I®

j=n+1 :

| v

with equality if and only if éﬁgo. .Thus the minimum dispersion linear

predictor is Y = a'X as asserted. The linearity of the mapping

=0
- ' = al :
Y Z+a:X - Y aOX is apparent from the form of Y. it

Corollary 2.2 For the process (2.1), provided n>p, there exists a unique

A

minimum dispersion linear predictor Xn+k for Xn+k (k>1) in terms of

X Xn. This predictor satisfies the recursive relationship

120>

~ ~ ~

Kok = O1%nme-1 Ko Loty
with initial conditions Xj = Xj for 1<j<n.
Proof. We observe that each of X, ,X o 3% X ... belong to the class

172" n’ n+l

S* defined in Lemma 2.1. Since

Kot ™ Torc 1%t X o
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and wn+k = 0 by Lemma 2.1, then the linearity of the prediction mapping

gives the relationship (2.4). i

Remarks
1. The minimum dispersion predictor is exactly the same as the
n
least squares predictor Xn+k for an autoregressive process. This is

not the case for more general ARMA processes.

2. The residuals wn+l’ Wn+2’ ... are predicted with zeroes, and

for p<j<n, then

W, = X,-0.X, .—...-¢ X, _,
k| b ¢l =1 ¢p j-p

but the linearity principle does not apply to Wl,...,Wp. In fact, if
a<l, the set P W, = {a'X :disp(W,-a'X ) is minimum} may not consist of
— n j = -n j—=n

only one element for j<p.
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3.0 Prediction of the ARMA(1,1) Process

In this section we are concerned with the stationary process {Xn}

defined by

X -9X = W +OW__ (3.1)

n-1 1.

where [¢|<l and [9|<l and {Wn}are iid, satisfying (1.3). We find it
necessary to distinguish between the cases @<l and a>1. For both cases,

however, we shall need the following lemma.

Lemma 3.1 If a>0 and o>0, then h(x) = aJx|a+|x—b|a has its minimum

value at X s where

-
b if a<l, a<l
X =4 0 if‘qil, a>1
b if o>1
Ll+al/0L”l

and X is unique if a#l or a>1l.
The minimum value of h is

|b|* min(1,a) if a<l

h(xm) =

1/a-1,1-a

a|b|%(1+a ) if a>l.
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Proof: Define the function [x]Y = sgn(x)[xIY. Suppose b>0. Then for

x#0, x#b

h'(x) = a(alx]® T+ [x-b]%" 1)

o=2

h'" (%) u(a-l)(a[x[a—2+|x—b|

So for x<0, h'(x)<0 and for x>b, h'(x)>0. Thus h is minimized in [0,b].
If a<l, then h'"(x)<0, so the minimum must be either at 0 or at b.
It is easy to see that h(b)<h(0) if and only if a<l.
If a>1, then h' is continuous on [0,b] and h" is positive. Thus

h'(xm) = 0 gives us the point of minimum. On [0,b], h'(x) = a(axa_l

—(b—x)a_l), so that x = b(l+al/a—l)_l. Also
a
h(x ) = a -———-—g/a_l * -+ ___bal]/-j';i'l
= 1+a 1+a
- ab
(l+al/a—1)a—l
The proof is similar if b<O0. it

We make use of this lemma first to deal with the case when a<1.

Theorem 3.2 For the ARMA(1,1) process (3.1) with o<1, a minimum disper-

sion linear predictor for Xn+k (k>1) based on gn = (Xn,...,Xl), is

>
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e I
(+0) (-0) L% 4 lo+o|% < 1-[¢|*
an =
$5 (-0t if |¢+6]% > 1-]¢]° (3.2)

1f [¢+6[a # l-|¢|a, the predictor is unique.

The minimum value of the error dispersion is

o 1- o(k=-1)
i -3 =
dlsp(Xn+k a'X ) = 1+|¢+8] -fe[” 7

1-[¢|®
a
" [¢|a(k-l)|elnamin 1, $+6 -
1-¢]
Proof: Since |¢|<l, we have
_ T k- .
Xj = Wj+(¢+9) Z [y le—k for all j. (3.3)

k=1

If E;Rn and if we define mo=—¢k_l, then from (3.3) we can write for

k>1,
k-
Zﬁ n+k —wn+k—jz

& e j-i—l]
+(+6 WL
jzl I )izo "7 whl-g

n = b <
(¢+8) ( ) mi¢n_l> T oW,
]

i=0

|
>
|

1
=
(020 s

+

+

Consequently, the dispersion is
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. 1 e
o @', Xy

a(k-1) n
= 1+|¢+el°‘l-'—u’—|————+ ) ch+ec *

1] 4" j=1 i-1

J———l—| | (3.4)
1-]¢]®

where C, = % m, -1 i>0 (and m, = C.,-¢cC,
3 ;¢ » 320 ( 3 J¢

=0 el

to minimize

‘l—'l— e |* (3.5)

n
h(c) = ) |c,+6c,
-1 7 1-[4 "

3=1 -l
and this will be done recursively, minimizing first with respect to .

then c and so on.
n-1

Assume first that |¢+6[a < l—I¢|a. By Lemma 3.1, for fixed

€1 *tes Cpo h(c) is minimized by choosing cn=—9c Under this

n-1"

condition (3.5) becomes

n-1
min h(c) = 2 Ic +6c | lel lﬁiﬁL‘ I l

c j=1 1-]¢|%

Since |8]|<l (and hence lela[¢+e[“ < l—l¢|a), then h(c) is minimized

further by choosing Cn—l = —ecn_z, again using Lemma 3.1. The resul-

ting value for h(c) will have a similar form so that continuing

recursively, we can choose cj = —ecj_l, 1<j<n. Since c:o=m0=—(1>k-l

then cj = —(-6)J¢k-l and the minimizing vector m is a, as given in

(3.2). The minimum value of disp(X

- ' i
otk = Xn) &=

j>1). It suffices, then,
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a( -1)
14| o+6]° l:_[_‘il_l__a_ + min h(c)

1-]¢]

a(k-1)
- fosol® BLlme e (oo s

1-le|®

5 a ) "
The second case is where |¢+8[ > l—|¢| . The argument is the
same, except that first we choose cn=O, according to Lemma 3.1, to

minimize (3.5). In this case,

n-1
min h(c) = ) |ec,+6c. |a + |6|a le ]a (3.6)
= ) k| j-1 n-1
c j=1
n
Since |6|<l, then (3.5) is further minimized by setting Cj = -ecj_l,
1<j<n-1, as done previously. Again using co = —¢k_1 and m, = cJ—dJcJ 1°

we have a, as in (3.2), is the minimizing vector m. The minimum error

dispersion is

a(k-1)
1+|¢+e]°‘ -l 7 + min h(c)

1-|¢[*
‘ a(k-1).
= l+|¢+6|a l;'li:—la_+ Ie'nalq)la(k—l),
1-1¢ :

Finally, the choice of a is unique, according to the lemma, except
when |6+¢|a = lf|¢la. In this case, the final coefficient a may be

chosen in either of the two ways given in (3.2). #

Remarks
1. Except possibly for the final term, this predictor is the same
" " . . . . -
as the "truncated" version of Xn+k' That is, if we write Xn+k wn+k

LAZE NS . 7 SHTHIPS PR for some sequence {wj}, then the truncated
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predictor presumes all unobserved values are zero, X§+k = kan+...

M=

2. The special case 6=0 is the AR(1l) process already treated in

Section 2. We find as before that for n>1, k>1, the minimum dispersion

A

; : _  k ; i "
predictor of Xn+k is Xn+k = ¢ Xn and the error dispersion is

1-]6 ok

~
1-|9]
A more interesting special case is the process MA(1l) obtained when

X = 0 for k>2. The

5 n .
) . T i
¢=0. For this case, X . .zo( 8) Xn+l-j’ bl

l(n+l)a

error dispersion for Xn+ is l+|6 and for Xn+k(k32), it is

1,
1+|8]%.

3. Although the prediction is not necessarily unique, it can be

A

defined in such a way as to correspond to a linear mapping Y»Y or span

{Xl,Xz,...}. To see this, we need only to observe that for each j>1
L =1
X, = W, +(¢+8) ) ¢ Wi+ ¢ eroywx
3 ] i=1 3-1 0
where WS = Z ¢lw_i, and apply Theorem 3.5 from Part I. In particular,

i=0

this allows us to write

bl ™ g T Mg W g
= ¢Xn+k—l
k-1l
= ¢ Xn+l

and this agrees with Theorem 3.2.
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~

4., We can also obtain predictors recursively using Xj(k) = Pka,
the predictor for Xj’ based on Xk, iy § Xi' The simple formula is
Xn+l(n) = ¢Xn + e(Xn(n—l)_xn)’
with
. (4+0) X, if [¢+0]% < 1-]¢|®
XZ(l) ) ¢Xl otherwise

As we shall see, the linearity property and the recursion formula will
extend at least partially to the ARMA(1l,1) model with a>1. They do not

extend, however, to more general ARMA models.

Theorem 3.3 For the ARMA(1l,1) process (3.1) with a>1l, there is a unique

ini ispersi i i = a' f . Th
minimum dispersion linear predictor Xn+k §_§ﬂ or Xn+k e vector a

is given by

" . P _,.0n=j
aj - ¢k 1(_6)3 1 (¢+6) (1-n+8) Enn (ng+6)
1-nt+£(1-n")

, 1<j<n (3.7)

a\l/a-1
where n = |e]“/“ . and & = lﬁiﬂL_ . The minimum error dispersion

a
1-{¢]
is
" a-1
disp(Xn+k—§'§n) = l+£a-l(l—l¢la(k-l)) + gn (.l-n)n .
1=-ntE(1-n )
Proof: As in the proof of Theorem 3.2, we minimize
v o a-1 o
h(c) = ) lcj+ ecj_l| + € |cn| , (3.8)

j=1
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first with respect to ey then -1 and so on, subject to the condition

k-1
¢y = ) s

Using Lemma (3.1) (now with a>1),
_ -1
G ™ ecn_l(l+€)

with corresponding value for (3.8)

n-1 o WE a-1 o
min h(c) = tH0c. + | 15
c - jzllCJ (ﬁ‘ll 1+5 lCn—ll
n
This is further minimized when
-1
- _ né_
Cn-1 eCn—Z l+l+£
and then
o-1
n-2 2
a n-g a
min  h(c) = Zl | +0e -1| T\ TrEene Icn-zl ’
Cna(_‘_n__l J
Continuing the stepwise minimization we find that
_ 1-n+£(1-n""J)
¢35 T "%y n-j+1
1 7 1ok (1"
. k-1
Since S = -¢ , we deduce that
. n-j
k- -nt+&(1-
¢, = g5 L(-gyd IzmE(lon - ) (3.9)
< =g 1~n )
From this, and the relations aj = Cj = ¢cj_l, we get a satisfying (3.7)

as the unique solution to minimizing disp(Xn+k - éfzn). The minimum



50

error dispersion, from the expressions (3.4), (3.8) and (3.9), is

disp(X_,, -a'X ) = 1+6% 1 (1-14|** ) + min h(e)

a-1
a (k- l) £n™(1-n) ) #

o« 1L+E" (1 |9 =
1-n+£(1-n")

Remarks

1. For the special case of an AR(1l) process, 6=n=0, a =¢k and

1

aj=0, as found earlier in Corollary 2.2. The minimum error dispersion

T T e
is =

1- 9|

2. TFor the MA(l) case, ¢=0 and n=g=|e|a/a_l. To predict Xn+l’

- n+l-j
a, = -(—6)J 1 1 1<j<n, and the minimum error dispersion is
1-n
n+l(l_ ) Bl a
1+(2 = 1 For k>2, Xn+k=0 and the error dispersion is
1-n

1+|e|®

3. Here again we get a partial linearity property for the operator,

namely that for Y = lan+l+...+Zan+k,

Y =2 X , .+ = (A +o2,+. ¢k'1zk)x

1%n+1 k n+k n+l’

This can be determined by minimizing h(c) in (3.8), now subject to

k—l2 ).

Cp = —(R oL ... +¢ "

0

4. As in the a<l case, the minimum dispersion predictor can be

P, X.. Then by a straightforward

obtained recursively. Let X, =
¥ Jk) K3
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Vv
A n-1 ,2
. = + —
calculation, Xn+l(n) ¢Xn 8 v (Xn (n-1)

A

Xl(O) = 0.

5. Minimizing (3.8) with a=2 gives the least squares predictor for Xn

" P - R
which is Xk b X where
2(n-3)
: 1-6p6
k-1 J=1 $+6
b, =¢ T(-0)" "(¢+8) | ——F 55— |, p = 3
i l_pZGZn 1+¢6

and the error dispersion of this predictor, for any o, is

o(k=-1) n o no
1+ |ov0|® =10 N l 0 102(1-02y | 1=10
a 2 2n o
1-|¢| 1-0°8 1-|8|

, Loy a-0H %)
1-[¢]

The least squares predictor §n+l(n) is recursively calculated by

2.2(n-1)
¥ = l—p 0 N _ ", =
Xn+l ) ¢Xn +0 l-pzezn (Xn(n—l) Xn) 5 Xl(O) 0. (See also

Brockwell and Davis (1983) for a general discussion of least squares

prediction).

-X ), where v = l+n+&(1-n"),
n n

+k’
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4. Prediction for the MA(q) and ARMA(p,q) Models

Assume the process {X } satisfies X =W+ W _+...4 W where
n n n 1 n-1 q n-q

(1+6

1z+...+6qzq) # 0 for complex |z]j}. In order to predict X

we
ntl’
need to minimize

n+q

i -a'x ) = +a, 0. +...+a, O :
dlsp(Xn+l é_gn) 1+ jzl !aj aj-l 1 aj—q q (4.1)

where a0=-l and aj=0 for j<0 or j>n. According to Part I, Theorem 3.4,

when a<l it suffices to consider only E;Rn which satisfy

a,+a, 6. +...+a, 6 =0 (4.2)
for at least n of the n+q equations, 1<j<n+q. The set of choices is
G n+q i et o
thus limited to 2 possibilities. In Theorem 3.2 we have already

established which choice is optimal for the MA(l) model. Exactly one
choice was the best for all values of 61 in the parameter space, ,911<l.

If g>1, however, the optimal formula depends on the particular region

of the parameter space. We look specifically at the MA(2) model.

Lemma 4.1 Suppose {Xn} is an MA(2) process with a<l. Define

’ 2 _
2152, to be the solutions to (z +elz+62) = 0, and
r' .
I
172 "
zZ_.-2Z i z1#22
{ T 2
S'=
J
'zj—l if z =z
LJ i) 1 %2
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Then the minimum dispersion predictor for Xn+l lies in the set of the
e choices for a'X where 1<j.<j,<n+2 and
2 = -n =] = 2=
(-s if 1<j<j
j+1 — -1
g3 S, . .S.
J=dqa ¥l “dg=i=17]
g, ml oy T i if 3. <i<j
j 2 S, _. = g
N
\O if jp<iz<n

The dispersion of the prediction error is

Si, 1% | a,m1, 5
-a'X ) =1+ . 5 + |6, 2°1__ 1 . (4.3)
== =), S _a _——

1273 371

dlsp(Xn+l

Proof: We recognize that the Sj's can be determined recursively by

+ :
Sj+2+elsj+l 628 = 0 and that in fact S, 41 k+l eZSJSk Sj+k+l From
these we can easily verify that (using ao=—l, a_j%a 178 410 < 0 and
fixing 31,32)

0 for 3#j,, i#i,
S.
. 12 .
Aty s =Y T E, . for 3=3,
1579
J5=3 S.
Z ¥l j ¥t
—62 1 for j iy -
1973

Thus for each of the (n:Z) choices of jl and j2’-§ satisfies n of
the n+2 equations in (4.2). It follows that a minimum predictor is of

this form. The error dispersion is
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n+2 >
. - 1 =
dlSp(Xn+1 g.§n) 1+ jzl|aj+elaj-l+62aj-2|
s, | i1, 51, |
_ 2 I |
lrls ) F %2 8, .
49741 3731

To actually determine the predictor, we need to minimize (4.3)

over the (n:Z) possible choices of jl’jZ'

For a more general MA(q) process, with a>l, the minimum disper-

sion predictor is obtained by solving for E;Rn to satisfy (using

=1 =1
[x]*7 = sga(x) [x|*7)
a-1 a-1
+ +... + i oo +
I e T A R L e A B AL SO
_.,+eq[aj+q+...+eqaj]°"l =0 1<j<n .

This can be accomplished recursively in the following manner: Let

r- —_
1 el 92 e eq 0 . 0
0 1 61 eq 0
I = (nxn+q) matrix
1 61 eq
and -
p = [61 By .- Oq 0 ... 0] (nt+q) vector.
- (] =1 ' . i
Set a, = (I m') “Tp. (a:X is the least squares predictor.) Next

8, +...ta 8. 191 1<i<nt2.

-1
define 2.(a) = [a'll.-p. =t = -0.+a .
J(_) [a'D oJ] [ gl %5

3 1%

#
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The recursion is then given by

-1
= _ '
i =3 (mnn") H&(gk).

The ARMA (1,q) process can be handled similarly to the MA(q) pro-

cess. Let wj = ¢J+¢J'le +...+¢0, +6j. The process can be expressed

1 j-1
by
ﬂn+ 1
= -+ s _._._ﬂ___
Xn Wn ﬂlwn—l+ +ﬂn+q—2w2—q+- 2 1/a W , n>1
(1-18]™
o1/a ot 3 d ..
where W* = (1-|¢|") Y o'W =W and is independent of W, ,
j=0 17973 1-q 2-q
W3_q, .... To predict Xn+l we need to minimize

§ [a +m a +...+7.a

. P
HLBpUE e 5y -1 i%

o
]an+q+"'+ﬂn+qa0l

1-16%

n+qg-1 a |w c |
1+ § |cj+elc, +...40 c, |7+ B

j=l J_l q j-q l_l¢la

where cj = kio¢kzj_k’aj = cj-¢cj_l » j>0 and cj=0, j<0. Except for the
last term this (as a function of ¢) is similar to (4.1). The minimiza-
tion is thus done with respect to C and then a is obtained from c.

The ARMA(l,q) minimization involves a finite sum. This is not true
for the more general ARMA(p,q) process. By defining the cj's to satisfy
a, =Cc,-¢_C -¢c, ,j>0, c,=0 for j<0, then to predict X + in an

i 3 "1 3-1 7 p 3-p j n+1

ARMA(p,q) process, we minimize
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1+ ) J|c.+6

] . |
lep (LA L) PR B b B ARG 6 R

€, +Fesstbh C

n
+ +6 .
L .z [cj J=1 q j-q

J=1 .

v a
+ jzl]cjlcn+...+ojncl|

= g,.c_*

4 +...+
where cji are chosen so that cn+j elcn+j—l eqcn+j-q 31%n

...+ojncl (n>max(p,q+1)). The sum can be truncated after an appropriate

number of terms to facilitate the minimization. Alternatively, we write

(o]

X =W + z ij . for some sequence {wj}, and predict Xn with

n n =1 n-j +1
* n
Xn+l = j£l¢jxn+l_j. This is the so-called truncation predictor which

is often used in place of least squares when the model is of large

order.
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i Numerical Comparison of Minimum Dispersion and Least Squares

Predictors

In this section we compare the minimum dispersion predictor (MDP)

~

X with the least squares predictor (LSP) %

in the special case of
n+l :

n+l’

the ARMA(1,1) process. We recall here the error dispersions of these

predictors.
For MDP,
no_, ;
1+ |8] min(1,1) if o<l
YMD = disp (Xn+l_Xn+l) ) no L=
1+ [6] " 1/a21 m, |1 o
1-nt+t (1-n")
where
a
v = 100 SN = lela/a_l~
1-|9|
5 \®
. ey _ no [ _1-p
or L8P, y; ¢ = disp(X ;=X ) =1+ 6] T( 1-p262n

a no.
+0(02(l—62)) where 0 = i:lgl—— and p = e and T is as above.

a 1+¢6
102420 1-|8|

. R ; no_
From these expressions it is quite clear that whenever lel T is

small, then Y18 will be also. Thus LSP, which has the larger

dispersion, will be nearly equivalent to MDP when either
i) |6l is small
ii) ]¢+6| is small
iii) n is large

iv) o is large.
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Table 5.1 gives a comparison of dispersions for several models and
we see that for a=1.5 there is little difference in the two dispersions

for these models. With o=0.5, however, the difference Yy is more

LS~ MD
noticeable, especially for the larger value of 8. For a=1.0, the dif-
ference is substantial only for the higher value of 6 and the smaller
sample size.

The general conclusion we can make then, is that for ARMA(1,1)
minimum dispersion is preferable to least squares when o<l and especially
when there is a large moving average parameter and the number of obser-
vations is relatively small. The fact that for a<l, the minimum
dispersion predictor is easy to calculate makes it more appealing.

In order to make a more careful comparison,we provide the results

of a simulation for three of the models in which Y_ ., was somewhat larger

LS
than Y vp® Tables 5.2, 5.3 and 5.4 provide the coefficients for the

& n
and Xn+l = len+...+b

these models. 1In each simulation, 2500 or 1000 independent series were

1/a

predictors, X = a Xn+...+anX for each of

a1 " & 1 o2

/2)1%

generated. The noise terms were simulated by Wj = [tan(w[U,]
J
where {Uj} were independent psuedo-uniform random variables.

Let FMD and FLS

MDP errors (MDE) and the absolute LSP errors (LSE). Each table gives

be the empirical distributions for the absolute

A

the value lnx vs. -ln(l—FMD(x)) and vs. —ln(l-FLs(x)). If graphed,

(x) v Yy x L(x)

these would be approximately straight lines, because 1-F MD

MD

-0,
and l—FLS(x) N Y1.g¥ L(x) where FMD and FLs are the true absolute error
distributions and L(x) is a slowly varying function (in this example

L(x) > constant). The difference between the two lines estimates

ln(yLS) - 1n(YMD). We remark that in the model with o=1.0, the data are
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Cauchy. For Cauchy data (and whenever the data are symmetric stable),
l—FMS(x)-<l—FLS(x) for all x>0.
Since both X and X were obtained for each series, we can
n+l n+l
make a pairwise comparison. Each of the three tables includes a
Y]
X1 %1
frequency table for ln| ——— |. Also included is the percentage
[Xn+l-xn+l|
of series for which the least squares error (LSE) exceeded the minimum

dispersion error (MSE) in absolute value. For these models, at least,

LSE exceeded MSE more often than not.
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Table 5.1 A Comparison of Error Dispersion in

Predicting Xn+ from an ARMA(1,1) Process

1

Size o 0 0 MDP DISP LSP DISP
10 .50 . 7000 .5000 1.03125 1.17558
10 .50 .3000 .5000 1.03125 1.10667
10 .50 0.0000 .5000 1.02210 1.06389
10 .50 -.3000 .5000 1.03090 1.05109
10 .50 -.7000 .5000 1.03125 1.10895
10 .50 .7000 .8000 1.32768 2.88886
10 .50 .3000 .8000 1.32768 2.46812
10 .50 0.0000 .8000 1.29309 2.18187
10 .50 -.3000 .8000 1.32768 2.21258
10 .50 -.7000 .8000 1.32768 1.90262
10 1.00 .7000 .5000 1.00098 1.00198
10 1.00 .3000 .5000 1.00098 1.00128
10 1.00 0.0000 .5000 1.00049 1.00073
10 1.00 -.3000 .5000 1.00028 1.00034
10 1.00 -.7000 .5000 1.00065 1.00073
10 1.00 .7000 .8000 1.10737 1.20216
10 1.00 .3000 .8000 1.10737 1.17329
10 1.00 0.0000 .8000 1.08590 1.14239
10 1.00 -.3000 .8000 1.07670 1.11876
10 1.00 -.7000 .8000 1.03579 1.04288
10 1.50 .7000 .5000 1.00000 1.00000
10 1.50 .3000 .5000 1.00001 1.00001
10 1.50 0.0000 .5000 1.00001 1.00001
10 1.50 -.3000 .5000 1.00000 1.00000
10 1.50 -.7000 .5000 1.00001 1.00001
10 1.50 .7000 .8000 1.00009 1.00010
10 1.50 .3000 .8000 1.00202 1.00218
10 1.50 0.0000 .8000 1.00600 1.00653
10 1.50 -.3000 .8000 1.00797 1.00870
10 1.50 -.7000 .8000 1.00262 1.00274
25 .50 .7000 .5000 1.00017 1.00098
25 .50 .3000 .5000 1.00017 1.00060
25 .50 0.0000 .5000 1.00012 1.00036
25 .50 -.3000 .5000 1.00017 1.00029
25 .50 -.7000 .5000 1.00017 1.00061
25 .50 .7000 .8000 1.06146 1.44183
25 .50 .3000 .8000 1.06146 1.35663
25 .50 0.0000 .8000 1.05498 1.29527
25 .50 -.3000 .8000 1.06146 1.28806
25 .50 -.7000 .8000 1.06146 1.19039
25 1.00 .7000 .5000 1.00000 1.00000
25 1.00 .3000 .5000 1.00000 1.00000
25 1.00 0.0000 .5000 1.00000 1.00000
25 1.00 -.3000 .5000 1.00000 1.00000
25 1.00 -.7000 .5000 1.00000 1.00000
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Table 5.1 (Continued)

Size o 0 8 MDP DISP LSP DISP
25 1.00 .7000 .8000 1.00378 1.00769
25 1.00 .3000 .8000 1.00378 1.00660
25 1.00 0.0000 .8000 1.00302 1.00542
25 1.00 -.3000 .8000 1.00270 1.00446
25 1.00 -.7000 .8000 1.00126 1.00154
25 1.50 .7000 .5000 1.00000 1.00000
25 1.50 .3000 .5000 1.00000 1.00000
25 1.50 0.0000 .5000 1.00000 1.00000
25 1.50 -.3000 .5000 1.00000 1.00000
25 1.50 -.7000 .5000 1.00000 1.00000
25 1.50 .7000 .8000 1.00000 1.00000
25 1.50 .3000 .8000 1.00001 1.00001
25 1.50 0.0000 .8000 1.00004 1.00004
25 1.50 -.3000 .8000 1.00005 1.00006
25 1.50 -.7000 .8000 1.00002 1.00002
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Table 5.2

2500 Series Of Size 10, Predicting Observation 11
a = 0.50 ¢ = .000 6 = .800

MDP Error Dispersion Is 1.29309

LSP Error Dispersion Is 2.18187

Coefficients MDP LSP

j aj bj

1 .80000 .79665
2 -.64000 -.63314
3 .51200 .50129
4 -.40960 -.39450
5 .32768 .30743
6 -.26214 -.23574
7 .20972 .17583
8 -.16777 -.12471
9 13422 .07983
10 -.10737 -.03894

Log Cumulative Tail Distribution For Errors

Inx -ln(l—FMD(x)) -ln(l-FLS(x))
0.00 .1999 .0934
.20 .2337 #1112
.40 .2687 .1319
.60 3153 .1550
.80 .3613 .1873
1.00 .4210 .2226
1.20 4742 .2593
1.40 5447 .3054
1.60 .6221 .3510
1.80 .6988 .4017
2.00 .7696 L4532
2.20 .8468 .5189
2.40 .9314 .5770
2.60 1.0217 .6394
2.80 1.1062 .7060
3.00 1.2066 .7739
3.20 1.2845 .8496
3.40 1.3799 .9153
3.60 1.4908 <9921
3.80 1.5896 1.0871
4.00 1.6671 1+1533
4.20 1.7373 1.2174
4.40 1.8351 1.3034
4.60 1.9296 1.3847
4.80 2.0129 1.4490
5.00 2.1103 1.5437
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Table 5.2 (Continued)

Frequency Table for log(LSE/MDE)

Interval Frequency

- , =1.00 361
-1.00 , - .60 143
- .60 , - .12 235
- .12, .00 197
.00 , .12 308
12 .60 274
.60 , 1.00 157
1.00 , o 825

LSE Exceeded MDE 62.56% of the Time
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Table 5.3

2500 Series Of Size 10, Predicting Observation 11
a = 1.00 ¢ = .700 6 = .800

MDP Error Dispersion Is 1.10737

LSP Error Dispersion Is 1.20216

Coefficients MDP LSP

3 aj bj

1 1.50000 1.49515
2 -1.20000 -1.18667
3 .96000 .93752
4 - .76800 - .73524
5 .61440 .56973
6 - .49152 - .43270
7 .39322 +31731.
8 - .31457 - .21778
9 .25166 .12914
10 - .09395 - .04696

Log Cumulative Tail Distribution For Errors

Inx -In(1-F (%)) -1n(1-F o (x))
0.00 .6440 .5855
.20 7722 . 7248
.40 .9243 .8685
.60 1.0883 1.0106
.80 1.2888 1.1738
1.00 1.5105 1.3720
1.20 1.7016 1.5799
1.40 1.8708 1.7510
1.60 2.0875 1.9296
1.80 2.2595 2.1136
2.00 2.4865 2.3351
2.20 2.7001 2.5158
2.40 2.8268 2.6536
2.60 3.0619 2.8682
2.80 3.2289 3.0791
3.00 3.4420 3.2702
3.20 3.6194 3.5066
3.40 3.8167 3.6497
3.60 3.9528 3.7297
3.80 4.0628 3.9120
4.00 4.3901 4.2687
4.20 4.7330 4.5282
4.40 4.9908 4.7795
4.60 5.2591 5.0515
4.80 5.2591 5.0515
5.00 5.2591 5.0515
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Table 5.3 (Continued)

Frequency Table for log(LSE/MDE)

Interval Frequency

-~ , =1.00 195
-1.00 , - .60 130
.60 , - .12 421

s 12 .00 441
.00 , «12 449
b2 5 .60 456
.60 , 1.00 121
1.00 , o 287

LSE Exceeded MDE 52.52% of the Time
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Table 5.4

1000 Series Of Size 25, Predicting Observation 26
a = 0.50 ¢ = .700 8 = .800

MDP Error Dispersion Is 1.06146

LSP Error Dispersion Is 1.44183

Coefficients MDP LSP

j aj bj

1 1.50000 1.49999
2 -1.20000 -1.19998
3 .96000 . 95997
4 -.76800 -.76796
5 .61440 .61435
6 -.49152 -.49145
7 .39322 .39312
8 -.31457 -.31445
9 .25166 «25151
10 -.20133 -.20114
11 .16106 .16082
12 -.12885 -.12855
13 .10308 .10271
14 -.08246 -.08200
15 .06597 .06539
16 -.05278 -.05205
17 .04222 .04131
18 -.03378 -.03263
19 .02702 .02559
20 -.02162 -.01983
21 .01729 .01506
22 -.01384 -.01105
23 .01107 .00758
24 -.00885 -.00450
25 .00331 .00163

Log Cumulative Tail Distribution For Errors

1nx -ln(l—FMD(x)) —ln(l—FLs(x))
0.00 .2485 1744

.20 +3133 .2046

.40 .3725 .2370

.60 .4170 .2758

.80 .4878 «3313
1.00 .5516 .3667
1.20 .6070 L4277
1.40 .6911 .4829
1.60 .7508 .5534
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Table 5.4 (Continued)

Log Cumulative Tail Distribution For Errors (Continued)

1.80 .8142 .6015
2.00 .8892 .6655
2.20 .9597 .7340
2.40 1.0441 .8074
2.60 1.1363 .9039
2.80 1.2483 1.0189
3.00 1.3626 1.1270
3.20 1.4567 1.2174
3.40 1.5233 1.2874
3.60 1.5896 1.3704
3.80 1.6766 1.4355
4.00 1.7487 1.4917
4.20 1.8452 1.5654
4.40 1.9310 1.6766
4.60 2.0174 1.7487
4.80 2.0956 1.8202
5.00 2.1982 1.9173

Frequency Table for log(LSE/MDE)

Interval Frequency

- . =1.00 51
-1.00 , - .60 33
- .60, - .12 100
= 12 .00 205
.00 , «12 243
12 .60 108
.60 , 1.00 56
1.00 , © 148

LSE Exceeded MDE 61.10% of the Time



PART III: PRODUCTS OF INDEPENDENT

RANDOM VARTABLES AND DOMAINS OF ATTRACTION

Summary. We consider sufficient conditions for the distribution of the
product of two independent random variables to be in the domain of at-
traction of a stable law. We also consider conditions for the component
wise product of two independent pairs of random variables to be in a
bivariate domain of attraction. Included are two results from the
literature concerning regular variation of the tail distribution of

such products.

68
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1. Introduction

In this paper we shall have two settings. For the first, XVF and
YVG will be independent random variables. Letting H be the distribution
of XY, we ask two questions: wunder what conditions on F and G are the
tails of H regularly varying and under what conditions is H in the do-
main of attraction of a stable law? In the second setting, (Xl,Xz)wF
and (Yl,Yz)NG are independent pairs of random variables. Let H be the

distribution of (X.Y

1Yo ) and we ask, when will H be in the domain of

5%
attraction of a bivariate stable law?

Before we proceed, we recall some definitions. A positive function
U on (0,») is regularly varying with exponent p (UeRVp) if

lim U(xt) _

p
o T(L) x” for all x>0.

If U is monotone nonincreasing (as in the case of distribution tails),
the convergence is uniform on [XO’m)’ x0>0. If p=0, U is said to be
slowly varying. We will occasionally use the fact that if U is non-

decreasing and UeRVp, then for any B>0 there exists K>0 such that

U(xt B8
J?i; < K max(1l,x") for all x>0, t>1.
Suppose Xl’XZ’XB"°' are independent, each with distribution F and

suppose there exists sequences {an},{bn} such that
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1 n
= ) (Xj—bn) =T

an j=1 1

where F1 is a distribution function. When this holds, Fl is called a

stable law and F is in the domain of attraction of Fl. Stable laws can

be characterized nicely (see, e.g., Feller (2971)), but we mention only

the follcwing characterization of domains of attraction. Let

t
u(e) = f uzF(du). Then F is in a domain of attraction of a stable
-t

law if and only if for some ae(0,2], ueRV , and if (when a<2, XVF)

lim P[X>t] _
t>e BLIX[>e] - P01

In this case we write FeD(a). When a<2, the tails of F are regularly

2-0.

varying, e.g. P[[X|>t]eRV_a.

We leave the definition of bivariate stable domain of attraction
until later.

In Section 2, we present two lemmas from the literature giving con-
ditions for which P[IXY|>t] is regularly varying. These lemmas will be
used in Section 3 for our domain of attraction results. In Section 3,
we assume FeD(al) and then with appropriate conditions on G, we will
show HeD(al).

Section 4 extends the results of Section 3 to the bivariate case.
In fact, the results presented here are easily extended to several
variables.

The results of Part III will be used in Part IV for limit theorems

concerning M-estimators of regression.
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2s Regular Variation of the Product Distribution

We assume XVF and YVG are independent random variables. We also
assume X and Y are almost surely positive. Let H be the distribution
of XY. We wish to provide conditions for which P[XY>t]sRV_a. In the
following, F(t) = 1-F(t), G(t) = 1-G(t) and H(t) = 1-H(t). The first
lemma is due to Breiman (1965). Although he states it more narrowly

than we do here, the two versions are equivalent.

Lemma 2.1 Suppose ?ERV_G and EYB<m for some B>a. Then ﬁeRV_a and

O -

Lin P[XY>t] _ lin ” F(t/y) _
oo P[XE] - tow % > G(dy) {)y c(dy).

Proof. i) ©Let U(t) = 1 . By the comment in the introduction, there

F(t)

exists K such that U(xt) < K max(l,xB)U(t) for all x>0, t>1. Thus

F(t/y) _ U((t/y)y)

<K max(l,yB) for y<t.

For y>t,
F(e/y) . _1
F(t)  F(t)
B8
=78
T tTF(t)
For sufficiently large t, however, th(t) > 1/K.
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We therefore have for large enough t,

Eéﬁlil.i K max(l,yB) for all y.
F(t)

By dominated convergence,

Lin | E(E/Y) 4eay) = e E(t/Y) gay)

B0 F(o) 0 Y F(r)
= [ y%(dy).
0

o . .. . .. :
That EY <= is not sufficient in Lemma 2.1 is illustrated in the

following example. Suppose,

F(t) = 1 (t),
t(lnt)2 [e,=)
k
G(dt) = 5 1[ )(t) dt
(t 1nt) ?
We note that
S 1 ~a = ®
k=|/ e du] =] tc(dr)
1 u 0
and e = f t F(dt).
0
Then, substituting x = -
» Su g 1ny ’
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© t/e

f(t) = [ F(t/y)G(dy) ey X
0

2 7 Y
e t(1nt-1ny) (ylny)

ek 1 X 2
By f 1 (xlnt-l) ox

Int-1

2ek J.
— [:lnt-l+21n(lnt—l) - lnt—l]

t (1nt)
2ek
W
t(1nt)
Therefore
tii ?(t) - zf t G(dt)
F(t) 0
and
lim H(t) _ 2[ t F(dt).
too =
G(t) 0

Another lemma, due to Embrechts and Goldie (1980), gives the regu-
lar variation of ﬁ, but we do not get the additional conclusion that

H(t)/F(t) has a limit. The proof of part ii) has been improved slightly.

Lemma 2.2 Suppose feRV_a. Then ﬁeRV_a if either

@l

(t) 0
(t)

. 1lim
i)
£

el

or

ii) GeRV .
-a
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Proof. i) Choose Sy such that G(1/s)>0 for all Szﬁo. Since
lim P[Y>t] _
i gTiggT 0, then
lim P[XY>t, Y>t/s] ¢ lim P[Y>t/s]
t>o P[XY>t, Y<t,s] — t> P[X>ts]P[1/s<¥<t/s]
_ lim P[Y>ts] lim P[Y>t/s]

t>o P[X>ts] t>e P[Y>ts]P[1l/s<Y¥Y<t/s]

= 0(s*.
Therefore,
, t/s =
lim F(t/y) _ lim P[X¥>t, Y<t/s] _
& A > G(dy) " PIXYoC] 1 (2.1)

Replacing t with xt, s with xs, x>0, s>so/x, then

. t/s =
iﬁg [ A=Y gy -1, (2.2)
0 H(xt)
Now let (s) = inf Eﬁﬁ&l and (x) = sup EK§El . Then
mF u>s f(u) MF u>s F(u)

lim _ lim _ =0
- mF(s) - ks MF(S) = x and for any y<t/s

<.§_(.X_t_l.z_)_iM(s)_
— F(t/y)

mF(S)

Therefore (2.1) and (2.2) give
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t/s_
| F(xt/y)G(dy)
0

mF(S)-i t+> t/s_
[ F(t/y)6(dy)
0

_ lim H(xt)

™ ')

[ F(t/y)G(dy)
0

< M(s).

And this implies iiﬂ %1522-= x .
H(t)

ii) Define m, and MG for G, just as m and MF were defined above

for F. For any s>0,

H(t) = P[XY>t, Y<t/s] + P[XY>t, X<s] + P[X>s, Y>t/s]
t/s_ s_ _ _

F(t/y)G(dy) + [ G(t/y)F(dy) + F(s)G(t/s). (2.3)
0 0

]
S

‘Replacing t with xt, s with xs, O<x<1,

_ t/s_ XS _ _ _
H(xt) = f F(xt/y)G(dy) + f G(xt/y)F(dy) + F(xs)G(t/s)
0 0



76

t/s s
< M.F(S)f F(t/y)G(dy) + M (t/xs)f G(t/y)F(dy)
0 ¢ 0

- MF(S)f(S)E(t/S)
< max(M(s) ,MG(t/XS))ﬁ(t) (2.4)
Using (2.3) and (2.4)

1lim H(xt) _ lim
oo ‘gz:;‘i e MAX (M (%), M, (t/x8))

= maX(MF(S),x_a)
and therefore, letting s+,

tiz Eé%%%_i x ¢ for xe(0,1]. (2.5)

Similarly,
- — S —
H(xt) > min@my(s),m,(t,xs))H(t) - [ GC(xt/y)F(dy)
XS
and since s is arbitrary
lim H(xt) . lim lim

\ .
—— e |min(mp(s),m (t/xs)) - / M F(dyﬂ
H(t) xs H(t)

=~ g5 L0

N g . S =
e o lim lim f G(ft/y)

F(dy) (2.6)
B e xs H(t)

To handle the second term, we note that

S
[ G(xt/y)F(dy) = P[XY>xt, xs<X<s]
XS
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P[X>xs]P[Y>xt/s]

| A

F(xs)G(xt/s).

However, by Fatou's Lemma,

Lo B ;Lo S/y) gy

i G(xt/s) 0 £ G(xt/s)

o a

e f(isz) F(dy)
0

- xaEXOL

o - §
s
which may be infinite. If EXa<w, iig saf(xs) = 0.

lim 1im G(xt/s)F(xs) < lim saf(xs)
S > ﬁ(t) — S XOLEXOI.

Using (2.7) and (2.9) in (2.6)

lim H(xt) > ¢
T H(e) T

and with (2.5)

1im BixE) x * for xe(0,1].
t—)m —
H(t)

The case x>1 is a simple consequence of this.

(2.7)

(2.8)

In either case

(2.9)

#
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3. Stable Attraction of the Product Distribution

Continuing the nomenclature in Section 2, we now wish to determine
conditions for which HeD(a) for some a<2. The cases a<2 rely on Lemmas
2.1 and 2.2 and the case o=2 is handled in a manner similar to the proofs

of those lemmas. The random variables may now be negative or positive.
Theorem 3.1 Suppose FeD(a), a<2 and E|Y|B<°° for some B>a. Then HeD(a).

Proof. Define F* and H* to be the distributions of |X| and |XY|,

respectively. By Lemma 2.1 we have

lim P[[XY[>t] _ lim H*(t) _ a
t>» P[|X|>t] o0 T () EIYI . (3.1)

Since FeD(a), a<2 then f*eRV_a and hence by (3.1)

lim H*(xt) _ lim F*(xt) -

t>e ﬁ*(t) t

7% Fx(t)

That is, H* is regularly varying with exponent -a. To show that H is in

a domain of attraction, it remains only to show that iig %ﬁEl—- exists.
H*(t)
Let p = lim F(t) , which exists since FeD(a), a<2. Define also
te =
Fa(t)
E[Y"1, ] + (1-p)E[(-D)"L,_,]
£ ¥>0 P v <0

q = . (3.2)
Ely|®
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A dominated convergence argument like that in the proof of Lemma

2.1 will work, but we present another argument here. By Fatou's Lemma,

lim P[XY>t,¥20] _ lim wa(t/y)
tre PIX[>E] 0= 4 guy,

G(dy)

S fmlim EﬁELXl G(dy)

T 0T gx(r)
a
p E[Y ]
- ______ézziz_ (3.3a)
E|Y|
Similarly, we have
a
lim P[XY>t,Y<0] (1-p)E[(-Y) ly ! . (3.3b)
t>o P[[|XY|>t] B|y|®
(1-p)E[Y71, ]
lim P[XY¥<-t,¥>0] " P leO (3.3¢)
t>o P[[XY[>t] - E|Y|0L
and
E[(-) 1, ]
lim P[XY<-t,¥<0] _ P Y<0 (3.3d)
£ P[lXYI>t] EIYIG '
By adding (3.3a) and (3.3b), we obtain
e BB q (3.4)
H*(t)
where q is defined in (3.2). By adding (3.3c¢c) and (3.3d) we have
lim H(t)
e f1- | = e (3.5)
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Together (3.4) and (3.5) imply

lim ﬁ(t) _
B Hx(t)

Hence HeD(a). #

Corollary 3.2 Suppose FeD(a), GeD(B), B8>a. Then HeD(a).
I(B+a)/2<°°' #

Proof. Use Theorem 3.1 and the fact that E|Y
When F and G are in domains of attraction with the same index a,

we have

Theorem 3.3 Suppose FeD(a), GeD(a). Then HeD(a) provided one of the
following is true
i) either F or G is symmetric,

ii) both F and G concentrate on [0,x),

...y lim P[ (XY [>t] _ a_
144) t*“.§T+§T£ET— = E[Y] <o, <2,

iv) E|x|* = E|Y|®

w0, o<2 9

or v) oa=2.

Proof. Define F*, G* and H* to be the distributions of |X|, [Y| and
[XY[, respectively.
Suppose 0<2. Then by Lemma 2.2 ﬁ*eRV_a, since f*eRV_a and a*eRV_a.

lim H(t)

. exists.
H*(t)

To show HeD(a), therefore, we need only to show that

If either F or G is symmetric (case i), then certainly H is also, so

that
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If both F and G concentrate on [0,») (case ii), then clearly

lim H(t) -1
too o
H*(t)

lim P[|XY >t

— am
tse PLIX[>C] - E|Y|"<», a<2, then the proof of

Case iii) If

Theorem 3.1 is still valid. Hence,

lim H(t) _
B Hx(t)

where q is defined in (3.2).

iv) Suppose EIX[a = E|Y|a = o,  a<2. Let

b, = lim F(t)
1 £t ?*(t)

and

5 = 1im G(t)
2 £t a*(t)

Now choose t0>0 such that for t>t, (0<e<k)

(1-e)p, F*(t) < F(t)

| A

(L+e)p, Fx(t)
and

(1-€)p,G*(t) < G(t)

| A
| A

(1+e)p2§*(t).

2

Then for any s>t t>s,

0’
t/s_
[ G(t/u)F(du)

S

P[X>s,Y>t/s] - P[X>t/s,Y>s] + P[XY>t,s<¥<t/s]

t/s
F(s)G(t/s) - F(t/s)G(s) + [ F(t/u)G(du)
S

]
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t/s _
< (l+€)pl[%*(s)§(t/s) + [ F*(t/u)G(duE]-(l—s)plf*(t/s)G(s)

S

t/s
= (l+e)plf G(t/u)F*(du) + 2€p1F*(t/s)§(s)
s

t/s
< (re)’pip,[  BH(E/w)F*(du) + (L+e)F*(t/s).
S

This implies

s s t/s
P[XY>t,X>0] = [ G(t/u)F(du) + [ F(t/u)G(du) +/ G(t/u)F(du)
0 0 s

+ F(t/s)G(s)

< (14e) [p,G*(t/s) + p;F*(t/s)]

t/2
+ (l+€)2plp2 [ G*(t/u)F*(du) + F*(t/s)G*(s) | + F*(t/s)
S

< (1+e) [G*(t/s) + 2F*(t/s)] + (1+e)’p.p, P[|XY|>t].

1P2

And therefore

1im P[XY¥>t,X>0 2 1im G*(t/s) + 2F*(t/s)
v —Eﬁ135FT;ETl'§ (1+¢€) PP, + (1+g) 4 e .

(3.6)

We recall (2.8) which, slightly revised, says

1im G*(t/s) < s®

B gx(e) ~ E[x|®

Similarly
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1im F*(t/s) < s

0 Fee) T oElY|®

Since € is arbitrary, (3.6) becomes therefore

lim P[XY>t,X>0] (3.7)

to P[IXY|>t] = PyPy.

In a similar manner we can show for t large enough,

P[XY>t,X>0] > (l—e)zplpz P[|XY|>t] - (1+e) (2F*(t/s) + Gx(t/s))
so that

lim P[XY>t,X>0] .
t-= P[|XY|>t] — P1P2"

With (3.7), this yields

lim P[XY>t,X>0] _
t+o P[ XYl>t] T PPy (3.8)

By an identical argument,

P[XY>t,X<0] _

lim
> PLIXY|>E] - (17Pp)(17Py)

and therefore

lim H(t) _ lim P[XY>t]

oo % (t) = teo PL|XY]>t]  P1P

, (l-pl)(l-pz)-

The fact that the limit exists is all that we yet needed to show HeD(a).
Note that this is not the same limit obtained in case iii). This

completes the argument for the cases where a<2.
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[ =
v) Suppose finally that a=2. Let ul(t) = f uzF(du) and
e
o
uz(t) = f u"G(du). Also let F* and G* be as above. We are assuming
i =

that oy and M, are slowly varying and we want to show that

T
u(e) = f qu(du) is also. First note that for any s>0
=t

u(t) = E[X°1 ]E[Y21[Y|<s] + E[(xV)%1

|X|<t/s x|<t/¥], |¥]>s]

2
+ E[(XY) 1|Y|§‘t/|X|,|X]>t/s]

o

u, (E/9)uy(s) + [ u (c/wu’er(dan) + [ w)(t/w)u’Fr(au).
S

t/s
(3.9)
Replacing t with xt, s with xs, x>1,
W(xt) = u (t/s) wyxs) + [y (xt/wu’C* ()
XS
+ f uz(xt/u)uzF*(du). (3.10)
t/s
Define
{s) = inf ui(xu)
oy u>s u, (u)
= 1
M, (s) = °UP ui(xu)
i u>s ui(u)

Then by (3.9) and (3.10)
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n(xt) iMz(s)[ul(t/s)uz(s) + f uz(t/u)uzF*(du;J

t/s

[c<]

+ M (s) [y (t/u)u’GH(du)
S

< max (1 (s),M,(s))u(e).
Since s is arbitrary, then

lim p(xt) lim

—_—— <
— g>®

b GEE) max (M, (s),M,(s))

=1, x1. (3.11)

On the other hand,

n(xt) > mz(s)i}l(t/s)uz(s) + ft/s uz(t/u)uzF*(du]

o]

+ m, (s) i ul(t/u)uZG*(du)
Xs

d Xs
> min(m, (s),m,(s))u(t) - m, (s) / ul(t/u)uzG*(du).
S

And thus, since s is arbitrary,

lim p(xt) S lim

p—— XY
tvo p(t) — s+ min(ml(s) ,m2(s) - ml(s) llmf Ul(t/u) UZG*(du)]

% Tu(o

., =—— xs U, (t/u)
_ lim 1im 1 2
=1 % = fs _—_u(t) u~G(du).

Since p, is nondecreasing,

1l

lim p(xe) |, _ lim 1im ¥1(8/8) xS

te p(t) = Soe  te  p(E) u’G(du). (3.12)
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By Fatou's Lemma, however,

Lim (o) f“ 1im Hy e/ i -
0 ul(t) -y T ul(t)
= EYZ,

; XS
which may be infinite. If EY2<w, then iig f u2G(du) = 0. 1In either
s

case, we have

. |33 u,(t/s) | xs ; XS
lim | 1im "1 2 lim 1 2 _
= [ﬁm S v 5o —g ) wetw -0

Thus (3.12) becomes

lim p(xt)
t>o p(t) —

With (3.11), we have

lim p(xt)

fos T LE) =1, x>1.

And this holds, in fact, for all x>0 as a simple consequence. Therefore,

U is slowly varying and HeD(2). #
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4. Joint Attraction of Two Products

Suppose now that we have (Xl,Xz)mF and (Yl,YZ)NG are independent.
Let H be the distribution of (XlYl’XZYZ)' We shall use Fi’Gi’Hi’ i=1,2
to denote the marginal distributions. In Section 3 we presented condi-
tions for which each marginal distribution Hi is in a domain of attrac-
tion. Here we wish to discuss domains of attraction for bivariate
distributions, and give conditions on F and G for which H is in a
bivariate domain of attraction.

We say bivariate distribution F is in a bivariate domain of attrac-

tion if for a sequence {(X X2n)} of independent pairs of random vari-

1n’
ables, distributed by F, there exists sequences {ain’binh’i=l’2’ such

that the normalized partial sums

17 17
T L X b, T Z(x?_j-b

)
a1n j=1 J 1n 2n j=1

2n

converge jointly to some bivariate distribution which has nondegenerate
marginal distributions. (Clearly, the marginals are each univariate
stable.) The class of such limit distributions is called the class of
bivariate stable distributions. We shall write FeD(al,uz) to indicate
that F is in the domain of attraction of a bivariate stable whose margin-
als are stable (al) and stable (az). The condition FeD(ul,az) is
equivalent to one of the following, depending on the values of al and az

(c.f. Resnick and Greenwood (1979) and deHaan, Omey and Resnick (1982)).

Let (Xl,Xz)mF-
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i) al<2,a2<2. FsD(al,az) if and only if
. X X
1im nP ——L-, 2 e Al= v(A) (4.1)
n->o a a
1 2n

for some sequence {a 2n} and every Borel set AeRZ—{O} such that the

1n’2

boundary of A has v-measure zero. The limiting measure v is called the

Levv measure of the limiting stable distribution.

ii) a, < 2=2. FeD(al,Z) if and only if FlsD(al) and erD(Z). The

limiting distribution is the joint distribution of independent

(nonnormal) stable and normal random variables.

iii) al=a2=2. FeD(2,2) if and only if each marginal F1 and F2 is in

D(2) and for the corresponding sequences {ain}, i=1,2, (assume EX =EX2=0)
1

E|l XX, 1 1
n 12 [Xlljalnul [lejpznu

41n %2n

lim
N>

= ¢ (4.2)

for any ul>0,u >0. In this case c is the asymptotic covariance and

2 12

the asymptotic variances are

2
nE [X71
i X, |<a
lim l 1,—-1n
C,
ii > 2
a,
in

To facilitate our use of condition i) we give the following further

characterization.

Lemma 4.1 Suppose FieD(ai),ai<2, and define for XeR

sgn(x)
P[|xi[>[x|]]

Ui(x) = , i=1,2 .
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Then FeD(al,az) if and only if for every cl,cz#O,

lim _
o nP[max(clUl(Xl),c2U2(X2))>n] = H(cl,cz)

for some (necessarily continuous) function II. In this case the conver-
gence is uniform for Ici|3p0>0 and
l/al l/OL2
H(Cl’cz) = v({(xl,xz)tmaX(cl[xll ,cz[le )>11),

where [x]Y = sgn(x)|x|Y for any y>0.

Proof. We follow a similar argument outlined by Resnick and Greenwood
(1979). Assume first that FeD(al,az). Then there exist sequences {ain}
such that (4.1) is true. In fact since each marginal Fi is in D(ai), we

can choose a, to satisfy

>1| = 1.

o

By the regular variation property of the tails of Fi’

-
X, -a,

- —=| >x| =x *, 0. (4.3)

n->-®

This implies, for 0<e<1l/2

lim e % %y %y
e DP|1-e< <l+e| = [cil (1-¢) - (1+e)
| 2in
|
< dagle ] Te. (4.4)

Equation (4.4) tells us two things. First,
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. c. X c X
At nP [l-€ < max —l—l, 22 < 1+e
a a
1n 2n

. c. X . c, X
< lim nP[}—e < 11 <l+%] + lim nP[}—e < < l+%J
— n>® a N> a,
1n 2n
a a2
< 4(al|cl[ - a2[c2| )e

and therefore

. c,X caX
llmnPEnax 11,22 =]=O.
n->o a a

1n 2n

Letting A(cl,cz) = {(xl,xz):max(cl x2)> 1}, we can now apnly (4.1)

*11%5

and obtain

c. X c, X

lim 171 2 2 _

- nPEnax :—,a—— > l] = \)(A(Cl,cz)). (4.5)
1n 2n

Second, (4.4) tells us that the limit in (4.5), (A(cl,cz)) is a

continuous function in ¢y and Cye Because both the sequence and- the

limit are monotone functions for Ci>0 as well, then the convergence is
locally uniform. This generalizes, in fact, to the statement that (4.5)

holds uniformly when ]cilzx for any x.,>0, since the functions are

0

decreasing to zero as |ci|+w.

0

The definition of Ui and (4.3) give

lim 1 %4
" E-Ui(ainx) = [x] . (4.6)

Taking inverses (valid by deHaan (1970), p.22 and the antisymmetry of

Ui),
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Ha 1 .z 1. 4.7)

Using (4.6), the uniform convergence in (4.5) and the monotonicity of Ui

we obtain

iiz nP[max(clUl(Xl)’CZUZ(XZ))> n]

X X
lim 1 2
= nP|max | == s T >1
> U (n/cl) u; (n/c2)>

— l/a1 l/oc2
. [e,] X [e,] X
_ lim 0P | max 1 L , 2 2\ 1
> a a
1n 2n

1/o
= v(A([cll

1/o

b, ley)

%))

a Q

= v({(xl,xz):max(cl[xl] 1, CZ[XZ] 2)> 1}).

Furthermore, the convergence is uniform for Ici|z;0 and the limit is

continuous. This proves the first half of the lemma.
Now suppose FisD(ai), ai<2 and

lim
n->o

nP[max(clUl(Xl),c2U2(X2))>n] = H(cl’CZ) (4.8)

for some function I and ci#O, i=1,2. This yields immediately that
H(clk,czk) = kH(cl,cz) for any k>0, and hence that II is continuous.
Since Y0 as lci|+w, then we have that the convergence in (4.8) is

uniform for |cilzx x,>0. Again (4.6) holds because each marginal Fi is

0’70

in D(ai), so that by the uniform convergence
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. c. X c X
llmanax(l l, 22 >1

s aln aZn
Lim Uy (X)) U, X))
=rr+°°m>m"’1xU(a /c,) > U (a /c)>l
| V1 w1 3 ¥oonl Gy
B o7 o2
14 [e)d "0 (X)) [ey] "0, (X))
= nP |max 5 >1
n->-«° L n n
(0 1 o
_ 1 2
= H([cl] ,[cz] ) (4.9)

For A(Cl’CZ) = {(xl,xz):max(clx 2)>l}. Define v(A(cl,cz))

2eg
%1 “ig
= H([cl] ,[cz] ). Since the class of sets A(cl,cz), ci#O form a

-class generating the Borel sets in Rz-{O}, the usual class arguments

show that v can be extended to be a measure on Rz—{O} and that

" X X
11m, nP -—];-,—i- e Al = v(A)

aln aZn

) .

for A such that the boundary of A has v-measure 0. Hence, FED(al,az

#
The conditions i) - iii), as well as the next theorem, can easily
be extended to more variables in the obvious manner. If the limiting
distribution has normal and nonnormal components, then it factors

accordingly. (This was proved by Sharpe (1969).)

Theorem 4.2 Suppose (Xl,XZ)NF where F is in a bivariate domain of

attraction (FeD(al,uz)) and suppose (Xl’XZ) is independent of (Yl’YZ)’

Y, not degenerate at 0 and E|Y,| ‘<~ for some B.>a, (or B,=2 if a,=2).
i i ii A i
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Let H be the distribution of (X,Y,,X.Y.). Then HeD(a

171°7272 1797

Proof: We consider the cases i) - iii) outlined above.

i) al<2,a2<2. If Hi is the marginal distribution of XiYi’ then

Theorem 3.1 tells us immediately that HieD(ai). Defining Ul and U2

as in Lemma 4.1, we have

lim

e nP[max(clUl(Xl),c2U2(X2))>n] = H(cl,cz) (4.10)

for ¢y not both zero and some function II. This holds locally uniformly.
Define also

sgn(x)
PLIX;Y, [>[x]]

Vi(X) =
we need to show

1lim
n>o

.nP[max(clVl(XlYl),c2V2(X2Y2))>n] = Q(cl’CZ)

for some function Q.

First, we fix Vi not both zero. Since FisD(ai) then each Ui is

regularly varying on (0,»). The sequences a;, = UZ(n) are acceptable
normalizations. By Lemma 2.1, we also have that Vi is regularly varying

and

. U.(n) o
lim i _ EIY 1

n-> Vi(n) i

Taking inverses (deHaan (1970), p. 22)

Uz(n) a, =1/a,

o - ElylhH

n>re _ <

Vi(n)
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The inverse V; is regularly varying with exponent 1/0ti on (0,») (again,

c.f. deHaan) and is antisymmetric about 0, so that for ci#O

<+
1im 1™ e ]l/“i
me _< i
Vi(n/ci)
l/oci a; -l/ai
Define m, = yi[ci] (EIYil ) Then
+
. y.U.(n)
lim 2L " oem , (4.11)
i V+(n/c ) +
i i

By virtue of (4.11) and the fact that (4.10) holds locally uniformly,

lim
ke nP[max(clVl(lel),CZVZ(XZYZ))>n]
N y, X ¥,X
_ 1lim cif L 11 272 >1
n->o

VI(n/cl) ’V;(n/cz)

1im mX woX
n—-)w

2
(n)

>1

-~

2
2

m i i
L U;(n) U
Relying on (4.9) from Lemma 4.1 and the normalizations Uz(n),

1lim

n—-xe

nP[max(clVl(lel),CZVZ(XZYZ))>H]

| )
n([m 1 Y, my] %)

[+ Q
vl T Iyl

I Cl

, C (4.12)
U.l 2 0‘2
ey, 2y,

Of course, the limit is zero for yl=y2=0.
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Define P*(n) = P[max(vl(lxl|),vz((xzi))m] and T* by

H*(cl’CZ) - H(Cl’CZ) + H(-cl,cz)-+ H(cl,—cz) + H(—cl,—cz)
By (4.12)

lim 1 4

- nP*(n) =1 s = s

o
1 2
gy | b ey,

which says that P* is regularly varying with exponent -1. Since it is
also monotone we make use of a comment made in the introduction and used
similarly in Lemma 2.1. That is, choose € > 0. Then there exists K1

such that for all y>0, n large enough,

1+e

P*(n/y) < K max(l,ly| YP*(n) . (4.13)

1

We will actually choose e so that Ty Bi/(l+e)>ai, where Bi are given in
the theorem statement. Similarly, since Vi is regularly varying with
exponent el then since yi>ai, there exists Kzil such that for any y>0,

x>1, fixed cyo

g o
1
le; [V (xy) < K, max(1,y D)V, (x).

¥
If x<1, then [ci|Vi(xy).§ K, max(1l,y l)Vi(l), since V. is monotone.

Therefore using these inequalities and (4.13)

P[max(clVl(lel),c2V2(X2y2))'>n]

< P[max({cllvqulyl{), e, [V, (1%, 1)) >n]
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Y Y
1 2
< PIR, max(L,|y,| ~,|y,| Dmaxv (|x [),v,(%,]))>n]
Y1 Yo
-l-P[K2 max(LIle ,|y2| )max(Vl(l),Vz(l))> n]

Y Y
1, 1+€
< K (&, max(L, |y |y, 20 R @)

Y1 AP
max(1, |y [ “,ly,| Dmax(v,(1),v,(1))

+
K2
n

for n large enough. Remembering that Yi = Bi/(1+e) and that nP*(n)

converges,

81 82
V,(%,y,5,)) > 0] < Ky max(L,|y;| ]y, %)

nP[max(clvl(lel),c2 2 (X,

for some K3 and all n large enough.

By dominated convergence and (4.12), therefore,

lim
nP[max(Clvl(XlYl)’C2V2(X2Y2))> n]
= [ Adm nP[max(c,V. (X.y.),c,V, (X,y,)) >nl]G(dy,dy,)
R2n+m 1171717272 277272 P2
a a
i 2
.1 [Y,]
1 2
=E|Il |[c, —, ¢
1 al 02
Ely, | E|Y,|

And this proves HeD(al,az).

ii) al<a2=2. This case is the easiest to prove since marginal

convergence is sufficient. Theorem 3.1 yields that Hl’ the distribution
of XlYI’ is in D(al) and Theorem 3.3, part v) tells us that HZED(Z).

Therefore HsD(al,Z).
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1ii) a1=a2=2- We assume EXi = EYi = 0, without loss of generality.

; . 2 . . . ’
For each i, since EYi<W, then by Theorem 3.3, XiYi has distribution in
the domain of attraction of the normal distribution. In fact, we can

say more. Let ui(t) = E[Xi lIX Since My is slowly varying and is
i

<t

monotone, then we choose K such that for any t>1, w0, ¢ fixed in (0,1),
u, (tw) < K max(1,u5)u,(€). (4.14)

Therefore, letting Gi be the marginal distribution of Yi’

2 o 2
BT Y x y (o] = [ g (e/ [0y

-0
o]

<K/ y? max(1, [y| ©)C, (dy)u, (t)

~o0

< K E[max(1,Y2) Iy, (t)

It follows by dominated convergence that

2
E[(XiYi) L XY, |<t

lim © 5 1Pt/ YD
=[ v Setepes &1y}
>0 [2 ] tso  u,(t) i
E|x%1,. - i
i lX.[<t
112
= Ey2. (4.15)
I}

Let ai(t) satisfy tui(ai(t))%(ai(t))z. Then (4.15) implies

2
= EXiYi) Lix. v, lf_a.(t)]
1im i7i i _ EY2
£ 2 i’
ai(t)
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This shows that the marginal convergence holds with ain=ai(n). To show
that joint convergence holds, we must consider the truncated covariances.

First, define

v(t,s) = EE(IXZ l!Xl]it lllef_sj]'

By assumption,
al(t) az(t)
b
1im "\ "1 ¥

t>oo o
al(t)aZ(t)

for any u1>0,u2>0.

2

Since (v(tl,t )T < ul(tl)uz(tz), then by (4.14)

2
t t .

1 2 2 =g -€
v T;IT-,T;;T <K max(l,lyl] )max(l,lyzl )ul(tl)uz(tz)

and therefore, since e<1,

al(t) az(t) al(t)az(t)
Y1y .Y, < K max (l,lyll)max(l,lyzl) T —

By dominated convergence

E|(X
4 . lE Y1) (X2Y2)lIXlYl|§a1(t)l|X2Y2liaz(t)]

e a (£) a,(t)
) al(t) az(t)
. \Ty T T,
_ 1lim
gl 22 Y15, G(dyl,dyz)

al(t) az(t)
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a
tv
lim

l(t) az(t)>
v Y,

Rzylyz o0

172 °

proves HeD(2,2).

al(t) az(t)

G(dyldyz)

#



PART IV: REGRESSION WITH INFINITE VARIANCE DATA

Summary. M-estimation is considered for the regression model
Yj = BOXj + Wj where Xj's and Wj's are in stable domains of attraction.

Necessary and sufficient conditions are given for the consistency of

the least squares estimator as well as sufficient conditions for the
consistency of other M-estimators. The asymptotic distribution is
derived for the least squares estimator. It is found that, depending
on the distribution of Xj’ different normalization is used and the limit
is to a ratio of two jointly distributed stable random variables or to

a normal random variable.

100
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1. Introduction

We consider M-estimation for the standard linear regression model

(sans intercept)
Yj = Boxj + wj (1.1)

where Xl,...,Xn are independent random variables with distribution F

and independent of Wl,...,Wn which are independent random variables with
n
distribution G. The observable data is {Y.,X.} . We assume further-
J j=1
more that F (in particular) is in a stable domain of attraction.

To be in a domain of attraction, of course, means that normalized

partial sums of the random variables converge in distribution. For ex-

t
ample let p(t) = f uzF(du) and choose a such that-ji u(an)ﬂr% and let
-t a
n

a
bn = f nuF(du). We say FeD(a), the domain of attraction of a stable
-a
n

n
law with index ae(0,2], if :%- z (X,—bn) => stable(a). For this to be
n j=1

true, it is necessary and sufficient that

lim u(xt) _ _2-o

My - e for all x>0 (1.2)
and

1im F(-t)

t+o 1-F(t)+F(-t) exists when a<2.
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The first condition in (1.2) is known as regular variation. When

a<2, F itself has regular varying tails, namely,

lim 1 - F(xt) + F(-xt) _
tseo 1 - F(t) + F(-t)

< ¥ for all x>0. (1.3)

When 0<2, F does not have finite variance and it may not have finite
variance even when o=2. In general, if X~F, then E]X[B<w for O<B<a .
Our primary concern will be with distributions which have regularly
varying tails and infinite variances. Of particular interest is the
special case where F and G are tail equivalent (i.e.,

lim 1 - F(t) + F(-t)
t 1 - G(t) + G(-t)

exists and is non zero).

The literature contains much on M-estimation for regression where
Xl,...,Xn are fixed, not random (e.g. Huber (1981)). These papers give
the motivation for our approach here. Martin and Jong (1977) have con-
sidered M-estimation and generalized M-estimation for time series with
finite variances. Blattberg and Sargent (1971) and Smith (1973) con-
sidered least squares regression with fixed Xj's but stable errors.
Kanter and Steiger (1974) investigated least squares and screened ratio
estimators for both regression and autogregression under conditions
similar to our (1.3). Although we do not consider autoregression here,
we view this paper as a stepping stone to that end.

An M-estimator for the true parameter BO is Bn satisfying, for

some loss function p,

e s

Ln(s) =

p(Yj - BXj) is minimum, (1.4)
3

1



103

~

If p is differentiable, we call y=p' the influence function and Bn
solves the equation

n
= - =0 15
K_(8) jzlxjw(Yj BXJ.) (1.5)

The idea behind M-estimation, of course, is to mimic procedures in
maximum likelihood and least squares estimation, both of which are
special cases. Examples of possible loss functions are the following

(g is the density of G, the distribution of Wj).

1) least squares p(2z) = z V(z) = 2z
2) least absolute deviation p(z) = |z| ¥(z) = sgn(z)
3) maximum likelihood p(z) = -1n(g(z)) V(2) =-§%§§l
2 2z
4) Cauchy p(z) = In(1+z") ¢ (2) = 5
1+z
152 322
5) bounded loss 0(z) = 1l-e ° v(z) = ze *?

Many others have been suggested by authors, most notably Huber (1981)
and Hampel (1971). These authors recommend redescending influence func-
tions, by which they usually mean (z)=0 for llep. This effectively
trims the outliers. With contaminated distributions this concept makes
sense. However, with regularly varying tails we feel outliers can con-
tribute additional information. If one considers the maximum likelihood
estimation when G has regularly varying tails and g' is ultimately mono-

tone, one finds that the influence function ¥ satisfies
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.
v(z) = —§?§§l’b2§l (c.f. Feller, p. 446). This suggests that influence

functions with a slow rate of descent, such as 1/z, are perhaps more
appropriate.

In Section 2, we consider the consistency of M-estimators. We first
present two results due to Huber (1981), which provide strong consistency
when certain expectations exist. We also present a theorem giving neces-
sary and sufficient conditions for the least squares estimator to be
weakly consistent.

Section 3 discusses the asymptotic distribution of the least squares
estimator. If FeD(a), then we will find cn(én—BO) converges in distribu-
tion for normalization c.» which is regularly varying (as n>*) with
index 1/a. In such cases, if a=2 the limit distribution is normal, but
if oa<2, it is the ratio of two stable random variables, one with index
o and the other with index a/2.

The results in Sections 2 and 3 require the joint convergence of

1 1 v .2 )
——'z XW,, — z X, |, for which we use Part III.
Pl 21, & 3 2 =5

j an j=1



105

2. Consistency of M-Estimators

Before we look at consistency for the regression problem, we review
consistency for M-estimation in general, following Huber (1981), pp.
127-132. Let 21’22""

distributed random elements in Z and let p(z,6) be real valued on Zx0 .

be a sequence of independent and identically

and has one-

We assume O is separable and locally compact with norm

point compactification 0%.
Lemma 2.1 Define en to be any point of minimum in 0% of the random

function Ln(B) =

I o~>8

E(Zj,e). If p is almost surely continuous in 8,

j=1

converges to its maximum as ||g]|> «, and if 60 is such that

°°>E[p(Zj,6) - p(Zj,GO)] >0 for all 6#60, then_en»eo almost surely.

Proof: We note that 6n exists almost surely in ©* because of compactness
and continuity. Furthermore, since p converges to its maximum as

”GIL*w, then én is almost surely finite. It may not be unique, however.
Choose any sequence of solutions.

Define R,(A) = inf p(Z.,8') - 0(Z.,8,). For any 8e0*, if {A,} is
A 8¢ A k| j’’0 i

a monotone sequence of open sets decreasing to {9},6#90, then by domina-
ted convergence ERj(Ai)+ ERj({e})> 0. Hence there exists an open set

Ae for each 6e0®* such that ERj(Ae)> 0.
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Choose a covering Al,...,Ak for the region[]e—eoﬂz_e, which is

compact in ©%. For each i=1,...,k
P[eneAi for infinitely many values of n]

5_P[Ln(e) is minimum for some eeAi i.0.]

| A

P[inf L_(8) <L (8,) 1.0.]
SeAi - n" 0

| A

7| ]

; Rj(Ai)-i 0 1.0.

1

n
The last equality holds because-% Z Rj(Ai)->ERj(Ai) >0 almost surely.
1=1

Therefore, we have

k N

2 P[B €A, i.o0.]
: n i

i=1

| A

P[HSH'GOHZE 1.0%]
= 0. #
Alternatively, the M-estimator can be defined by the use of implicit

equations and the next lemma can be used to verify consistency. We

assume that the equation E(zl,e) = 0 has a solution almost surely.

[ f=]

Lemma 2.2 Let Gn be a root of the function Kn(e) = &(Zj,e) and sup-

j=1

pose that E|S(Zl,6)|<°° for all 6e@ and E@(Zl,e) has a unique root 60

and is monotone in a neighborhood of 60. Let

_ Ssup |7 vy &
5,(0,8) = A 1(z .87 - vz, 0]

If, as the sets Ai+{e}, ESj(Ai,e)+0 for all 8e¢0*, then en+eo almost

surely.
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For the proof of this, see Huber (1964). We remark that the
condition ESj(Ai,6)+O is easily satisfied when y is continuous in 6 and

either I@(Zj;e)| S'K(Zj) where EK(Zj)<m or 6 is real and a is monotone

in 6.
n
In our regression problem, the data is given by {Z,k}
n _ j=1
= {(Yj,Xj)} and p(Yj ,X,,B) = p(Yj—BXj) where the latter function has
: J

=1

a real argument. We also have @(Yi,Xj,B) = ij(Yj-BXj), when y=p'

exists.

Corollary 2.3 a) Suppose Bn satisfies (1.4) where p(z) is continuous

and converges to its maximum as |z|+w. Assume E[p(Wj—GXj)--p(Wj)]<°° for

all 6eR. If E[p(Wj-GXj)-p(wj)] has a unique minimum at 6=0, then én_*BO
almost surely.

b) Suppose én satisfies (1.5) where Y is continuous and either
monotone or bounded. Assume EIXjLI)(Wj—GXj)l<°o for all 6eR. If 6=0 is

the unique root of E[ij(wj-BXj)], then Bn+80 almost surely.

Proof: The proof is a direct application of Lemma 2.1 or Lemma 2.2 when

we recognize that Yj—BXj = Wl—(B-BO)Xj and substitute 6 for B—Bo. #

The crucial condition in Corollary 2.3 is the unique minimum (root).
When p=-lng so that én is the maximum lokelihood estimator, Jensen's
inequality assures us this condition is satisfied. We can also satisfy
the condition by strengthening conditions on the distribution of W and
on the loss function, but with very little assumption on the distribution

of X.



108

Lemma 2.4 Suppose W has distribution G which is symmetric about 0 and
strictly increasing at 0O and suppose X has distribution F, not degenerate
at 0.

a) Let p be a continuous function, symmetric about a unique mini-
mum at O and nondecreasing on (0,»). Assume EIp(Wj—GXj)-p(Wj)!<m for
all 6. If either p is convex or G is unimodal, then E|p(Wj-6Xj)-p(Wj)|
is continuous, symmetric about a unique minimum at 6=0 and nondecreasing
on (0,x).

b) Let ¢ be a continuous function, antisymmetric about a unique
root at 0 and nonnegative on (0,»). Assume EIij(Wj—GXj)|<w for all 6.
If either | is monotone or G is unimodal, then E[ij(Wj—GXj)] is con-
tinuous, antisymmetric about a unique root at 6=0 and nonnegative on

(0,=).

Proof: We prove only a) since b) has a very similar proof. Clearly if
G is degenerate at 0, the condition holds since P[p(GXj)>p(0)]>O when
8#0. We assume therefore that G is not degenerate at 0. We can also

assume without loss of generality that p(0)=0. Let

2(y) E[D(Wj-Y) - p(Wj)J

[ [o(w-y) = p(w)1G(dw) (3.1)

-0

Clearly, & is continuous since p is continuous. By the symmetry in p

and G,

©

Ly) = [ [poGw-y) - p(w) + p(~w-y) - p(-w)]G(dw)
0
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=[ [p(wty) + p(w-y) = 2p(w)]G(dw). (3.2)
0

From this it is apparent that 2(y) = 2(-y).
Suppose p is convex. Then p must be strictly increasing on [0,®).

Otherwise, if for some 0O<y<z, p(y) = p(z) then setting A=y/z we have

p(y) > Ap(z) + (1-))p(0)

> o(y),

a contradiction. (Of course, we also cannot have p(y) = p(0) = 0, since

0 is p's unique minimum.) Therefore for any y>2w>0
p(y+w) + p(y-w) - 2p(w)>0 .

On the other hand, since p is convex,
p(y+w) + o(y-w) - 2p(w) > 0

for any y>0, w>0. Using (3.2) and the fact that G is strictly

increasing at zero,

o]

2(y) = [ [p(y+w) + o(y-w) - 2p(w)]G(dw)
0
y/2
> [ [e(y+w) + po(y-w) - 20(w)]G(dw)
0
>0 .

5
Furthermore, convexity implies for z>y>0 (A = %ﬂ?)

p(w+z) + p(w-z) = p(wt+y) - p(w-y)
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Ao (w+z) + (1-2N)p(w-2z) = p(w+rz=(1-1)z)
+ (1-M)p(wt+z) + Ao (w-2) - p (w+(1-1) z=-Az2)
>0. (3.3)

And since p is increasing on (0,®), (3.3) is a strict inequality when
O<w<y. Therefore, from (3.2), if z>y>0

©

[ [oGw+z)+p (w-2)=p (wty)-p (w-y) 1G (dw)
0

2(z)-%(y)

y
[ Lo (wtz)+p (w-2)=p (wty) —p (w=-y) 1G(dw)
0

| v

>0 .

Thus 2(y) is increasing on (0,®) and symmetric about a unique minimum
at 0.

Suppose instead that G is unimodal. Then (c.f. Feller (1971),
p. 158) G has a density g and a possible mass p at 0 and the density

can be characterized by

g = [ o= H(dw)

u>|w
for some probability measure H. Since G is increasing at O, then either
p>0 or H has mass in any neighborhood of O.
Since Ip(w—y)—p(w)[ is integrable with respect to g and g is itself

an integral with positive integrand, we use Fubini's theorem,
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o]

2(y) = [ [p(w=y)-p(w)]G(dw)

-00

(=]

= [ lo@w-y)-p(w)] / QL-H(du)dw + po(y)

-C0 uz w,Zu

oo

u
é [ lo(w-y)-p(w)]dw H(du) + po(y)
=1

-9 u-y u
[ 1] o(w)dw - [ p(w)dw | H(du) + po(y)

0 -u-y -u

@ =11 u
=[] oeo(wdw - [ p(W)d{]H(du) + po(y)
0 | -u-y u-y
© 0
= [ [ [p(w-u)=-p(wtu)]ldw H(du) + po(y).
0 -y

By the symmetry of p,

oo

y
2(y) = [ [ [p(wtu)-p(w-u)ldw H(du) + po(¥). (3.4)
0 0
Since p is nondecreasing on (0,~) and symmetric about 0, then for

any w,u>0
p(wtu) - p(w-u) >0 (3.5)

and therefore, if 0<y<z, we obtain from (3.4)

®© Z
2(z)=-2(y) = [ [ [p(wtu)=p(w-u)]dw H(du) + plo(z)-p(y)]
0 vy

> 0.

Furthermore, p is strictly increasing near zero, so that (3.5) is a
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strict inequality when O<u<c, O<w<c, for some c>0. Since either p>0 or

H is increasing at 0, then

e 4
2(y) = [ [ [p(whu)=-p (w-u)ldw H(du) + pp(y)
0 0
c vy
> [ [ [p(wtu)=p (w=u) ]Jdw H(du) + po(y)
0 0
> 0 ,

Again, therefore, % is symmetric about a unique minimum at O and
nondecreasing on (0,®).

Finally, we write E[p(Wj— GXj)—p(Wj)] = E[Z(GXj)] and since
P[X=0]<1l, it is apparent that this is also symmetric about a unique
minimum at O and nondecreasing on (0,x). #

As a corollary, the conditions of Lemma 2.4 imply that the cor-

responding M-estimator is strongly consistent. The only condition

placed on F is that it is not degenerate at 0 and that
EIO(Wj-SXj)"D(Wj)l<” (EIij(Wj—GXj)|<w). This means that, under the

conditions in Lemma 2.4, Corollary 2.3 can easily be extended to include
location estimation and multiple regression.

In addition to the unique minimum (root) condition in Corollary 2.3,
the other restrictive condition is the expectation. If F has infinite
variance, for example, we cannot show that the least squares estimator
is strongly consistent. We shall see below, however, that it can still
be weakly consistent. Before that, we summarize our results so far for

distributions with regularly varying tails.
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Theorem 2.5 Suppose XjNF and WjNG such that EIXanl<w, EIWj|a2<w for
some al>0, a2>0. Assume also G is symmetric about O and increasing at
0. Choose én to satisfy (1.4), where p(w) is continuous, symmetric
about a unique minimum at O and nondecreasing on (0,~). Assume also

)).

that p(w) is regularly varying (as w>®) with exponent ye[O, min(al,oa2

A

Then Bn+BO almost surely if either p is convex (which requires y>1) or

G is unimodal. If in fact p(w) = ka for w>M, then it is sufficient

that y<oq, Y(j-l)< o, where j= integer in [y,y+1).

Proof: 1In view of Corollary 2.3 and Lemma 2.4, the only condition
requiring proof is that Elp(wj-SXj)-—p(Wj)!<oo for all 6, since if that is
true, Lemma 2.4 gives E[p(Wj—GXj)-p(Wj)] has a unique minimum at 6=0 and
Corollary 2.3 yields the consistency result.

Since Y<min(ul,aé), choose 6=min(al,a2). Then EIXj[6<m and
E[W_[6<oo .

J

Since p is regularly varying, it has Karamata representation (c.f.

Feller (1971), p. 282)

Y y(u)
pw) = c(exp| [ T du

1

where c(w)->constant and y(w)>Yy, as w>~. Choose w, such that ;tg)Y(w)jG
-0

sup _C_(Yl P (WO)

and let Kl ™ ow. elw.) 3 Therefore, if W2W then

-0 07 w
0

\"/ "

olw) = c('w)e.xp[f 0 y(uw dJ exp[f S le
1 u . ¥
0
< K w(S

=4
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Using p's symmetry and monotonicity on (0,=),

p(w) <K max(l,lw[d)

1

for all weR. Therefore, for any weR, xeR
§
p(W+x) < Klmax(l,|w+x| )

< Romax(1, [w| %+]x| %)

2

for some constant K2. Hence

$ 8
E[p(W,-6X,)] < K E[max(1,|W, |" + [X,| )]<=.
[p(W=6X )] < Kyl Wi l™ + 1%,
This guarantees that EIp(Wj+er)-p(Wj)|<m-
If we can assume further that p(w)=klw|Y, |w|>M for some k,M, then

we need only show that E[le+9leY—|Wj]Y]<w. Let j=integer in [y,y+1).

By Minkowski's inequality, w>1,x>1

. .3
(wix) Y-w" = ((W+X)Y/Jf _ (WY/J)

(WY/j+XY/j)j _ (Wx/j)j

| A

i

T (3) wrt/3 xm01s
=0

i

K.w\((j—l/j) =¥

| A

for some constant K. In general, for any w,x
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|w+~x|Y-|w|Y 5_Kmax(l,(w|Y(j_l/j))max(l,lle).

3%,
1

Therefore E[|Wj+6XjIY—|Wj|Y]<w if y<a, and Y< Y<3. #

1

A~

Theorem 2.6 Assume F and G are as in Theorem 2.5 (a_>1) and choose Bn

1
to satisfy (1.5) for the model (1.1), where ¥(w) is continuous, antisym-

metric about O, monotone and regularly varying as W»* with exponent

v>0, Y<min(al—l,a ), then Sd+60 almost surely.

Proof: Relying on Lemma 2.4 we see that if E[ij(wj—exj)] exists, then
it has a unique root at 8=0 and so by Corollary 2.3, Bﬁ+80 almost surely.
However, as in the previous theorem, due to the regular variation of ¥,

we can write, for any &>y, some K1>O

lwen)| = vw(|w])

Klmax(l,lwla).

|A

Choosing 6=min(al—l,a ), we have therefore for some K2,

8
W,-0 . -0X,
E]ij( 3 Xj)liKlE[|XJ|max(1,|WJ XJI )]

8 1ow I8
iKzE[IXjImax(l,le +|erI )]

We consider now the special example of the least squares estimator,

where p(w)=w2. Since p(Wj—GXj)-p(Wj) = 62X§ - ZOXjo, then by Corollary

2.3, the estimator will be strongly consistent when EX§<m, EWij=O. The

next theorem shows that it is weakly consistent for a great many more
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cases. We make no assumptions of symmetry. The idea for the theorem

comes from Kanter and Steiger (1974) who prove a special case.

Theorem 2.7 Suppose F and G are in domains of attraction (FeD(al),

t
GeD(az), o150, < 2) and define u(t) = [ sz(dx). For the regression
=t
n
) XY,
model (1.1), define the least squares estimator Bn = Jf%———- . We
J X2
j=1 -

consider three cases.

: E : e : 2
i) a <2a2. Bn+80 in probability, except if EWij#O and EXj< .

1
ii) o,>2a.. B 1is not consistent.
1 2 n
iii) al=2a2. Bn+80 in probability if and only if

2 2
lig & P[IWj|>t ]
e n(t)

= 0 and, when a_.=2,

1

= 0, where c¢_ and a_ are given in the proof.
> na ) n n

Proof: Since FeD(al), then by Feller (1971), p. 577, u is regularly

varying with exponent 2—al. Define A(t) =-£5 p(t) and an = A+(1/n)
t

- g : lim n -
= inf(x:A(x)<1/n). We note that —— u(an) = 1. When al<2, then

the distribution of X2 has al/2—varying tails and in fact is in D(al/Z).

Thus X§ => positive stable (al/2) . When o_=2, then p is slowly

1

[a=s k=]

1

1
a2 j
n J
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he~—s

varying and so by Feller (1971), p. 236,'13 X§—+1 in probability.
a
n

n J=1
) X W,
Recognizing that Bn-BO = J:%?———— , we conclude that Bn+60 in probability
] X
j=1 -
1 o
if and only if = ) X,W,+0 in probability.
a_ j=1 33
n

Let H be the distribution of IXjo[ and let a*=min(al,a2). By

Corollary 3.2 and Theorem 3.3 of Part III, HeD{(o*). This means if we

t
define C(t) =-j? i u?H(du) and ¢_ and b_ to satisfy
n n
t™ 0
<
c, =C (1/n)
4 -
an 0 if a*<l
b =9
C
f 2 H(du) if a*>1,
0
-

n
then E;— Z (]ijj|-bn) => gtable {(a*). We note that C(t) is regularly
n j=1

varying with exponent -o* and thus, by deHaan (1970) p. 22, c, is regu-
larly varying with exponent 1/a*. Similarly, a, is regularly varying

with exponent 1/a The sequence bn is either slowly varying (a*>1) or

1
identically zero (a*<l).

: ’ 2, . .
i) Suppose al<2a2. Assume first EXj~w. Since a*=m1n(al,a2)>al/2,

Cc

then —§¥+0. If a1<2, then either nbn=O or nbn is regularly varying with
a
n
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nb
exponent 1. Since 2/a1>l, then —7?~*0. On the other hand, if a1=2,
4
then J%”V—~i—— —l— =0 and b ->E|W,X,l (since a,.>1 in this case).
pa ) 2 n i3 2
a EX
n k|
nb
Again-—i?->0. We therefore have
*n n n
5 x5 1 Ixgl
a j=1 j=1
n %n
cn nbn
= 2 (lx W |-b 3}
a‘ \‘n j=1 a
n n

-+ 0 in probability.

Thus B +BO in probability when o <2a2, EX§=w.
a2
If o, <20, EX%<w, then i T, i u(a_) =EX%. Also a,>1 so that
1 2 j n>® n n>e n 3 2

n 1 n EX,W.
z X W -+ EX.W, almost surely. Thus, —& Z almost surely

j=1 33 22 g A~ Ex2

n h|

and Bn is strongly consistent if and only if Eijj = 0.

*
ii) al>2a2. In this case o = min(al,uz) = a, < al/Z. Therefore

< 1 B

~5 *+% It is thus impossible for-—z z X.W, to converge to 0, since

a a_ j=1 33

n n

1 T A

c z (IXJWJ|—b ) converges in distribution. Hence Bn is not consistent.

n j=1
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c
251. In this case the sequence-—% is slowly
a
n

A - e
iii) al 2a2. Here, a*=o

varying. By Corollary 3.2, Part III, the distribution of ijj is also

in D(a*) with the same normalization c, as for |Xjo[. Define

0 if a*<1
E{jW, 1 EX., 4if a*=1.
I 7wy lse, [T

n
Then (Feller (1971), p. 580), é?— ] (XW;-d) = stable (1). It follows,

o,
(=]
1]

n j=1
1 F “n ndn
therefore, that-—z Z X.W,>0 if and only if —3"*0 and —TZ“+O. We show
a j=1 J a a

t2p] v, [>¢2]

below that the first condition is equivalent to -+ 0. When

u(t)

a*<1,dn=0 and the second condition is automatic. Therefore, when

2 2
. - P[le|>t ]_

al=2a2<2, 8n+80 in probability if and only if P =0. When
u(t)
nd
a*=1, however, the condition —EE~+O must be checked for each case.
%n
nu(an) ”
Noting that ———7?——+-1, we state: when al=2a2=2, Bn+80 in probability
a
, tzP[|W.|>t2] , E[Wj l|W,l<c ]
. .- 1lim i lim 4'="n
if and only if s - = 0.
u(t) u(a_)
N n
It remains only to show that —%*-O if and only if
a
n

tzP[|wj(>t2]

> 0. Recall that ¢ = C+(l/n) and a = A" (1/n). Since C
u(t) n n

is regularly varying with exponent -oa* (by definition of C) and A is
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regularly varying with exponent —ags then we apply the result in deHaan

c
(1970), p. 22, which says-—%—*O if and only if QSE%f~+O. (That is, the
a_ A(t?

inverses converge as one would expect, for monotone, regularly varying

functions.) Furthermore, by Feller (1971), p. 283,

lim 1-H(t) _ 2-a* _ 2%
t>o C(t) a* %y
and by Lemma 2.1, Part III,
: o
Lim _L-H() __ g1 %2
t-o P[[Wj >t] 3 ;
Therefore
"3
vim o) [ %2EI% T Ny BV, >t
P - i
B At ?) 2=ty B A
o
wE|X, | 2\.. tZp[|w.|>t?]
12 i lim N
2-a2 £ u(t)
c 2 i tzP[lW.]>t2]
It follows, then, that —E"*O if and only if e L = 0. i
a u(t)
n
E|lW, 1
[J IleiC]

When al=2a2=2, the condition

+0 is satisfied when
u(an)

the numerator vanishes (e.g., G is symmetric about 0 or EWj=O) or when

the numerator is bounded and u(an)+w (e.g., E[Wj|<°° and EX§=w). The
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RUARS

condition +~0 holds forcase i) and is false for case ii).

u(t)
It is thus the primary condition for least squares consistency; the

centering conditions are necessary only when al=2.
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3. Asymptotic Distribution of Least Squares Estimators

In this section, we prove a theorem describing the asymptotic

distribution of the least squares estimator. For simplicity, symmetric

distributions are assumed.

Theorem 3.1 Suppose Xj%FED(a) and WjNG where F and G are symmetric

about 0. Let Bn be the least squares estimator for the model (1.1).

Choose a
n

and

such that
lim n 2 _
o 2 E[XJ lIX.I<a ] = 1. Then
j'=mn
n
i) if a<2 and EIW]Y<m for some v > a, an(Bn—Bo)=> Zl/ZZ where

ii)

(21’22) is bivariate stable and Z, is symmetric stable

1
(al), 22 is positive stable (a/2). (Their joint distribu-

tion has Levy measure v given by,clcz#O s

1/a 2/a |w-|a
V{maX(Cl[XlJ scz[le )>1}=%E max ,Cll ——J_OL s Cy
E|W, |
a J
W, |
= LE| max |cl| 7 %9 + Y max (O’CZ) .
E(wj|

; - 2__ . 2
if a=2 and EWj< ,an(Bn BO) = normal (O,ij).



123
Proof: i) By assumption, FeD(a), a<2 and F is symmetric, so that

14m P[|X,|>xt] i
t>o P[ Xj >t]

=0

x , x0, (3.1)

and

1im EPIX;>t]

te PIIX, [>E] o (3.2)

(3.1) implies

-a/2

At X , x>0.

t>oo

P[X>>xt]
=l b b

2
P[X >t
[ i ]

And this in turn implies that the distribution of X? is in the domain of

attraction of a positive stable (a/2). We therefore have (Feller (1971),

p. 580)
1 o
& z X. => symmetric stable (a)
n j=1
s -
) ) X = positive stable (a/2)
a® j=1 4
n

(No centerings are needed by symmetry and the fact that a/2<1.)
To check that these in fact converge jointly, we use Lemma 4.1 of

Part III. Define for xeR, i=1,2,

0, (3) =-SBOLX) (3.3)
. P[|X§I>x]

1
Clearly Uz(x) = Ul(sgn(x)|x|é), and therefore for fixed cl,czeR,

2
max(clUl(Xj)’CZUZ(Xj)) = max(clUl(Xl),czUl(IXjl))- (3.4)
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From (3.2) and (3.3) we calculate

1lim _ 1lim <
oy tP[Ul(Xj)>t] gl tP[Xj>Ul(t)]
- HB gy (s)P[X, >s]

s> 1 j

1lim P[X.>s]

T gow F[—FXJ >s]

lim

Similarly -

tP[—Ul(Xj)>t] = %, And therefore, for any ceR,

lim
oo

tP[c Ul(Xj)>t] = Llc]| . (3.5)
Using (3.4) and (3.5),

lim
>

tP[max(clUlCXj),CZUZ(Xi))>t]

_ lim
- e tP[max(clUl(Xj),czUl(lXj|))>t]

lim

s t[%[max(cl,cz,O)Ul(Xl)>t]
+ P[min(cl,—c:z,O)Ul (Xl) >tﬂ

= %ImaX(cl,czso)|-%|min(cl,cz,0)l

= lamax(]cll,cz) + %max(O,cz)

= H(cl’CZ) (3.6)

And this satisfies the condition required in Lemma 4.1, Part III for

joint convergence.
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Since EIWj]Y<w for some y>a, then by Theorem 4.2 of Part III, the
distribution of (X,W.,X?) is also in a bivariate domain of attraction.
From the proof of that theorem, it is apparent that the same normaliza-
tions, a, and ai, are appropriate. Again, no centering is required.

Therefore, we have

where (21,22) is jointly stable and Zlﬂlsymmetric stable (o) and

Zzﬂlpositive stable (a/2).

By the continuous mapping theorem (and since 22>O almost surely),

n
ai ) X.W,
n j=1 JJ

an(Bn-Bo) = => zl/zz.

n
L i
a_ j=1
n

The joint distribution of (Zl’ZZ) can be expressed in terms of its

Levy measure v, which from (3.6) and the proof of Theorem 4.2, Part
III is determined by (letting [x]Y = sgn(x)|x|Y)

[w,1°

1/a 2/a _ i

v{max(cl[xl] ,cz[xz] )>1} = E|I cy e |a > ¢,
h|

o
= %E |max [cll lel > Cy + %max(O,cz).

Elw, |*
i
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ii) When FeD(2), then E[X? llX |<t] is slowly varying as t»>®, so
j.._.
that Feller (1971), p. 236, yields

JE z X%*-l in probability.
a” j=11
n J

We. also have that the distribution of ijj is in D(2), by Theorem 3.3,
Part III, and again the normalization a, is appropriate, since EW§<w.
Thus, by Feller (1971), p. 580,

1 n
.

X.W, = normal (O, EW?)
n j J ] J

1

It follows immediately that

Based on the work by Resnick (1982) on point processes we can say

a little more about the limiting distribution Zl/ZZ for case i). Let

o

{E.,w.} be an iid sequence of pairs of independent random variables
3750
where Ejﬂlexponential and WjﬂaG. Leth = E1+...+Ej. Then
afl 2 -1/a o =2/a
(z,,2,) £ 1T W )T
j=1 1 k L

#
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