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ABSTRACT

IMPROVED ESTIMATION FOR COMPLEX SURVEYS USING MODERN
REGRESSION TECHNIQUES

In the field of survey statistics, finite population quantities are often estimated based
on complex survey data. In this thesis, estimation of the finite population total of a study
variable is considered. The study variable is available for the sample and is supplemented
by auxiliary information, which is available for every element in the finite population. Fol-
lowing a model-assisted framework, estimators are constructed that exploit the relationship
which may exist between the study variable and ancillary data. These estimators have good
design properties regardless of model accuracy.

Nonparametric survey regression estimation is applicable in natural resource surveys
where the relationship between the auxiliary information and study variable is complex and
of an unknown form. Breidt, Claeskens, and Opsomer (2005) proposed a penalized spline
survey regression estimator and studied its properties when the number of knots is fixed.
To build on their work, the asymptotic properties of the penalized spline regression estima-
tor are considered when the number of knots goes to infinity and the locations of the knots
are allowed to change. The estimator is shown to be design consistent and asymptotically
design unbiased. In the course of the proof, a result is established on the uniform conver-
gence in probability of the survey-weighted quantile estimators. This result is obtained by
deriving a survey-weighted Hoeffding inequality for bounded random variables. A variance
estimator is proposed and shown to be design consistent for the asymptotic mean squared

error. Simulation results demonstrate the usefulness of the asymptotic approximations.
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Also in natural resource surveys, a substantial amount of auxiliary information, typi-
cally derived from remotely-sensed imagery and organized in the form of spatial layers in
a geographic information system (GIS), is available. Some of this ancillary data may be
extraneous and a sparse model would be appropriate. Model selection methods are there-
fore warranted. The ‘least absolute shrinkage and selection operator’ (lasso), presented
by Tibshirani (1996), conducts model selection and parameter estimation simultaneously
by penalizing the sum of the absolute values of the model coefficients. A survey-weighted
lasso criterion, which accounts for the sampling design, is derived and a survey-weighted
lasso estimator is presented. The root-n design consistency of the estimator and a central
limit theorem result are proved. Several variants of the survey-weighted lasso estimator are
constructed. In particular, a calibration estimator and a ridge regression approximation
estimator are constructed to produce lasso weights that can be applied to several study
variables. Simulation studies show the lasso estimators are more efficient than the regres-
sion estimator when the true model is sparse. The lasso estimators are used to estimate
the proportion of tree canopy cover for a region of Utah. Under a joint design-model
framework, the survey-weighted lasso coefficients are shown to be root-IN consistent for
the parameters of the superpopulation model and a central limit theorem result is found.
The methodology is applied to estimate the risk factors for the Zika virus from an epidemi-
ological survey on the island of Yap. A logistic survey-weighted lasso regression model is

fit to the data and important covariates are identified.

i



ACKNOWLEDGMENTS

I would like to thank the Colorado State Department of Statistics faculty and graduate
students for shaping me into the statistician, researcher and teacher I am today. Dr. Jay
Breidt, my advisor, was quite instrumental in this process. He provided me with generous
research support and many times helped me get un-stuck when a problematic proof was
blocking my way. I would also like to thank Dr. Thomas Lee, my co-advisor, for allowing
me the great pleasure of working with him in Hong Kong and Davis, CA. It is Dr. Jean
Opsomer, a member of my doctoral committee, who I must thank for introducing me to
the world of survey statistics during STAT605. Also, I am grateful to both Dr. Myung-Hee
Lee and Dr. Paul Doherty for being members of my doctoral committee. I appreciated the
thought-provoking questions and commentary they both provided. I would like to thank
Dr. Duane Boes, my fellow lowan, for coming out of retirement to teach me STAT730.
Duane taught me to not be sloppy in my work because remembering one’s indicators can
make all the difference.

Additionally, I want to acknowledge the moral and mental support of my friends and
family. I can’t give Austin enough credit for helping me finish my dissertation. He made
sure we celebrated the small victories along the way and stayed confident in my abilities
even when my confidence faltered. My step-mother, Beth, was my own personal cheerleader
throughout the process and always had a motivating pep-talk ready. I would like to thank
Beth and my father for showing more interest in statistics and my work than I would
guess they actually had. Also, I need to acknowledge my little brother, Thomas, the
mathematician, for always attempting to answer my math questions, no matter how obscure
they were. And, when I needed a break from statistics, my friends, Julie, Nick and Sara,

all provided me with the laughter and wonderful diversions I needed.

v



This research was supported in part by the National Science Foundation (SES-0922142)
and by the Program for Interdisciplinary Mathematics, Ecology and Statistics, a National
Science Foundation IGERT grant (DGE-0221595).



TABLE OF CONTENTS

Abstract . . . . . . . e ii
Acknowledgements . . . . . ... ... .. iv
List of Figures . . . . . . . . . . e ix
List of Tables . . . . . . . . . . . e X
1 Introduction . . . . . .. . .. .. 1
1.1 Survey statistics . . . . . . . .. 1

1.2 Model-assisted estimation . . . . . . ... ... oL 3
1.2.1 Generalized regression estimator . . . . . . ... ... ... ... .. 4

1.2.2 Nonparametric regression estimators . . . . . . . . . ... ... ... 7

1.2.3 Survey estimation and model selection . . . . . . ... ... ... 8

2 Penalized spline regression estimator . . . . . . . ... ..o 9
2.1 Introduction . . . . . . . . . . .. 9
2.1.1 Derivation of the estimator . . . .. ... ... ... ......... 10

2.2 Mainresults . . . . . . Lo 14
2.2.1  Assumptions . . . .. ... 14

2.2.2  Asymptotic mean squared error . . . . . . ... ... 17

2.2.3 Mean squared error consistency . . . . . .. .. ..o 18

2.2.4 Consistency of variance estimator . . . . . . ... ... ... ... .. 19

2.3 Extensions. . . . . . . .. 20

vi



2.3.1 Unequal observations between knots . . . . . ... ... ... . ... 20

2.3.2 Estimator with estimated quantiles . . . . . . .. ... ... ... .. 20
2.3.3 Estimator with estimated cells totals . . . . . ... ... ... .. ... 23
2.4 Simulation . . . . . .. L Lo 24
2.5 Appendix A . . .o 28

Survey-weighted lasso estimator: a model selection and estimation method 58

3.1 Introduction . . . . . . . . . . . 58
3.1.1 Background . . . . .. .. 60
3.1.2 Derivation of survey-weighted lasso and lasso regression estimator . 62
3.1.3 Selection of the penalty parameter . . . . . .. ... ... ... ... 64
3.2 Mainresults . . . . . . L L L 68
3.2.1 Design assumptions . . . . . . . ... L oo 69
3.2.2 Design-based asymptotic results . . . . . ... ..o 72
3.2.3 Asymptotic results under joint design-model framework . . . . . .. 78
3.3 Extensions of the lasso estimator . . . . .. .. ... ... ... ... ..., 81
3.3.1 Survey-weighted group lasso . . . . . . . . . ... ... ... ... 82
3.3.2  Survey-weighted lasso for logistic regression . . . . . . ... .. ... 83
3.3.3  Survey-weighted adaptive lasso . . . . . . ... ... ... .. 85
3.4 Calibration estimators . . . . . . . . . . .. ... L 87
3.4.1 Ridge regression approximation . . . . . . . . ... ... oL 89
3.5 Model-based estimators . . . . . .. .. .. L0 90
3.6 Summary of estimators. . . . . . . . ... 92
3.7 Simulation . . . . ... 93
3.7.1 Picking the model selection criterion . . . . ... ... ... ... .. 93
3.7.2 Comparing estimators . . . . . . . . . . . ... ... 103

vil



3.8 Applications: United States Forest Inventory and Analysis Program . . . . 119

3.9 Analyticinference . . . . . .. ... 125
3.9.1 Application: Centers for Disease Control and Prevention . . . . . . . 125

4 Discussion and future work . . . . . ... ... ... L. 130
4.1 Summary . ... e 130
4.2 Futureresearch . . . . . . . . . . . . ... 131
Bibliography . . . . . . . . e 134

viii



3.1

3.2

3.3

3.4

3.5

3.6

List of Figures

Constraint regions for regression model with two covariates . . . . .. . ..
Boxplots of penalty parameters selected for each criterion . . ... ... ..
Comparing the inverse inclusion probabilities to the regression and calibra-
tion weights . . . . . . . L

Standardized coefficient paths of survey-weighted lasso for US Forest Service
Standardized coefficient paths of survey-weighted adaptive lasso for US For-

est Service data . . . . . . .

Standardized coefficient paths for CDC data . . . . . . . .. ... ... ...

X



2.1

2.2

2.3

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

List of Tables

Percent relative bias of variance estimator and alternate variance estimator
when estimating the empirical variance . . . . . . . . ... ... 26
95% confidence interval coverage for variance estimator and alternate vari-
ance estimator when sample size is small or large . . . . . . . ... ... .. 27

Average correlation between ¢y and its approximations across the mean func-

tions . . . . e e e e 27
Optimal penalty parameter, gy 4.,,:, for the model-assisted lasso estimator . 95
Optimal penalty parameter, gu g oy, for the model-based lasso estimator . . 96

Average occurrence of coefficients for model-assisted estimator based on gy o, 97
Average occurrence of coefficients for model-based estimator based on gy 5.,,: 98
Ratio of MSE based on each criterion and MSE based on the optimal penalty
parameter for the model-assisted estimator . . . . ... ... ... ... .. 102
Ratio of MSE based on each criterion and MSE based on the optimal penalty
parameter for the model-based estimator . . . . . . .. .. ... ... ... 103
Superpopulation models for the other study variables and their relationship
to the superpopulation model fory . . . . . . . . .. ... 106
Percent relative design bias and ratio of design MSE for each estimator to
design MSE of model-assisted oracle estimator . . . .. ... ... ... .. 108
Average coefficient value for the survey-weighted lasso, survey-weighted adap-
tive lasso, and the survey-weighted regression estimators when the covariate

is included in the model . . . . . . . . . . ..o 109



3.10
3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

Average occurrence of covariates in the lasso and adaptive lasso fits. . . . .
Average variances for weights within and across samples for the model-
assisted and design based estimators . . . . . .. ... ..o
Ratios of the design mean squared error of model-assisted estimators to the
design mean squared error of the Horvitz-Thompson estimator . . . . . ..
Percent relative design biases and ratios of the design mean squared error of
the estimators to the design mean squared error of the model-assisted oracle
estimator for varying degrees of informative sampling. . . . . ... ... ..
Percent relative design biases and ratios of the design mean squared error of
the estimators to the design mean squared error of the model-assisted oracle
estimator for varying degrees of correlation among the covariates . . . . . .
Percent relative design biases and ratios of the design mean squared error of
the estimators to the design mean squared error of the model-assisted oracle
estimator as the model variance changes . . . . . . . ... ... ... ...
Mean estimates of the proportion of canopy cover, percent relative design
biases, and the ratios of the design mean squared error of the model-assisted
and Horvitz-Thompson estimators to the design mean squared error of the
full regression estimator . . . . . . . .. .. .. L L.
Average occurrence of the covariates in the survey-weighted lasso and adap-
tive lasso models and the average value of the coefficients when the covariate
is included in the model . . . . . .. .. .. L Lo

Coefficient estimates for a sample modeling tree canopy cover . . . . . . ..

xi



Chapter 1

Introduction

1.1 Survey statistics

Survey statistics differs from other fields of statistics because of the emphasis placed on
inference about a definable, finite populaton at a particular point in time. Here we look at
two populations: a region of semi-forested land in Utah in 2010 and the human population on
the island of Yap during a Zika outbreak. Much of our discussion centers on the descriptive
study of survey samples and in particular on estimating the population total for a study
variable, y. For the region of Utah, we are interested in estimating the percent tree canopy
cover for the region, which is defined as the percent of forest floor covered by tree crowns
when viewed aerially (Toney, Shaw, and Nelson 2008). Tree canopy cover is an important
characteristic because it is used directly in the definition of forested land. Survey samples
can also be studied analytically to draw inferences about parameters in the hypothetical
model which is assumed to have generated the finite population. In this case, the analyst
is more interested in understanding the mechanism or system which created the population
or in understanding the population over time, of which the current population is just a
snapshot. For the human population of Yap, we want to know what covariates are associated
with the probability of a person being infected with the Zika virus, a vector borne illness.
Therefore, emphasis is placed on better understanding of some underlying model and not
on a descriptive value for the finite population.

In this dissertation, we construct estimators which incorporate auxiliary information for



both descriptive and analytic inferences. Complex survey data are increasingly augmented
by auxiliary information since this ancillary data, such as large-scale photography or other
remote sensing information, tends to be less expensive to collect and is often known for each
element of the population. For the region of Utah, along with tree canopy cover, we have
Landsat satellite bands and geographic information systems layers such as aspect and slope.
For the population of Yap, in addition to infection data, we have data from a questionnaire
that collected demographic and risk factor information. In each case, we want to use the
auxiliary information to inform on the non-sampled study variable elements.

To conduct descriptive inference, we follow the typical framework as given by Sarndal,
Swensson, and Wretman (1992). For the enumerated finite population U = {1,2,..., N},
we want to estimate a function of the study variable y, and we primarily focus on estimating
the total of y, t, = > jeu Yi- Since conducting a census is typically too expensive and time
consuming, we assume a sample s of size n is collected according to some sampling scheme
such as stratified simple random sampling, multi-stage sampling, cluster sampling, etc. Once
a sampling scheme is chosen, we can find the sampling design, p(-), where p(s) = P(S = s),
S is a random set representing the sample, and s is the realized sample. Since the study
variable y; is collected for j € s, we can estimate the finite population quantity ¢, with
an estimator based on the sampled values, fy(s). For simplicity of notation, we write this
estimator as fy, but it is important to note that the estimator is based on the random
quantity S. Under design-based inference, the study variable, y, is considered to be a fixed
number for each element in the population and the randomness comes from the sample-to-
sample variation induced by the sampling design p(-).

To construct estimators and to understand the properties of these estimators, we need
to know the probability that any element in the population is included in the sample.
Therefore, we define the first-order inclusion probability for element j € U as m; = P(j €
) = D s esP(s) and the second order inclusion probability of elements ji and ja € U as
Tjjo = P(j1,d2 € 8) = D 5, j,esP(s). Once a sample is obtained, we can find sample
membership indicators for each element in the population. To denote sample inclusion for
element j, let I; = 1if j € s and 0 otherwise. This indicator has the property E,I; = P(j €

s) = mj where E,(-) represents the expectation with respect to the sampling design p(-).



A common estimator for ¢, based on the sampled values and their inclusion probabilities,

{yj,mj;j € s}, is the Horvitz-Thompson estimator

. I;
ty HT = =L :
v, HT Zy] T (1.1)
jeU
(Horvitz and Thompson 1952). The Horvitz-Thompson estimator is called a design-based
estimator because it accounts for the sampling design. It is design unbiased, a desirable
property for a survey estimator, and the design variance of the Horvitz-Thompson estimator

is

Varp (fy,HT) = Z ZA]kyf]yfk

J,keU

where Aj, = m;, — mjm,. Since the Horvitz-Thompson estimator seeks to estimate the
total of the population by means of a total over the sample, each value in the sample
is inflated by its inverse inclusion probability. This inflation can be loosely understood
as the amount of elements in the population that the sample element represents. While
the Horvitz-Thompson estimator is both intuitive and easy to calculate, it typically lacks
efficiency because it is purely design-based and does not utilize a model. If we assume
auxiliary information, which we denote by x, is available for all elements in the population,
then we can possibly gain efficiency in our estimator by predicting the non-sampled y values

with a model that relates the study variable and the auxiliary information.

1.2 Model-assisted estimation

To incorporate the relationship between x and y into the estimation of ¢,, we introduce
a superpopulation model and consider the finite population values {y;;j € U} to be real-
izations of the model. Denoting the superpopulation by &, we assume that conditional on

:Bj,

yi = f(x)) + € (1.2)



and the errors, ¢;, are independent, identically distributed random variables with mean
zero and variance o2. We utilize (1.2) under design-based inference by adopting a model-
assisted framework where the randomness still stems from the sampling design, p(s), and
not the stochastic model (1.2). Under this construction, estimators for ¢, are judged based
on their design properties, such as design consistency and asymptotic design unbiasedness.
In essence, model-assisted estimators should be robust to model misspecification where
robustness implies the estimators have good design properties regardless of how accurate the
assumed model is. To emphasize this point, the superpopulation model is often referred to
as the working model, which implies it is simply an estimation tool and not the foundation
for inference. The working model is utilized to increase efficiency of survey estimators.
As stated by Hansen, Madow, and Tepping (1983), we seek estimators “that for large
enough samples the validity of randomization (design-based) inference does not depend
on assumptions concerning the distribution of characteristics in the finite population from
which the sample is drawn.”

Several model-assisted estimators have been investigated, such as the ratio estimator
(Cochran (1977), Ch. 6-7), the calibration estimator (Deville and Sarndal 1992), and the
generalized regression estimator (Cassel, Sdrndal, and Wretman 1976). In this dissertation,
we study the generalized regression estimator and its properties under different assumed

superpopulation models.

1.2.1 Generalized regression estimator

In order to understand the form and properties of the generalized regression estimator, we
first introduce the generalized difference estimator. Suppose the mean function of (1.2) can
be estimated with a function of the finite population which we denote by fi (x;; Xy, Y )
where X, and Y, are the matrix of covariates and vector of the study variable at the
population level, respectively. For ease of notation, write fi (x;; X v, Y ) = fu (x;). If the
mean function is linear, f(x;) = a:JT,@, then the ordinary least squares coeflicient estimates,
B, = (XX U)_1 XY, are appropriate estimates of the superpopulation coefficients, 3,

and therefore fi (x;) =z B, estimates f(z;). Once we have an estimate of f(x;), we can



construct the generalized difference estimator

; yi — fu ()
tyairf = " > fo () (1.3)
JEs J jeu
(Sérndal, Swensson, and Wretman 1992). Noting that the finite population quantity fi (x;)
is not random because it is based on census data, we can easily see the difference estimator
is design unbiased. Further, we can find the design variance of the generalized difference

estimator

Var, (iy,diff) = Z ZAM (w; ~ 7{3 (@) (= 7{: (mk))
J,kelU
As long as fiy (x;) is a decent approximation for y;, j € U, the variance of the difference
estimator will be smaller than the variance of the Horvitz-Thompson estimator since it is
based on residuals (y; — fu (x;)) instead of raw values (y;).

Based on our assumptions, we cannot compute f; (€;), and consequently fy’di ff» since
they both depend on Y, and we only have Yy, the vector of study variable values for the
sample. Therefore, we must estimate f;; (x;) with a sample quantity which we denote by
fs () (= fs (x; X5, Y, I1)). Here, X, and Y, are the matrix of covariates and vector
of the study variable at the sample level and II; is a diagonal matrix of the inclusion
probabilities for the sampled values. A common survey estimator for a finite population
quantity that can be written as a function of population totals is the Horvitz-Thompson
‘plug-in’ estimator where the population totals are each replaced by their Horvitz-Thompson
estimator. Returning to the linear model example, we can write the finite population

coefficient vector as
IBU = (XgXU)_l XgYU

-1
= .’L']:cj LYy

jeu jeu

and therefore its Horvitz-Thompson ‘plug-in’ estimator is found by replacing the totals

in ZjeU zjr] and ZjeU xjy; with their corresponding Horvitz-Thompson estimators to



obtain
-1

a Z acjzv] Z m]yj
Ty Ty

JjEs Jj€Es

A
I

(X1 X)) XTI Y

Replacing the finite population quantity, fi (;), in (1.3) with the sample quantity, fs (x),

we obtain the generalized regression estimator

i, =Y #2188 _7{?(%’) + 3 fulzy) (1.4)
jEs J jeu

(Cassel, Sarndal, and Wretman 1976). The generalized difference estimator is model-
assisted because it is design unbiased and has a valid and usually efficient (in comparison to
the Horvitz-Thompson estimator) design variance regardless of the assumed superpopula-
tion model. The generalized regression estimator is not exactly design unbiased but, under a
few weak assumptions, is both asymptotically design unbiased and design consistent. These
design properties rely on the form of the estimator. Suppose fs (x;) is a ‘bad’ estimate for y;
in the sense that fs (x;) tends to be negatively biased for y;, j € U. This implies the second
component of (1.4) will be negatively biased for t,. In this situation, typically s (z;) <wyj,
which means the first term in (1.4) will be positive so that the overall estimator, t, e, is
approximately design unbiased. We can make a similar argument if fs(wj) tends to be
positively biased for y;, j € U. If fs(wj) tends to be a ‘good’ (approximately unbiased)
estimator for y; then the first term in (1.4) will be small and again the overall estimator will
be ‘good’. Therefore, the first term in (1.4) is referred to as the ‘design-bias’ adjustment
because, using the design weights, it appropriately accounts for a ‘bad’ model.

An analogous model-based regression estimator is

ty=> v+ > folx)) (1.5)

JjEs jeU—s

In this thesis, we assume fs(:cj) does not directly account for the sampling design because

typically in a model-based framework the inclusion probabilities are considered unnecessary



information (Hansen, Madow, and Tepping 1983). Continuing the linear model example,
a sample model-based estimate for the finite population coefficient vector is the ordinary

least squares estimator

-1
B, = Zm]wJT ijyj (1.6)

JjEs JEs

= (XTX,) ' XY, (1.7)

The estimator (1.5) fails to be model-assisted because if fs(;) is a design biased estimate for
yj then (1.5) is also design biased. Inference on (1.5) relies on the accuracy of the assumed
superpopulation model. The strengths and weaknesses of model-based versus model-assisted
or design-based estimators along with the corresponding paradigms of inference have been
extensively studied (Hansen, Madow, and Tepping (1983); Sarndal, Swensson, and Wretman
(1992); Smith (1994); and Gregoire (1998)). In this thesis, we primarily study model-
assisted estimators under design-based inference because we want to describe a particular
finite population without relying on the superpopulation model for accuracy of inference.
However, in chapter 3, section 3.9, we discuss analytic inference, which necessitates a model
and therefore we employ a joint design-model framework for that scenario.

For the generalized regression estimator, various parametric models have been assumed
for f(x;) and their properties are summarized in Sdrndal, Swensson, and Wretman (1992).
We consider (1.4) under two possible superpopulation models (1.2): a nonparametric model
and a linear model where the number of potential covariates is quite large but the true

model is sparse.

1.2.2 Nonparametric regression estimators

Since the gain in design efficiency for the generalized regression estimator does rely on the
accuracy of the working model, nonparametric models, which are more flexible and can
account for more complex model structures, have been proposed to estimate f in (1.4). In
such cases, one only needs to assume the mean function is a smooth function in x. Breidt

and Opsomer (2000) employed local polynomial regression to estimate f. At the population



level, they fit the local polynomial regression mean function for f; (x;) in (1.3) and then
estimated f (x;) with a survey-weighted local polynomial regression mean function fs (x5)
to produce the local polynomial regression estimator, a nonparametric version of (1.4).
They showed design consistency and asymptotic design unbiasedness of the estimator along
with proving asymptotic equivalence of the design mean squared error of the estimator
and the design variance of the generalized difference estimator. Additionally, they derived
a variance estimator for the design mean squared error and showed it was both design
consistent and asymptotically design unbiased for the design mean squared error. When the
true superpopulation is non-linear, the local polynomial regression estimator out-performed
its parametric counterparts.

Breidt, Claeskens, and Opsomer (2005) proposed the penalized spline regression esti-
mator where penalized splines estimate f in (1.4). As is common in the penalized spline
literature, they assumed the number and location of the knots to be fixed when studying
the asymptotic properties of the penalized spline regression estimator. In chapter 2, we con-
sider the penalized spline regression estimator of Breidt, Claeskens, and Opsomer (2005)
and look at its asymptotic properties when the locations of the knots are allowed to change

and the number of knots goes to infinity.

1.2.3 Survey estimation and model selection

In the survey setting, there is often a large number of auxiliary variables available. For
example, in natural resource inventories conducted by the United States Forest Service, the
auxiliary variables consist of multiple layers of processed remote sensing data. Because these
layers are frequently correlated and potentially do not have a significant relationship with the
variable of interest, model selection is appropriate to remove extraneous variables. The ‘least
absolute shrinkage and selection operator’ (lasso) method proposed by Tibshirani (1996)
simultaneously performs model selection and coefficient estimation by shrinking unnecessary
coefficients to zero. In a non-survey context, the lasso estimator outperforms the ordinary
least squares estimator when the true model is sparse. In chapter 3, we estimate f in
(1.4) with a survey-weighted lasso regression model and construct a survey-weighted lasso

regression estimator.



Chapter 2

Penalized spline regression

estimator

2.1 Introduction

In this chapter, we explore the asymptotic behavior of (1.4) when f(x;) is modeled with
piece-wise penalized splines (p-splines) with a first-order difference penalty. We allow the
number of knots to increase and the location of the knots to change as N increases. In
section 2.1.1, we apply the methods of Li and Ruppert (2008) to derive the explicit form
of the finite population p-spline coefficients and then construct Horvitz-Thompson ‘plug-in’
estimates of those coefficients. We also prove the asymptotic equivalence of the proposed
estimator to the one derived by Breidt, Claeskens, and Opsomer (2005). In section 2.2.2 we
show the asymptotic design mean squared error equals the design variance of the difference
estimator, in section 2.2.3 we prove the design mean squared consistency of the estimator
and in section 2.2.4 we prove the consistency of the variance estimator for the asymptotic
design mean squared error. In section 2.3 we discuss alternate estimators and in section 2.4

we present simulation results.



2.1.1 Derivation of the estimator

Assume z; is univariate and the superpopulation model is (1.2). Also, assume an appropri-

ate estimate of the mean function is

folzy) =1;8, (2.1)

where jj = (flj,fgj,...,ij)T and jij = I{kvi1 < 2 < Ky;p with knots {/ﬁm}fio. The
number of cells is denoted by K and let C;, = K~'N where we assume Cy, is an integer for
simplicity. To ensure the x’s are placed evenly between knots, every Cy-th z is a knot. The

finite population coefficient vector, B,,, minimizes

K

Z {yj - jJT‘I@}2 + )‘Z(ﬁi — Bi1)?

jeu i=2

where A, the smoothness parameter, is a fixed, positive number. The p-spline solution for

B, can be written in ‘ridge regression’ format

(X@XU+ADTD)ﬁU = XTy, (2.2)

=T =T T

T
where X, = [II,I2,...,IN] s Yy = (y1,92,-..,yn)", and the differencing matrix, D,

satisfies

/BUQ - 6U1
D/BU _ /BUS - BUQ
BUK - ﬁUK—l

Dividing both sides of (2.2) by Cy + 2 results in Q,, = (Cpy + 2X) " (XgXU —|—)\DTD)

with elements

Qo = Qs =0 = (Co +20) 71 (Cy + ), (2.3)

10



forl1 <i< K, QU(i,i) =1, for |7’_.7| =1
QU(i,j) =MNv = — (CU + 2)\)71 A, (2'4)

and for |i — j| > 1,Qy,;) = 0. Following the methods of Li and Ruppert (2008), we exploit
the tri-diagonal, banded structure found in all but the first and last columns of €,. This

banded structure allows us to find vectors of the form

Tt(pU) = (pfj_17 pZ_Z’ < Puy 1a Pus; .- 7/0(]](_t)
which are orthogonal to all columns of €2, except the first, last, and ¢-th. Each element in

the vector Ti(py) contains a power of

Cy +2X — (C2 4+ 4XCy,) /2
pU = 2)\ ’

and py, a function of the smoothing parameter, knot size, and population size, is between
zero and one. For simplicity of notation, we suppress the dependence on U in 6,7, and p.
Utilizing the vectors T (p), we can explicitly solve for the elements of 3, without inverting

Q. Since T1(p) and Tk (p) are orthogonal to all but the first and last columns of €,
T\ (p)" By = Ti(p)" (Co +20) " X{y,, and Tr(p)"QuBy = T (p)" (Co +20) 7" X[y,

yield the first and last finite population coefficients

(O +np) iy P CT Yy ep vidis — P2+ 0p) S oK Y e i T
{(9 +np)? — p2K=2) (n + 9p)2} (14+2xC57)

Ul —

(2.5)
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and

(0 +1p) ity PO e yidis — X (04 00) i 0 O S jew vidiy
{(9 +np)? — p2K-2) (n + 0p)2} (1+2xC51)

ﬂUK =
(2.6)

To find the interior coefficients, where 1 < t < K, substitute (2.5) and (2.6) into

T:(p)" By = Ti(p)” (Cv +20) " X7y,

to obtain

il —1 7 _ —t—
S PO S v yiliy  p 2 (00 4 1) Bus + pE L (00 + 1) Bus

Bor = (1+2om) (1+ACY) (1+2pm)

If the coefficient vector, B3, is known, then we can compute the p-spline fit in (2.1) and

can construct

tydifs =) W + ) fulay), (2.7)

JjEs J jelu

the generalized difference estimator (Sdrndal, Swensson, and Wretman 1992). We can also

compute the design variance of the generalized difference estimator

o7 o
R ! 5) =116 o8)
7, ey
where Aj; = mj — mjm. Assuming the linear combination of penalized piece-wise B-splines
is a good approximation for the true model, the difference estimator will be more design
efficient than the Horvitz-Thompson estimator.
Since the study variable y is collected for the sample, not the population, we must esti-

mate (2.1), or more specifically, the finite population coefficients, 3,,. For each coefficient,

12



Bui, 1 =1,2,..., K, we propose the following Horvitz-Thompson ‘plug-in’ estimators

K i— — 7 I _ K —i— z I;
. O+np) X PO e il — PR TR (04 0p) oL RO Y ey vl

sl —
{(9 +1p)* = p2K=2) (n + 9,0)2} (1+2xc)

Y

K —G Y — 7 1 _ K i— - 7 I
. ) T PO ey il — R T 0+ 0p) i 0T O ey vilii 7
SK — )

{(04+np)* = 252 (n+ 09} (14 AC7)

and for 1 <t < K,

S IO ST [0 (004 m) By + 0K (00 4 ) B

Pat = (1+2pm) (1+2C51) - (14 2pn)

Each Horvitz-Thompson ‘plug-in’ estimator, Bm, is design unbiased for the corresponding
finite population coefficient 3,;. Incorporating the estimated mean function fs(aﬁj) =1 ]TBU

into (1.4) produces
- y; — I8, ~7 s
fy=> jT] +3 I8, (2.9)

the penalized spline regression estimator. Since in practice the survey weights are often
applied to several study variables, it is useful to write fy as a weighted linear combination

of the sampled study variables

. 1 1 . I I;

JjEs
—S (210)
JjEs
Since the weights are constructed independent of the study variable y, they can be applied
to other study variables.
The spline fit in Breidt, Claeskens, and Opsomer (2005) employs a truncated polynomial

basis but could be equivalently represented using the B-spline basis presented here. How-

13



ever, it is important to point out that the matrix form of the estimated B-spline coefficients

would be
~ —1
3= (XsTl'Is_le + )\DTD> XTIy, (2.11)

where Il is a diagonal matrix of the inclusion probabilities for the sample. These estimates

are not equal to the proposed B-spline coefficients

—1
3, = (X@XU + )\DTD) XTI Ly, (2.12)

The method for constructing the explicit solutions for Bs relies on the tri-diagonal, banded
structure of €. The matrix Q, = (Cy 4+ 2)) ! (X?HS_lXS + /\DTD> is also tri-diagonal
but no longer banded since the elements on the diagonal need not be equal. Therefore, to
find (2.11), the K by K matrix €2, must be inverted, a calculation that becomes troublesome
as K increases. To avert this issue, we prove the asymptotic results for the estimator based

on (2.12) and show the asymptotic equivalence of N _1fy and

=T

1A 1 y_IB* 1 ~T %
Ips i~ 1iPs
Ny = SIS LSS, (2.13)

j€Es J jeu

in Lemma 2.9.

In this thesis, piece-wise constant penalized splines with a first-order difference penalty
are considered. The methods of Li and Ruppert (2008) and those discussed above also can be
used to construct finite populations coeflicients and their corresponding Horvitz-Thompson

‘plug-in’ estimators for higher order B-splines and higher order difference penalties.

2.2 Main results

2.2.1 Assumptions

To study the asymptotic behavior of the penalized spline regression estimator, we employ
the classical survey asymptotic framework in which nested populations, Uy C Uy C ... C

U¢ C ..., are subscripted by an increasing sequence {(}. For each U, the sample is selected

14



according to the sampling design p¢(-). Let {N¢}, {n¢}, and {K¢} be sequences of positive
integers with N¢,n¢, Ko — oo, as ( — oo. Henceforth, we suppress ¢ for simplicity of nota-
tion but will use NV as the asymptotic index when necessary. We write the finite population
penalized spline coefficient vector as B, and the sample penalized spline coefficient vector

as B ~ to emphasis the dependence on N.

Assumptions for the asymptotic design mean squared error and for the design

mean squared consistency:

Al. Let NK~! be an integer for all N.
A2. Assume that forall i =1,..., K, KN~} ZjeUN yjzfzj < M.
A3. For all N, minjey, mj = 7. > 0 and min(i,j)eUN Tij = Tnww > 0.

A4. There exists 7 > 0 such that maxjeuy Y jepy s A5 = O(N77) and (w]%*Nl/HT)*l n=

O(1).
A5. Assume 0 < liminfy_ oo N7y,n ! and limsupy ., N7y, n~! < oo.
A6. Let K2N?n=3 = o(1).

A7. Assumptions on the higher order inclusion probabilities: Let D,y denote the set of

all distinct t-tuples (j1,72,...,7t) € Ux.

(i) (4 distinct elements) Assume

lim N2 max E, (L, — i )Ly — min) (L — a0 ) (L, — 75 < 00.
i N B (0 = ) U ) (T = ) (B~ )

(i) (3 distinct elements) Assume

limsup N . max ‘EP [(Ij - 7rj1)2(Ij - sz)(lj:s - 7Tj3)” < 0.
N—oo (41,32,d3)€D3, N

(iii) (2 distinct elements) Assume

limsup K max ‘Ep [(Ij - 7rj1)3<1j - sz)” < 00.
N—oo (41,J2)€D2, N

15



(iv) Assume

limsup N . max |Ep [(Ij1]j2 - ﬂ-jljz)(lj Ij - 7Tj3j4)]| < 00.
N—o00 (41,92:33,J4)€Da, N

Additional assumptions for the design consistency of the variance estimator:

A8. Assume for all N, N~tY y;* < 00.

Jje€UN
A9. Assume n?(my,,N?)71 = O(1) and nN772%,, — oo as N — c0.

A10. There exists £ > 0 such that max;cy, ZleUN:l#j A?l = O(N~%) and 2y, N63/2

oo as N — oo.

Remark 1. Assumption (A1) ensures the x’s are placed evenly between knots. In section
2.3.1, we discuss placement of the x’s when the assumption is dropped.
Remark 2. Assumption (A2) bounds the second moment in each cell along with the pop-
ulation second moment. As the number of cells increases, it is important for the second
moment in each cell to be bounded uniformly.
Remark 3. While ensuring a measurable, probability sampling design for each N, assump-
tion (A3) allows the first and second-order inclusion probabilities to each go to zero as N
goes to infinity. This flexibility, for example, allows the sample size to be of order less than
or equal to the order of the population size for simple random sampling without replace-
ment. For the relationship between sample size and number of knots, the assumption (A6)
requires K = o(y/n).
Remark 4. Breidt and Opsomer (2008) have shown the first part of assumption (A4) covers
non-trivial dependencies in the sampling design by finding 7 for both simple random sam-
pling without replacement and single-stage cluster sampling of equally sized clusters where
the clusters are sampled with simple random sampling without replacement. This assump-
tion allows for more potential sampling designs than the usual absolute value assumption
on Aj; which can be found in (A6) of Breidt and Opsomer (2000).
Remark 5. Assumptions (A8) through (A10), which bound higher order moments and place
stricter conditions on the design and model, are utilized in the consistency of the variance

estimator.
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Remark 6. If n = ¢N7 where ¢ > 0, K = o(N3/?~1), and 2/3 < ~v < 1, then all the

assumptions hold for simple random sampling without replacement.

2.2.2 Asymptotic mean squared error

In this section we show equivalence of the asymptotic mean squared error of the penalized

spline regression estimator and the variance of the difference estimator. This equivalence

implies that the dominant source of variability is from the sampling mechanism, not the

model fit.

Theorem 2.1. Under assumptions (A1) — (A7),

jjBN) (yl - le:BN) +

5 [, -] =

3,leUn

Proof. Write

2
By | %y - 1)
— 2
i I
= B | 2w - I8 (L1

2n =T I;
+ ﬁEp Z (yj_Ij/BN) <7é_1>

_jEUN leUn

%Z ZAJZ (yj —

o(l).  (2.14)

T m

ORACNSY SIEY

The first term equals the variance of the difference estimator and is O(1) by Lemma 2.1 while

Lemma 2.2 implies the second term is o(1). The last term is o(1) by the Cauchy-Schwarz

Inequality.
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2.2.3 Mean squared error consistency

The results of Theorem 2.1 allow us to look at the order of the design mean squared error
of the penalized spline regression estimator directly. From these order statements, we can

obtain design mean squared consistency of the penalized spline regression estimator.

Theorem 2.2. Assume (A1) — (A7). Then N~'%, is design mean squared consistent in

the sense that

and therefore design consistent in the sense that

t, —t
limP[H
N—oo

>n]:0

for all p > 0.

Proof. Theorem 2.1 implies

2 _ 71T 37T
B[ h—tn] = Y Sa BB oy,

T, T,
SEUN J !

For the leading term

T _Ir
%Z ZA]‘Z (yj A] Bx) (v — I, By)

JleUN " 7”
=T 1/2 =T
1 —1;8y)° 1 —1I,8y)?
< (3/] ]\; By) i T N2 max A?l Z (yj ]\; By)
TN jeUy TN TEUN | jEUN
= o(1)
by assumptions (A4) and (A5). O

The mean squared error consistency also implies fy is asymptotically design unbiased in

18



the sense that

2.2.4 Consistency of variance estimator

With additional assumptions on the sampling design and model, we now prove the standard
variance estimator is consistent for the asymptotic mean squared error. In section 2.4 we
explore the performance of the variance estimator via simulation for different combinations

of sample size, population size, and number of knots.

Theorem 2.3. Under assumptions (A1)- (A10),

lim n E, ‘var (t N~ ) — AMSE (nyfl)‘ =0

N—o0

where
sra N L
T () = 3 - B - B2
T Tij
7]6UN
and
AMSE (f,N~ — I, i, 20
(ty NQZZ IBN - jIBN)ﬂ_iﬂ_j'
7]€UN
Proof. Applying the triangle inequality
nEk, [var (t,N~') — AMSE (t,N7")|
Dij (Lid;
< Ep QZZ ~ LB~ LBy (-1
1,j€UN o *
3T 2 =T =7 N L1
+ Ep QZZ[ IIBN( IjﬁN)_(yi_IiIBN)(yj_IjﬂN)] fj,#
T T
7]€UN
=o(1)
by Lemma 2.3 and Lemma 2.4. O
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By Markov’s Inequality, Theorem 2.3 implies the variance estimator var (£, N~!) is both
asymptotically design unbiased and design consistent for the asymptotic mean squared error

AMSE (tyN71).

2.3 Extensions

In this section, we consider the penalized spline regression estimator when there are unequal
observations between knots. Additionally, we try to improve the estimator found in (2.9) by
constructing an estimator based on sample quantiles and by constructing a Hajek plug-in

estimator.

2.3.1 Unequal observations between knots

If we relax assumption (A1), we can define C% := |[NK 1|, C%, := |(N — (K —2)C%)27!],
and CYx = N — (K - 2)C} — C, and place C}, ’s between the interior knots, C7 ’s
in the first cell and C% x;.s in the last cell. The elements (1) and Qy k) of € are
possibly unequal. However, the rest of €2, remains the same and vectors T¢(p) can still be
found which are orthogonal to all columns of €2, except the first, last and ¢-th columns.

Therefore, the methods of Li and Ruppert (2008) still hold for finding 3,. We must,

however, distinguish between €, 1y and Qg x x) when finding the explicit forms for 3, and

By

2.3.2 Estimator with estimated quantiles

Each estimated coefficient in (2.12) contains terms of the form: KN~! > icUx yjjijljﬂj_l
but it is possible for no z; j € s to be between ry;_, and ky;. To ensure that the estimator
has no empty cells, we consider estimated coefficients based on the sample derived knots.

The matrix form of this estimator is

N —1_—
A — (X1X,+AD™D) XMy, (2.16)
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~T

where 5(\5 = [I -

. S N T .
]:|j€s’ I, = (Ilj,Igj,...,IKj> , and Iij = I{/%Ni—l < T < "%Nz} for
estimated knots {Ay,},. To find the estimated knots, let p; = iK~* for i = 0,1,..., K.
Define the first and last estimated knots as the boundaries of x: Ay, = 0 and syx = 1. For

i=1,2,... K —1, let
fon: = inf{z : Fx(x) > pi} (2.17)

where Fy(z) = N1 djeu w}lljl{xj <z} and N = djeu 7Tj_1]j. The resulting model-

assisted penalized spline survey regression estimator is

g — 1,85 )

. i— 1 AT A (2

{2 =3 JﬁifN + > I8y (2.18)
JjEs J jeUn

To obtain design consistency of fgf) for t,, we use the uniform convergence of the sample

quantiles & y; for the finite population quantiles
Ky, = inf{z : Fy(z) > p;}. (2.19)

A proof of the uniform convergence of the sample quantiles is found in Lemma 2.6. The
uniform convergence of the sample quantiles requires a probability inequality for bounded,
survey-weighted quantities and therefore in Lemma 2.5 we prove a survey-weighted version
of Hoeffding’s Inequality (Hoeffding 1963). A more general case of the survey-weighted Ho-
effding’s Inequality is found in Corollary 2.1 and applied in Lemma 2.6. The following three
assumptions are used for uniform convergence of the sample quantiles and design consis-
tency of N _153(/2) . Assumption (A12) allows us to ignore the dependence between elements
in the sample. Hoeffding (1963) shows assumption (A12) holds for simple random sampling.

It can easily be shown that (A12) also holds for stratified simple random sampling.

Additional assumptions for the design consistency of the estimator with sample-

based quantiles:

A11. Assume the probability sampling design, p(-), is a fixed size design.
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Al2.

A13.

Al4.

For any bounded function g and constant h > 0,

Bresp [0 Y 1 ) | < Bprexp hZi > A8 g, - jy

jeun 7 =1 " jeuy Y

where p* is the sampling design corresponding to sampling with replacement. The
random variable, R;, represents the [-th draw from the finite population and each
draw is independent. Therefore, P(R; = j) = p; = n~'xj, where j is the j-th element

in the finite population, Uy.

Let the covariate, x, have compact support on [a,b]. The finite population distri-
bution function Fy(z) = N~' 3, ; I{z; < x} converges uniformly in z to F(x),
lim sup |[Fy(z)— F(x)] = 0, and F(z) is continuous and differentiable. Assume

N—=00re(a,b]
the derivative of F(z), denoted by f(x), is positive on [a, b].

For all N, K = O(N'/4).

Theorem 2.4. Under assumptions (A1) — (A6), (A8), (A11) - (A1), N*It}(f) is design

consistent for N_lty in the sense that

for all p > 0.

Proof. Write

i

7(2)
lim P Wty >n|l =0
N—o0
—t, 1 ~r~2)N\ (I{j € s}
_N‘GU (yj IJﬂN)( j 1
JEUN
1 T I{j € s} 1 . T (I{j € s}
S B (M0 5 () (1S
jeUN J JjeUN J
! T AN EAVASE): (2)
RN C O

= ANl + ANZ + AN3 + AN4' (2.20)
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From Theorem 2.2 we have Ay, = 0,(1). For the second term, we can divide it into two

parts

Both |Ay, | and |Ayg,| are bounded by

(et

i=1 jeUy

K
> B
=1
=O0(K)Oy(n~1/?)

=0p(1)

LR (50

JjeUn

by assumption (A6). In Lemma 2.7, it is shown that Ay; = 0,(1). For the last term, we

can write in a format similar to Ay; and then apply Lemma 2.7,

K
~(3), 1 I; -
[Aval Smax|By = B3 1 D0 |2 -1 D00y
jeuy ' i=1
a1 I.
:IH?,X|/BN1'_B](\132‘N‘Z ;j—l’
JjeUN

= o0p(1).

2.3.3 Estimator with estimated cells totals

The estimated coefficient vectors essentially boil down to linear combination of the cell
means, where the cells are based on the finite population derived knots. However, since the
sample is not necessarily divided evenly among the cells, a more accurate cell mean would
take the form of the Hajek estimator which contains a estimate of the cell total based on
the sample. Therefore, another possible estimator for the population coefficients would be

a Hajek plug-in estimator (H&jek 1971). For 1 < ¢ < K, the estimator for the population
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coefficient is
5(3) _
Nt —

(1+2pm)~ {Zp't TN+ 207 Dyl - [t 2(p6 + 1) B + p" 7 (06 + 1) ()}}
i=1 jeu

where BA](\?I) and /3’1(\?[){ are the Hajek plug-in estimators for the first and last cells, respectively

- ~ ~(3
and N; = > jes 7'(';1]1']' is the estimated total in the i-th cell. The estimated coeflicients ,BEV)
are similar to the estimator in (2.11) since X “IT"! X, is a diagonal matrix of estimated cell

totals N;. The model-assisted survey regression estimator with Hajek plug-in estimators is

~T (3)

t3) :Z m T; By +3 I 3Y. (2.21)

jEs jeU

The asymptotic properties of this estimator are not derived here but in section 2.4 we look

at the relationship between (2.21) and £¥ via simulation.

2.4 Simulation

We want to investigate the performance of (2.15) as an estimator of the true variance of
the penalized spline regression estimator. Since f; is the estimator used in practice, we use
the estimated coefficients ,(ABTV in the variance estimator. We also consider the performance
of the alternate variance estimator presented in Sdrndal, Swensson, and Wretman (1989)
where 7rj_1 in (2.15) is replaced by the weight, w;, found in (2.10). Because we approximated
the estimator f; with the proposed estimators, (2.9), (2.18), and (2.21), it is important to
assess the adequacy of these approximations.

The survey design is stratified random sampling with three strata and simple random
sampling without replacement in each strata. For the superpopulation model found in (1.2),

we fit the mean functions of Breidt and Opsomer (2000):
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piece-wise constant: fo(x) = 2I{0<a<0.25y + 100 {0.25<2<0.6} + 5{0.6<x<1};
linear: fi(z) =1+2(x—0.5),
quadratic: fo(x) =14 2(x — 0.5)%

1+ 2(z — 0.5) 4 exp(—200(x — 0.5)2),
{14 2(z — 0.5)I13<0.65) ) + 0.650 (5065

= & (1222) where ® is the standard normal cdf,

bump: f3(z

cdf: fs

T

exponential: fo(x) = exp(—8x),

cyclel: f7(x) = 2 + sin(27x),

(z) =
(z)
(z)
(z)
jump: Ja()
(z)
(z)
(z)
(z)

cycled: fs(z

2 + sin(87x)

where z € [0, 1]. For stratum one, x; ~ Uniform(0, 0.25), for stratum two,

xj ~ Uniform(0.25,0.6), and for stratum three, x; ~ Uniform(0.6, 1) with stratum popula-
tion sizes |0.2N |, [0.35N], and N — |0.2N | — |0.35N | respectively. We collected equally
sized samples from each stratum. The characteristics of interest y;;, are generated by (1.2)
with €; ~ N(0,0.42) for each mean function f;(-) except ys;, which are binary realizations of
the indicator y5; = Iy, <153 Since the fitted model consists of linear combinations of piece-
wise constant splines, we have various degrees of model misspecification. The smoothing
parameter A is chosen such that the finite population coefficient vector 3, has five degrees
of freedom. Therefore, for each sample, the estimated coefficients have approximately five
degrees of freedom.

We explore the variance estimator over different combinations of n, IV, and K while ensur-
ing NK~! is an integer. Of particular interest is the performance of the variance estimator
for ‘small’, ‘medium’, and ‘large’ sample sizes. Because the asymptotic results derive what
happens when the number of knots goes to infinity as the population and sample size go
to infinity, we focus on what happens when n, N, K each grow at rates similar to those
discussed in section 2.2.1. For each combination of n, N, and K considered, we generate
a population of size N and then sample 10,000 times from the fixed finite population to
construct the estimators for each t,, where i = 0,...8. Therefore, we are able to compute
the empirical design bias, empirical design variance, and empirical design mean squared

error across the 10,000 samples from the fixed finite population.
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To assess the performance of the variance estimator and the alternate variance estimator,
denoted by v&rp(fy), we compute the percent relative design bias of the variance estimator

for the design variance

Ey [Wp(fyi)] — Var, (fyi)

- x 100%
Var, (tyi)

for ‘small’, ‘medium’, and ‘large’ sample sizes. In Table 2.1, we consider three cases: n =
40, N = 600, K = 6 and n = 100, N = 2000, K = 8 and n = 200, K = 10, N = 5000. For
the smaller sample size, the negative bias is rather significant for both variance estimators
though the alternate variance estimator performs slightly better. However, as the sample
size increases the negative bias does decrease. Though both variance estimators exhibit
negative bias, as we see in Table 2.2, the confidence interval coverage is only slightly too
narrow with average rates around 91.5% for the small sample size and around 94.5% for the
large sample size.

Table 2.1: Percent relative bias of variance estimator and alternate variance estimator when
estimating the empirical variance

Relative bias of Relative bias of alternate
variance estimator variance estimator

Mean functions | n =40 | n =100 | n =200 | n =40 | n =100 | n = 200
piece-wise constant | —23.82 —7.02 —5.57 | —11.52 —-3.17 2.02
linear —18.78 —7.80 —3.95 | —18.47 —6.86 —3.48
quadratic —19.40 —5.96 —4.13 | —19.17 —5.14 —3.69
bump —20.48 —7.66 —4.32 | —19.43 —5.89 —3.51
jump —15.62 —7.94 —2.97 | —15.14 —6.84 —2.46
cdf —15.93 —8.26 —5.08 | —14.52 —7.65 —-2.73
exponential —16.48 —7.76 —1.52 | —16.03 —6.88 —1.04
cyclel —17.25 —5.48 —5.27 | —16.43 —4.08 —4.55
cycle4 —18.18 —6.46 —4.67 | —15.69 —3.38 —2.79

To assess the effect of model misspecification on the estimators, we compute the percent

relative design bias

tyi
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Table 2.2: 95% confidence interval coverage for variance estimator and alternate variance
estimator when sample size is small or large

CI CI Coverage using

Coverage alternate variance estimator

Mean functions | n =40 | n =100 | n =200 | n =40 | n =100 | n = 200

piece-wise constant 90.51 91.98 93.77 93.22 92.79 94.81

linear 91.19 93.40 94.25 91.16 93.40 94.38

quadratic 90.92 93.92 94.25 90.91 93.98 94.34

bump 90.36 93.70 94.30 90.27 93.95 94.42

jump 91.37 93.47 94.11 91.39 93.77 94.20

cdf 90.35 90.09 94.46 90.64 91.14 95.09

exponential 91.64 93.51 94.70 91.73 93.57 94.75

cyclel 91.53 94.03 94.17 91.79 94.22 94.26

cycled 90.99 93.82 94.31 91.20 94.24 94.55
fort=0,...,9. For different combinations of n, IV, and K, even small n and averaging across

mean functions, the percent relative design bias is less than 2% for all estimators except
fy. The bias of estimator fy, averaging across mean functions, does decrease as sample size
decreases with values of —7.30%, —3.08%, and —1.39% for the ‘small’, ‘medium’, and ‘large’
sample sizes respectively. To assess the difference between the estimator used in practice,
f;, and the approximations presented in this thesis, we computed the pairwise correlations.
The average correlations across mean functions are given in Table 2.3. The approximations
given in section 2.3 are more closely correlated with f; but the correlation with fy increases

as the sample size increases.

Table 2.3: Average correlation between fz and its approximations across the mean functions

Correlations by sample size

Approximate estimators | n =40 | n = 100 | n = 200
7, 0.736 | 0.865 | 0.924
£#2 0925 | 0961 | 0.979
9 0952 | 0956 | 0.963
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2.5 Appendix A

Lemma 2.1. Under assumptions (A1) — (A5),

2

=B | > w18, <j 1) = 0(1).

jeUn
Proof. Following the method of Breidt and Opsomer (2008)

2

(y; — 1;By)? yi — L;By) (y — I By)
=%Z<1—mﬂw—j I PIELLL

. il
jeUN J#leUN
o ¢ 1/2 1/2
n (yj - Ij IBN n 9 ~T 9
S]\771' Z N + N272 ZZAﬂ ZZ I ,@N -1, 8y)
N jeun Ne | zieUy JAlEUN
(4~ 18,7 v
n y'—-I-ﬁ n ~T
SN 2N tamg |V 2 A > =18y’
N jeUn N | T Y peuyiA jeUN
1/2
~T 2 =T 2
n (yj_IjIBN> n 2 2 (yj_IjBN)
ey ‘ W T any |y o he
1/2+ 2 . J
N7 &5 N NV TEUN Ul j€ln N
(2.22)

By assumptions (A3) — (A5), (2.22) is bounded as long as N1 Y~ (y; — j;-r,BN)2 = 0(1).
JeEUN

Assumption (A2) bounds the second moment of y. We must still bound r{1gx Kﬁ?vl
11/ AR

Each coefficient has a similar form, therefore we can consider the first coefficient, 5%,.
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Since # =1+ 0(1), n =0(1) and 0 < p < 1, the square of (2.5) can be written as

K K % i 2
BRo =1 +o(1) ) p'" Z yilij — ZpKﬂN > wili
i=1 ]EUN =1 JeUN
2
=(1+o(1 ZPI S il
jEUN
K K K 2
K N K N K _
—oW§ | 2Py 2w | |20 T 2wl + | T D wil
=1 jeUN =1 J€UN i—1 jeUN
2 2
1—pK 1—pK
<(1+o(1))M? —o(1)2M?* | —— 2.2
<o (F20) —oe (2 (223)
=0(1)

taking advantage of the uniform bound in (A2). The other squared coefficients can be

bounded uniformly in ¢ by similar methods. Therefore, (2.22) is O(1).

Lemma 2.2. Under assumptions (A1) -(A7),

2

Proof. Since I ;F is a vector of indicators, which specify the placement of the j-th observation,

write

ZZ BN TI]IIJQ(BN_BN) <7?_1) (Ij'z_l>
J1

J1,J2€UN T2
Z Z(BNH - BNtl)(/BNtQ - ﬁNtQ Z ZIt1JIIt2J2 < B ) <]2 - 1>
t1=1tx=1 71,52€UN i1 Tja
(2.24)

The difference between each coefficient and the corresponding estimator is of the form:

K
Byi— B = Y _pT'Di+ Ry, (2.25)

i=1
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K
By — By = D p" 'Di+ Rux (2.26)
=1

N BM - iplt_“Di -p (BNl - Bm) —pt (/BNK - BNK) + Ry, (2.27)
=1

where D; = KN~} ZjeUN yjfij(l - Iﬂr{l) and Ry, Ryvg, and Ry, are lower order terms.

Substituting (2.25), (2.26), and (2.27) into (2.24) while excluding the lower order terms, we

find

(2.24)

I
B o 30 3510, 0, Y Y (22 1) (% 1) 4
J1 2

i1=1i2=1 J1,j2€UN
K K A ‘ I
3 3,0, 5 S (1) (1)
i1=l1p=1 Jj1.42€UN 7 J2
K K I
32 3,0 S S (1) (1)
i1=112=1 j1,j2€UN J1 J2
K-1 K K I
0 33,0, 3 Y (1) (2 1)
t=2 §1=1iy=1 J1.2€UN J J2
K-1 K K - I
S 3 S 0,0, Y S (1) (2 )
t=2 11=11492=1 j1,J2€UN J J2
K-1K-1 K I
CK6 Zpltl il plt2=2l p, Dlzzzltljlltzﬁ (7r- B > (7:2 - 1>
t1=2 to=2i1=1142=1 J1,2€UN J J2
n n n n n n
e Blan] + 2 Blon] + 55 Blen] + 15 Eldv] + 1 Elen] + 55 Elf]

where cg,, < 4 for m =1,2,...,6. Looking more closely at the nN ~2E[fy], which has the

largest order of terms, and plugging in D;, and D,,, we see

- E[fN] :ﬁE

129

K-1K-1 K K

CK6 Z Z Z Z pl=inlpltz=z] (2.28)

t1=2t2=2141=14iz=1

K? Yisliiadey i It io iy i L
> WZZZZ J3djattiji ftegetingstiaga (Ijl_1)(Ij2_1)(1j3—1)(1j4—1) '

T T3 T T3 T4
J1,J2,93,J4€UN J17J2703 4

Let A;y denote the set of all distinct ¢-tuples from the set {1,2,...,K}. Ignoring the
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second group of summations and their dependence on t1, t9, 71 and 49, the order of the first

part can be bounded

K-1K-1 K K

YYD plaul izl — o) (2.29)

t1=2 ta=2 i1 =1ip=1
in three cases:
1. ty,t2,41,192 € Ay n.
2. t; =4y and tq,t9,i2 € Az n (Or to =iy and t1, 12,71 € A3 n).
3. t1 =11, ta = i2 and t1,t2 € Ag .

The order of the first case is found by solving two geometric series,

r 2
K-1K-1 K K ‘ ‘ K-1 K '
S S = [ $e
t1=2t2=21i1=112=1 t=2 1=1
t1,to,i1,i2€A4 N L t#
K—1  /t-2 K—t-1 2
Lt=2 i=0 i=0
JICTARE)
= p
=\ 1= 1=p
p2 [K—1 2
= 2 . t—1 K—t
el PO
t=2
2 r K-3 72
= 20K —2)—2p pt
1-p)2? | ( ) ;
r _ 2
_ L Q(K_2)_2p(1—pK 2)}
- 2
(1—=p)2 L 1-p
= O(KQ).

The order of the second case is found similarly and the third is trivial. For other com-
binations of ti, ts, i; and i, (2.29) is o(K?), therefore, we shall focus on these three

cases, which have the highest order. In the first case, the four distinct cells imply that
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(41, J2, J3,Ja) € Dan,

K-1K-1 K K

| \ | \ YjsYs I i Doyin iy i I
CK6Z Z Z Z,Otl i1| |ta—is = ZZZZ J3 ]471-]3;]2;];;]1;3 i2ja

t1=2t2=2 i1=11iz=1 (41,92:33:34)€Da, N
(t1,t2,01,02)€EA4 N

x (L, = 1) (I, = 1) (L — 1) (I, — 1)

K-1K-1 K K

K? |Yjs |y !It Liyjsdivjo i
< [t1—11] |t2 i) J311Ygalttigi feagotingstinga
S 39 39 35 DI 30 9p 9p pL T BT I

th1=21t2=2i1=1142=1 (]17]27.737]4)€D4N
(t1,t2,01,92€A4 N)
x|E[(Lj; — 1) (Ij, = 1) (I, — 1) (L, — 1)]|
K-1K-1 K K
< CKGZ Z Z Zﬂ'tl al |t2 12‘ Z‘yJ3|Iz1J3N Z|y]4|IZ1J4ZIt1]1 ZItzh
N t1=212=211=112=1
(t1,t2,01,i2)EAg N
x  max  |E[(L; —1) (L, — 1) (Ls — 1) (I, — D]
(41,92,93,J4)EDa, N
K-1K-1 K K N
< e 53 S
N t1=21t2=21i1=112=1
(t1,t2,01,02)EAg N
x  max  [E[(I; —1) (L, — 1) (Ls — 1) (I, — D]
(41,92,93,J4)EDa, N
n *

where ¢4 = O(1) by (A7i). Assumption (A6) implies (2.30) goes to zero as N — oco. For
the second case, where we have three distinct cells, either all the elements are distinct or
only three elements are distinct (e.g. ji1 = j3). If all elements are distinct, the computations
are similar to above. If only three are distinct, assumption (A7ii) ensures the term goes
to zero. For case three, where we have two distinct cells, we could have two, three or
four distinct elements. For the case where only two elements are distinct, without loss of

generality assume j; = j3 and jo = j4 where j; # jo. No assumptions on the higher order
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inclusion probabilities are necessary since

by (A6).

[ K-1K-1

YirYja L jr It
CKG Z Z w2 ZZ j1Y52 ;rh 2]2E (IJI 1) (Ij2_1)2

t1=2 to=2 J1#£72€UN ]1 J2
(t1,t2)€A2 N
n
< ——(K—-2)2M%*
— 2.4
N2y,

_ 0 nk?
N27T§*

(2.31)

Following similar arguments, nN 2E[ay],nN 2E[by],nN2E[cy], nN"2E[dy],

and nN~2Eley] each converge to zero.

Lemma 2.3. Under assumptions (A1) — (A10),

lim E —I, B8y —1T; Y (2L 1) =o.
Proof. Applying the Cauchy-Schwarz Inequality
=T Aij IZI]
S T L N
2y 1/2
sr Ny (L
{5 [ T Hoo - a0 (1)
G EUN ’/TZ’/TJ 7TZJ
1—m
e -He S (- )
i€eUn i
2y 1/2
_ N (LI
B Y- T - a0 (B )
ErcUn T\ Tij
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{ 42 Z I IBN :BZ:IBN)2 1- 7T¢l(12— ) (L; — mi) (I — )

i,keUn T
=7 (1 7Tk)
ZZZ — I, By)(y; — I, By) (yx — £ By)? 2T (1 ) (T — )
i keUn 7TZ7TJ7Tk7r”
T =T VAV EVAVY,
wZZZZ — B — ;B (e — 2By — I} By) ——2— =K
i#5,k#leUn TT T TETI Tk
1/2
x (Iil; — mij) (IpDy — ) }
= {aNl + ans + azv3}1/2
For the first term,
any =
771')3 TL2 =T =T 1-— i 1-— ﬂ'k)Aik
NS - 1B T S S - T T
icUn 3 i#£keUn 1k
1/2

2
7T 4 n T 4 ~T 4
> Ngﬂ,N*ZN _IiBN) +W ZZ(yi—Ii,@N) (yk_Ik,‘IBN)

1€Un * | ikeUy
1/2
PRPILE
i#keUn
1/2
2
=7 n o
=y LN - Ty NS Y Ny~ I;By)* N¥max Y AR
TN« N TN )
1€Un N*ieUpn i#keUn

o[}

by assumptions (A4) and (A5) as long as Y. N~1(y; — L-T,BN)4 = O(1). The assumption
i€eUn
(A8) and an argument similar to (2.23) for max; 3%, bounds the fourth moment term. The
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last term expands into components with two, three, or four distinct elements,

2

o O3 (1 = mij)
7T7;27Tj77ij

ang = N4ZZ I ﬂN jjBN)

Z#JEUN

YANIVAY;
ZZZ — 1,8y — 1By — I} By)—2="—E (Ll; — m;5) (5L,

2 ST 5T

(,5,1)€D3 N
T =T A’Lj Akl
S S S S i~ F By B, ) — w8 — 1} B,) —— S
(4,4,k,1)€EDg N T T35 TRT T

E (Iifj — 7Tij) (IkIl — 7Tkl)

‘= An31 + Anz2 + Gpss-

Utilizing the bounded fourth moments and an additional condition on dependencies,

7T 2 A2
Gnz1 < N47T4 ZZ I IBN IjﬁN) A

N**

i#jeUN
1/2 1/2
7T 4 4
< N47T4 TN ZZ I 'BN IjBN) ZZAU
o i#ieUn i#j€UN
1/2
_ n? T (yi — I; By)* N%max Y AL
= NS/2Hpl m. N > Y
i€eUn ’L;ﬁjEUN

1
0 <N53/2n2ﬂ'N**>

by assumption (A10). Bounding each element of a s, by its absolute value and then applying
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the Cauchy-Schwarz Inequality,

4n2 =T =T =T
A SWZZZ(% —1;8,)? ‘yj —1I; /BN‘ ‘yl -1, BN‘ | A

X |Dal |E (Lidy — i) (Lidy — ma)

e | ST 10 (- 16) (- 116.)

1/2

(4,4,1)€D3 N
1/2
DD D AGA
(i,3,1)€D3 N
2\ 1/2
16n? T 4 )
SN 2 {Z(yi —1,8y) } Nmax >y
Nx " Nk icl ]eU
16n” (yi — I, By)*
< Chai N%"max A
Nb5/2+27 7 72 {lGZU N el =
1
o~
<NTn7T12V**>

=o(1)

by assumption (A9). Employing similar methods and assumption (A7iv),

TL2

sz < N3+2rpd 2
* * ok

N B, (LI — 7)) (1.0, —
[ (m,lfll)%}%uw’ p ((ily = mig) (el = i) |

% N-Y(y —IF 4 27 2
> (y5 = I;By)" | N7max p | A
JjeEUN jeu

O n’

o ()

by assumptions (A4), (A5), and (A9). Finally, the term ay, — 0 as N — oo by Cauchy-

Schwarz Inequality.
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Lemma 2.4. Under assumptions (A1) - (A10),

. n =T ~ ~T ~ ~T AZ] IZI]
lv]eUN
Proof. Write
n 7T~ 3T 2 T Ai' IZ-I-
Ep WZZ [(yi_Iz’ B —I;By) — (v — 1; By)(y; _IjgN)] bij S
,J TG T
ZJEUN
- I 5 57T 57 Ny L,
=K WZZ {2(% — BYI)I; (By — By) + (By — By) ' LiL; (By — gN)} 7T7T]7'r7
1,7€UN oty Mg
n NS Ny L
< By | S 3 2y — BLINT; (B — By~
N= 4= T Wi
7‘)]€UN J J
e N L
T iy Lilj
+Ep NQZZ 'BN II (IBN_IBN)T(_iﬂ_j?ij
7]6UN
= le +bN2
A A ~ T
Define the vector g, = (‘BNO — Broly |Bn1 — Buals -+ -5 | By — BNK|> , which is the element-

wise absolute value of the vector 3, — B ~- Also define the matrix

N IAU
Then we can bound the term, by,
i’ Ny Ll .
bs = Ep |(By — By)" QZZL i (By — By)
Py, T Tij
< Ep (gynHnrgy) (2.32)

since I;1; < 1. By a property of quadratic forms,

(2.32) = Tr {H yvary (95)} + {Ep(gx)} Hx {Ep(gy)}

= byo1 + byoo.
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We can bound the variance element-wise by

vary (gx) = Ep [gngn] — [Ep(gn)] [Ep(gx)]" <2Qy (2.33)

. . 1/2
where @ is a K x K matrix with elements Qy,;; = {Ep(ﬂm — 5Ni)2Ep(5Nj — ﬁNj)Q} . To
bound each element of @, plug (2.25), (2.26), and (2.27) into Ep(ﬁNt—BNt)Q forl1 <t< K,

EP(BNt - BNt)2

K K K K K K
Z Z plt=inl plt=iz| _ 9 ,t=1 Z Z it plt=is| _ 9Kt Z Z i plt—ial

i1=14ia=1 i1=1ia=1 i1=14da=1
K K K K
4 sz—l Z Z pil—lpK—ig 4 p2(t—1) Z Z pil—lpig—l
i1=1iz=1 i1=1iz=1
K K I
K— K—i1 K—1i
D DD DY AR e B Z > v, jzwAJm + Ry, (2.34)
i1=1ia—1 Jl,JzeUN T2
K
Zf(p7tvll7ll N2 Z _7 U 7'(" +Zf p7t717l N2 ZZ y]lyjz 1-7'17;?2 A‘J1]2
i=1 jeUN J1#52€UnN s
K K = =~
£33 ot ~)fzz o Tidigs L pe (2.35)
Pyly71,12 N2 yj1y]2 g 7172 Nt .
i1=1io—1 J1#52€UN JLtz
11712

where f(p7 t, ilu ’LQ) — p|t—i1‘p|t—i2|_2pt—1pi1—1p|t—i2|_2pK—tpK—i1p|t—i2|+2pK—1pi1—1pK—i2+

p2(t—1)p’i1—1p’i2—1 + p2(K—t)pK—’i1pK—i2'
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K

K . K2 = =
(2:35) <20M——+ flptsii) 35 DO 1wl T Liga | Do |
N =1 N* j1#j2€UN
+ Z Zf pstyin,iz) N2 ) ZZ |yJ1Hy32’[11]1]12J2|A31]2|
i1=14ip=1 N* j1#j2€UN
i1742
p . - 1/2 1/2
§2OMN7T + Zf(pvtﬂ.?i)m ZZ y]lyJQ ij1 132 ZZ A]1]2
N i=1 N« | j1#£jacUn J1#j2€UN
2 1/2 1/2
B IDWIITRAR S S o) P ETI R 3 TR
1= 1722 1 N J1#72€UN J1#j2€Un
7,1 12
1/2
20M K 56 M K or 9
= N7y, * N1/2+772 N ety Z B ' (2.36)

J2€UN:j2F#]1

It can easily be shown that (2.36) also bounds E(By; — )2 for t = 1 and t = K since

these terms appear in (2.34). For the diagonal elements of H y,

A
hNii D) 2 Z ZIZ]l ’sz ‘ 31]2’ (237)

T M40 T
j1,J2€UN 71752 T j1j2
Z I Z I |A.71]2‘
—N? ” 71'. Z KB mﬂ' i T5
JjeEUN 31¢J2€UN 3175275172
1/2 1/2

SNz 2 it g\ 22 .0 A

T JjeUn “ \ jr#i2€Un J1#£32€UN

1/2

n n
< + N*"max ) A3 (2.38)
“NKn2 NY24TK 72 7., J12

N N« TN J1#j2€Un

For the off-diagonal elements, hy;,;,, j1 and jo are distinct and therefore

1/2
n

N1/2+7—K7r2 TN e

NQTmaXZA

J17#j2€UN

hNZl’LQ = J1J2

39



Finally, applying the bounds obtained in (2.36) and (2.38)

bN21 S2TT (HNQN)

1/2
20M K 56 M K
<K?2 N?™ max E .
> 1/241 -2 j e
Ny N TN« J1€ln J2€UN j2#)1
1/2
n n
o n N?" max E N2
NKnr? 1/2+T 2 e
TrN* N Kﬂ—N*ﬂ-N** j17éj2€UN
—o(1)

by assumptions (A4) — (A6) and (A9). Both by; and by, go to 0 as N — oo by similar

methods.
O
Lemma 2.5. For the sample {x;};cs, assume (A11), (A12) and
.Ij i
0< =<1 forjeUl. (2.39)
T
Denote the Horvitz- Thompson estimator for the population mean as
_ 1 wjlj
Tur = o Z o (2.40)
jeU
and the finite population mean as
_ 1
Ty =+ > (2.41)
Jjeu
Then for 0 <t <nN~'—zy,,
7 Tyt 1- Nz, n/N-zy—t) ¥
P(Zyr — Ty >t) < z —_— 2.42
(xHT T = ) - (:Z’U—l-t) <1—N$U—Nt> ( )
n n
< exp{-Nt’g(zv)} (2.43)
2N?t2
< exp {— - } (2.44)



where

Proof. Following the method of Hoeffding (1963), we can apply the following property of

indicator functions

P(@—%y>t) = E,[I{z -7y >t}]
= B, [1{Y Y Nz, Nt >0
jeu T
< Epexp{h | Y B2 Nz, - Nt (2.45)
jeu T

for h > 0. The above relationship holds since exp(x) > 1 if x > 0 and exp(z) > 0 if z < 0.
Pulling that which is not random out of the expectation, we can now rewrite (2.45) as

follows
1.
(2.45) = exp { — hNt — hNa_cU}Ep exp hz $7]r7]
jeu I

"1 I{R;, = j
< exp{ — hNt — hNaEU}Ep* expihy =Y jW (2.46)
=1 jeU J

by assumption (A12). Since each draw from the finite population is independent under with

replacement sampling, we can take the expectation of each transformed draw individually,

= 1 TR =
(2.46) = exp{ — hNt— hN:EU} [[Erewin|~3 o I{Ry = j}
=1 nieu pj

= exp { — hNt — hN:Z“U} H E,«exp {hV;} (2.47)
=1
where we define V] to be

1 IH{R; =7

jeu Pj
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Notice 0 < V; < 1 since the vector [[{R; = j}|jecy contains a single one for some j* € U

and zero otherwise which implies

1z% o
_ J )
i=r = =t
p] J

by assumption (2.39). Additionally, the mean of V; under sampling with replacement is

given by

;i I{R; =
E,V) = Ep- 527] {7 =j} Zx] —azU

jeu Pj jeU

Applying Lemma 1 in Hoeffding (1963) to the random quantity in (2.47), we obtain

a N
(2.47) = exp{ — hNt — hNJJU} ll_Il [ — —xU nerh]
N n
< exp{ — hNt — hNZy, [1 — q:Ueh}
n
= Q(h’a t, jU)?

because the geometric mean is less than or equal to the arithmetic mean. To obtain the

first inequality, we minimize the function Q(h,t,Z,) with respect to h and find

hoe = arg minQ(h, t,Zy)

= log

Since we assumed 0 < t < nN~' — Z;, ho > 0 and we have

P(z—2y > 1) < Q(hot, Tv)

= (2.42).
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We can write Q(ho,t,Zy)

in the following way,

7 Tyt 1— N - n/N—i‘U—t N
ho,t, Zy) = v > n" U
Qlho,t, Z0) Ty +t (1—%1]—%
= exp{—NtQG(t,:iU)}
where
_ Ty +t Ty +t\  ®—Zy—t 1- Yz, — Ny
G(t = 1 1 = .
( 7xU) t2 Og( Ty > + t2 og 1— %EU
If we take the derivative of G(t,Z,) with respect to ¢, we get
9 12— 2(Ty + 1) To+t\  £2—2t (% —zy) 1— Nz, — It
PGt zy) = ——5——1 ¥ 1 E E
ot (t,20) 2 %\7z )7 t2 o8 1-Xz,
n
n_r N 7 t 7
(12 ) 1——n <12°”L‘UJr >log<_$U )
t 1- Nz, t Ty +t
T —Z t t t
= 1—2(N U) log(1——-—— ) — 1—2%+ log [ 1— —
t n iy t v+t
t t
- n(g=) (@)
~ — Tu Ty +1

where H(z) = (1 — 227 1) log(1 — z). Since we assumed 0 < t < nN~1 -z,

0<

2=

<land 0< < 1.

Ty Ty +

For |z| < 1, we can write out H(z) as two Taylor expansions:

(1 - 2)log(1 - 2)

2
log(l —x) — —log(1 — z)
x

o 2

=n T n

o

2 1

2 _ n
+Z<n+1 n)

n=1

2 1 2 1
9 L < 1\ 3
—|-<3 2)3: +<4 3>ZL‘



Since the coefficients are positive, as x increases, so does H(x). Therefore, %G(t, T

if and only if

So if
n
N—2£U>0

then G(t,7y) obtains a minimum at ¢ = § — 2Zy. But if

n _
N_QxUSO

v) >0

then G(t,z;) obtains a minimum at ¢ = 0. Let t, = argminG(t,Z;) and define g(Z,) =
t

G(to, Zy). Since g(Ty) > 0 for 0 < T, < nN~!, we can obtain the second inequality where

Q(ho,t,Ty) = exp {—Nt2G(t,:EU)}
< exp {~Nt*g(zv)}

= (2.43).

To obtain the last inequality, we only need to notice that ming, g(Z,) = 2Nn~! and

therefore

exp {—Nt*g(z,)} < exp {—2N?t*n"'}

= (2.44).

Corollary 2.1. For the sample {z}}jes, assume (A11), (A12) and

o
a<-L<b forjeU.

Ty
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Denote the Horvitz-Thompson estimator for the population mean as

N
Thr = § 2
NjeU T
and the finite population mean as
—% 1 *
jeu
Then for 0 < t* < nbN~! — ¥,
N N(Zf;+t*)—na
T3 —na (D)
P T LN t* U
(@ =75 20) < <N(a:*U +t*) — na
< exp{-N(t*)?9(7})}
exp < —
= &P n(b—a)?
where
N nb—NZ;}
- lo ( — U)
oy~ | (mtimammey) oo (3%
niN

2(Nz{,—na)(nb—Nz7;)

Proof. If we define

*_

@} —am;
i
then by assumption (2.48), we have
0< ¥ <1
Ty
Additionally if we define
t= a
b—a
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(2.50)

nb—Nzf;—Nt*
—
) (2.51)

(2.52)

nb— Nz¥,
nb— Nzt — Nt*

(

(2.53)




and

Nz} —na
Y7 N(b-a)

I

then

P~ >t) =P (3 — 2y > t)

and we can apply the results from Lemma 2.5 to obtain the three inequalities in terms of

zy, and t*. O

Lemma 2.6. Under assumptions (A3) — (A5) and (A11) - (A13),
. P
ii=1,2,...,K 1

where Ky, is defined in (2.17), Ky, in (2.19) and 0 < py; < 1.

Proof. For population Uy, find the £} and s} such that

Using the technique in section 2.3.2 of Serfling (1980),

P(|&% — k5| >¢€) = P(i% > e+ wl) +P(i% < kY —e).
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Since Fy(z) is a distribution function and using Lemma 1.1.4 in Serfling (1980),

P (i > e+ 13) =P (py > Py (e + 3))

=P 1—pN<EZ;I{LUJ>E+KZN}

jes Y

1 ~
=P | Y —Iaz; >e+ri}—N(1-py) >0
jEsﬂ-j
1« 1 N-N
_p szf{xj >e+m;}+(N)(1—p3‘v) > (1—-py)
jEsﬂ-]

1 1 " *
=P NZE:WI{J:J->€+/£N}+AN>(1—pN);\AN| > 1)
j€s

1 1 N y
+P NZ;I{:@ >e+riI+Ay > 1 —ph);Ax] <ne | (2.54)
jEs J

where Ay = (N — N)N~' (1 —p%) and 0 < . < 2~ 'e min f(z). Write

z€[a,b]

1 * *
(2.54) < P(|Ax[>nd)+P Z;I{xj>6+HN}+AN>N(1_17N)§’AN‘Sne

jes

We know P (|Ax| >n.) < P (‘(N — N)N‘l‘ > 77€> — 0 since NN~ is consistent for 1.

For the second term

IN

1 1
jvz:;J@U>5+“;}+AN>(1—PH§MN“EW
JEs J

1 1 N N
Nzal{mj >€+K’N}+n€> (1*1)1\7)

JEs
N Z 7‘I{l‘j>€+/€]\,}—ﬁ Z Hz; > e+ ry} > Fy(e+ry) — Py — N
jeUn J jeUy
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= P<N Z Tf{xj >€—}—I€N}—N Z Hzj > e+ ky} >FN(€—|—I€N)—pN—77€>
Jj€UN jeUn
XI{Fx(e+ry) =Py < ne}

1 I{jes N 1 X * %

+P(N Z wf{xj >e+/{N}—N Z I{z; >6+I€N}>FN(E+I€N)—]?N—77€)
jeun jeUN

xI{Fy(e+ Ky) — Py > e}

H{Fy(e+ry) — Py 3776}+P<N ; TI{%’ > e+ Ryt
jeUN

IN

1 *

¥ Z Hzj > e+ ky} > Fy(e+ Ky) — py — 17€>I{FN(6+ Kx) — Dy > Ne}
JjeUn

= le +dN2‘

For the first term

dvi < H{Fy(e+ry) — Fx(rne) < e}
= H{[Fy(etr3) = Fle+ hxe)| + [Fline) = Fulne)| + [Fle+ ye) = Flrn-)| <}
< Hmin [Fy(@) = F()] + min [F() = By@)] + min [ef(@)] <)
T e min |f(@)] <)

= 0

since 7. < 27'e min f(x). Applying Corollary 2.1 to the second term

z€a,b

2N (7, )?

s < 03P {— (Fu(e+n3) = v ne)Q} [{Fu(e+ %) —ph > nid

<exp { - W([FN(E 4 RY) = Fle+ KN*)} + [F(HN*) - FN(HN*)]

+ [F(e + Kye) — F(HN*)} — m)z}I{FN(e +Ky) =Dy > Ne}

z€[a,b] z€[a,b] z€[a,b]

< exp {_WW< min [FN(x) . F(:v)} + min [F(x) - FN(:(;)} + min [e f(:v)} - n€>2}
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as N — oo. By similar methods
P(iy <ky—€)—0

as N — oo.

Lemma 2.7. Under assumptions (A1) - (A6), (A8), (A12) - (A14),

N Z ( ) <I{J7§8} 1) (IBN—,@E?)) = o0p(1).

jeUn

Proof.
o[ 5 Gy (2252 ) o) -
(|3 3 9 (1) (HE2 )

i=1 jeUxn
I{jEs} 1‘ >6)

)

> e)
> i — 1

K
i=1

I{j€8}+2) >e)
" jeUn
)=,

Iij — I

<P fZ > |Bv - 82

i=1 jeUn

W'

1

s
(2

with

- e
5

<P | max ‘/BNZ (2) 1
3

<P | max ‘/BNZ —
A

<P <maX ‘5Nz 5N1

B — B

We can bound max;

max ‘BNZ —
(A
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where ¢y, = O(1), ey = O(1),

K - I{j € s} K Hjeshrz
Dy, = max | — Z y;lij (1 R > and Dy, =max - Z Y (Iij —Ii->

jEUN j Nl &
K I{j € s}- A
<max | Z \MT Iij — Iij
JjeUn
K I{j € s} - A
=N > 91— L — L.
J

JEUN

In term Dy,, define f*j = {ky..1 < 2j < ky.} and f*j = {Ry.1 < x5 < Ry, }. Also, let

dy. = (o1, dyws) = (Ane1 — Ene—1, vy — Ky ) and let 6 > 0. Therefore, we have

2n +2| >
€
Nﬂ-N*

K I{j € s}~ A
(255) SP CNlDNl + CNQN Z |y]|{jﬂ_} I*] — I*]
J

JjeUN

<P (|ldx.[z2 > 0)

IN*j — f*j

K I{jes
+ P CNll)N1‘+'CN2jv? § |yj‘“{;4444l
. m;
JjEUN

2n
<N7TN* +2> > € ||dN*||L1 <4

The first term goes to zero as N — oo by Lemma 2.6. For the second term, we have

Lj — L

K I{j € s}
P cx1Dny +CN2N Z |yJ|T
JeUN

2n
<N +2> > € ||dyl|pn <0

TN«

j*j — j*j

<P (oo (e r2) e oo (s +2) 0 2 LS
* J

T e .
N ldn.||<6 jeUn
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1 2n

1 2n K
+ *CNz ( +2> Ep ( Z \y]! j I{”N* 1 —0< Zj < Knvwe 1}1{1'] < K/N*}
N7y, N
Jj€UN
1 2n K
+ —ena <N7TN* +2) E, (N > \y]y—l{fm L <25 < Kyuoy + 0 {x; < Ky}
jeUN
1 2n K
+ e <N + 2) E, N Z \yJ]—I{HN* d <zj <kntI{xj > Kn.1} | (2.59)
TN« jeUy
1 2n K
+ —Cn <N7TN* +2) E, (N Z \y]] L I{HN* <z <Ky +0H{z; > Knoi}

jeUn

(2.57)

(2.58)

(2.60)

By assumption (A5), we know cy, (2n(Nmy.)™! +2) = O(1). Let

I,j = argmax ‘KN > icUn ;1 (1 — Ijﬂ'j_l)’ so that we can write the rest of (2.56) as

IZJ’L 1,...K
1/2
YN L S
7,leUn
1/2
— T
- N2 Z yilg—— + ﬁZ Zyﬂyll*ﬂ*l
JjeUN j#leUN
1/2 1/2
K K?
< N M + N2 max Zyj “j NmaXZA
N N jeUN j#lEUN
1/2 1/2
K K
< M + M N2TmaXZA2-l
- 1/2471.-2 J
N7 NV JAIEUN

K1/2
=0 <N1/z>

=o0(1)

by assumption (A6). For last half of (2.57), we can now easily take the expectation and
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apply assumptions (A8) and (A13) to obtain

K
N Z Y[ H{Ener — 60 < xj < hinea JH{x; < kina}

J€UN
1 1/2 1/2
SK{N Z 3/]2} {FN(K/N*—l) - FN(HN*—1 - 5)}
JjeUN
K (1 1/4 1/2
SNl/‘l{N Z y?} {2sup |Fy(x) — F(z —0)| 4+ sup |F(z) — F(x — 6)|}

K
=0 N1/4

=o(1)

by assumption (A14). The terms (2.58) — (2.60) are o(1) by similar logic.

O]

The last two lemmas concern the asymptotic equivalence of N _lfy and N _lf;;. Lemma
2.8 provides the rate of convergence of the standardized mean squared error of the estimated
cell totals and it is an important result for Lemma 2.9 because the critical difference between
N _lfy and N _lfz is the estimated cell totals present in {25. We use an additional assumption
on the relationship between sample size and knot size along with an assumption concerning

the higher order moments of the estimated cell totals:

A15. Assume K = O(n'/*%).

A16. For m = 2,3, ..., assume

where ¢ > 0.

Lemma 2.8. Under assumptions (A1)- (A5) and (A15),

K (N \]° ,
fniall BN { _ —3/4
B 08X [N (K N)} (1) (2.61)
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Proof. To bound (2.61), write it as

2
(2.61) =Ep, max Z I (1 - >
JGUN
K? (1—m;
_max— Z IZJ47r 3 —|—max ZZ i1 1]27T 171:2
JEUN / J1#j2 J17g2
1/2 1/2
max} > Tilis o (2220
JEUN vV J1#72 J1#72
1/2
K K?
SWN*N + 2 N7 max Z Iw Nmax ZA]UQ
jeUn J1#3d2
1/2
K K 2T
SN T N N*Tmax y AG,
N J1#d2
1/2
1 K n 1 K n 9
TRARA g N | p3/Api/a 72 N1/2+r N ma};ZAmz
J17J2
=0(n~%/*)
by assumptions (A4), (A5), and (A15). O

Lemma 2.9. Under assumptions (A1) — (A6), (A15), and (A16),
N~ = N7ty +0p(1).

Proof. Apply Taylor’s Theorem to the matrices ;! and Q' and write the difference

between N_lf;; and N‘lfy in three parts:

t—t, 1 -7 I; 1 - L
Yy ) J —1 -1 J
=— N I(i-Z)et-o-—e I,
NN 2 J< Trj>[ S Ny 2 v i
jeUN JjeUN
]. o I -1 1 I
S S0 (1 R A N Y R VRO . —
N.Zg< WJ)<+ 07— (I + Ay) NK1+2>\Zy] =
jeUNn cUn
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Z~T<1_> [(I—A,+A2.. ) — (I—A,+A2..)]

J€UN

1 I
T oY yil
NK1+2AZ ”j

UN
Z 1_7 [AU—AS]; > yiﬁ (2.62)
NK-1+2)\ g
JGUN JjeUN
+ Z(—1)mi Srj(1- Am; Z /; (2.63)
N £ wj UNKTH2 wili 7 '
m=2 JjeUN
+§:(— mllZI 1—— Am;Zy L (2.64)
NE=!1 42\ il ; ‘
m=2 JjeEUN

li — j| > 0 but on the diagonal Ay ;) = (Ni + X\ (Cx +2X)"1 =1 for i = 1 and K and
Agiiy = (N +2)\)(Cx +2)\)7! — 1 for 1 < i < K. The first term (2.62) can be bounded

using the Cauchy-Schwarz Inequality,

1 T I; 1 -
By SOOI (12 ) e Al gy Xl
JjeUN J JjeUN J
K
1 K? (/N .
=Ep |4 NQ(—N) Zym { (NK™t+2)\)" }
=1 jGUN
1 & K2 (N 2K I
{ —1 -2
=1 j€UN
1 [N? 1 K2 /N . \?
SM— | (NK +20) 2 E— Y — ( — NZ>

1[N Y K2 (N _\?
<M— [(NK +2)) ]Ep” max ( —Ni)

by (A6). For the terms in (2.63) and (2.64), we need to bound the element-wise absolute
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value of A7 and A7'. A crude bound for each is

A

m
A = [IQ?XIAU@”I] K™ = [NK1+2A

} K™ g

and

" A
m m—1
471 = [l K = [ (g s

CRUI

where J is a matrix of ones and || represents element-wise absolute value. Then we can

bound the expectation of the absolute value of the individual terms of (2.63) as follows:

]. =T _[] m 1 = Ij
Eplw 2 L (1_7rj> ARy o vili

jeUN jeUN
1 - I 1 I
<BE, |~ S I (1-2) A 3.5
<y X1 (122 ) 140 s 3 )
jeUnN JjeUN
1 o7 I A m 1 I
<E,|— A S T R | Y P G R I,
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je€UN Jj€UN
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K K
1 . L\ ||K -
B> S g 5 R (2 )||§ S vt
— = . Ty . Tja
i1=114=1 J1€UN Jj2€UN
™ NK-! B - L1 1
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T INK-142) <NK1+2>\> pz Z “ﬂ< wj1> N,Z |y]2|7r]-2
i1=1 J1€UN Jje€UN
AT NK-1 1 o1& K . I
< K™ M—E — Ly, ([ 1--2
= | NKT+2x <NK—1+2)\> o Boge 2 max | Z “ﬂ( 7@1)
i1=1 J1€UN
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A " NK-! 1 " I
< K™ M E I (11—
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- 71€UN
1/2 1/2
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Now we can use the individual term bound found in (2.65) to bound the expectation of the

absolute value of (2.63):

> 1 I
EpZ(— ZI< )AZLMZ%J]

m=2 ]GUN jeUN
[ee) 1 I
=T

<M E -8y ar———
_mzz:z ’ Njgzl]:]V”( %) NK1+2AZ% ]71']

o0

(2.65)
m=2
1 1/2 12 o) m
[ NK- K K . AK
- (v ) Y Y s | VS0 X
J1#3d2 m=2
1 AK
= o(1) [m S -
DY . NE-T+2)

For the terms in (2.64), we assume, without loss of generality, that
K(N _x
N (? - Ni)

and can find the expectation of the absolute value of a term in (2.64) is bounded by:

= max;

max;; | A 5| since the other case is covered by the terms of (2.63)

o1 I
Bl 0 (13 ) i 20l

Ty

JjeU
<E ZI — |A™| __t Zyiﬁ
-7 T SUNK-1 2\ &= g,
JEU jeu
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NK-! K (N \|™
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(2.66)

As with (2.63), we can bound the expectation of the absolute value of (2.64) using the
bound found in (2.66):

00 - 1 I
Ep Z ZI <1_>A mzya i

J

m=2 ]EU
o
<) (2.66)
m=2
1/2 1/2
NK-1 K K o m
_ 1/2 2
=Me <NK—1+2>\> BN xk Nz N*Tmax y AG, > [n1/4]
- * J1#j2 m=2
1 K

=o(1).

Therefore, we have

57



Chapter 3

Survey-weighted lasso estimator: a

model selection and estimation

method

3.1 Introduction

In this chapter, we again consider the estimation of the total ¢, in the presence of auxiliary
information, «;, which is available for each element in the population (j € U). In chapter
2, we only assume the mean function f is smooth in £ and can be approximated by a linear
combination of penalized B-splines fit on the finite population values. Now, we assume the

superpopulation model is parametric and linear where given x;, we have
yj = ;B + €. (3.1)

Assume the random variables €; are independent and identically distributed with mean zero
and variance o2. Additionally, the superpopulation model may be sparse, which means of
the p possible covariates, only p, 5’s are non-zero where p, < p. Often in survey applications,
the number of covariates is large and possibly even greater than the sample size and it is very
likely that some covariates do not relate strongly with the study variable. When p, < p <n

but the full model is fit, the design mean squared error of the estimator for ¢, may be larger
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than the design mean squared error of an estimator based on a reduced model

Since our goal is estimation of the finite population quantity ¢, we want to select a
working model which enables us to more accurately estimate ¢,. Therefore, we are inter-
ested in constructing a regression estimator whose estimate for f includes model selection.
We will explore conditions under which the regression estimator based on model selection
outperforms the regression estimator where no model selection occurs.

Frequently, one is interested in estimating several finite population totals and therefore
it is advantageous to have one set of regression weights to apply to several study variables.
However, since the model selection is based on a regression model for a particular study
variable, the corresponding regression estimator weights are also dependent on that study
variable. Therefore we are interested in how the model selection regression weights perform
when applied to other study variables of interest.

In section 3.1.1 we discuss model selection when the data are independently drawn from
an infinite population and specifically look at the lasso method of Tibshirani (1996). We
derive a survey-weighted lasso regression estimator when the data are sampled from a finite
population, in section 3.1.2. In section 3.2, we present the asymptotic properties of the
survey-weighted lasso estimator and then discuss extensions of the estimator in section 3.3.
The lasso regression estimator cannot be written as a weighted linear combination of the
study variable because the lasso coeflicients cannot, in general, be written in closed form.
Therefore, lasso regression weights cannot be directly obtained. In section 3.4 we modify
the survey-weighted lasso estimator to achieve sampling weights with the caveat that the
weights are dependent on the sampled observations. Several model-based lasso estimators
are presented in section 3.5 and section 3.6 provides a summary of the estimators discussed
in this chapter. We conduct two simulation studies in section 3.7: a study to determine the
appropriate criterion for selecting the penalty parameter in the lasso estimators and a study
comparing the lasso estimators to other model-assisted and model-based survey estimators.
In section 3.8, we estimate the proportion of tree canopy cover for a region in Utah and
use the Utah data to conduct a simulation study that compares the performance of the
lasso estimators with other model-assisted survey estimators for real data. In section 3.9

we discuss how to use the survey-weighted lasso criterion in a joint design-model framework

59



for analytic inference of survey data.

3.1.1 Background

We first consider model selection for data drawn independently from an infinite population
where the regression model is (3.1). Two very widely used discrete methods of model
selection are best subsets selection and stepwise selection. The method of best subsets
picks a certain number of subset models based on some criterion, such as Mallow’s C),
from the 2P possible models (Kutner, Nachtsheim, Neter, and Li 2005). A drawback of the
best subsets method is that when the number of possible covariates is moderate or large,
the method becomes rather computationally infeasible since the number of possible models
grows exponentially. Stepwise methods are more computationally efficient than best subsets
because instead of considering all possible models, they develop the best model by picking
covariates sequentially. For example, the forward stepwise method adds a covariate at each
step by selecting the covariate which leads to the largest test statistic (Kutner, Nachtsheim,
Neter, and Li 2005). This discrete solution path can lead one to select a model which is
locally, but not globally, the best model. The lasso method is a continuous method for
model selection that simultaneously performs model selection and parameter estimation
by shrinking some coefficients and by forcing other coefficients to be exactly equal to zero
(Tibshirani 1996). The lasso method finds coefficients which minimize the sum of squared
residuals subject to a constraint on the sum of the absolute value of the coefficients. More

specifically, the coefficient estimates for lasso are given by:

p
B = argmin (Y — XB8)" (Y — X3) subject to Z 1Bil < g (3.2)
B j=1

where the estimate for 3, is not penalized and g > 0 (Tibshirani 1996). An equivalent

solution is given by

p
B= g in (¥ - XB)" (Y = XB)+A) 15 (3.3)
j=1
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with A > 0 since the Lagrangian function of (3.2) is

LBA) = (Y = XB)" (Y - XB) -\ [ g—>_ |5l

Jj=1

P
=(Y - XB)" (Y - XB)+ X |8 - X'g

j=1
where A* > 0 by the Karush-Kuhn-Tucker conditions. The lasso model selection method is
computationally efficient since the solution path is piece-wise linear (Efron, Hastie, John-
stone, and Tibshirani 2004). It selects the global solution since the lasso criterion is convex,
which often makes it superior to the best subsets method and the stepwise method. To
better understand how the penalty term induces sparsity, we consider the more general

penalty term of the bridge estimator, introduced by Frank and Friedman (1993),
P
A 1Bl
j=1

where v > 0, v = 1 represents the lasso penalty, and v = 2 represents the ridge regression
penalty. The constrained estimation regions for a regression model with two covariates
and for v = 2,1, and 27! respectively are displayed in Figure 3.1.1. If the ordinary least
squares (OLS) estimator is within or on the constrained estimation region, then the bridge
estimator is the OLS estimator. However, if the OLS estimator is outside the region, then
the bridge estimator is the point on the constrained estimation region which is touched by

the contours

A (OLS)

(B-8

~ (OLS)

) X'TX(B-8") (3-4)

since the unpenalized criterion can be re-written as a constant term (i.e. a term which does

not contain B) plus (3.4):

2 (OLS)

Y -XB)" (Y -XpB)=Y"Y — (B

P XTXB (8- By xTx (8- B,

For v < 1 and when the OLS esimator is outside the constrained estimation region,

61



the contours touch the region on an axis, forcing one coefficient to equal zero, whereas
for v > 1, this is not the case. Therefore, we can visually see how the lasso and other
bridge estimators where v < 1 produce sparsity in the estimated model. Lasso is more
computationally convenient than the bridge estimators with v < 1 since the lasso penalty,

along with the objective function, are convex.

Ridge Regression Penalty Lasso Regression Penalty Bridge Regression Penalty

N
e

2 24
1
B2 r K\ 1 B2 r 1 B2 r T
2 \N/ 2 2 \ 1 2 2 Kl
> A
24 2 -

B B1 B4

Figure 3.1: Constraint regions for regression model with two covariates

3.1.2 Derivation of survey-weighted lasso and lasso regression estimator

Assume the finite population elements {y;} jc are independent realizations from the super-
population model (3.1), the auxiliary information {x;};c are known and that the sample
{¥i, @i }ies is obtained according to a measurable sampling design p(-). We can find the
first and second order inclusion probabilities as defined in chapter 1, section 1.1. Since the

superpopulation model is linear an appropriate regression estimator has the form

~ Y; — mTBS -
ty,lasso = Z ]7_[_7] + Z a);ﬁs (35)

JjEs J jelu

To find appropriate sample coefficient estimates, ,@S, we should define the finite population

quantity, 3,. Under the model (3.1), an estimate of 3 is the OLS estimator
BOLS) = argmin (Y, — XUB)T Yy — Xy8)
B
= (XIX,) ' XTY, (3.6)
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where X is an N X (p + 1) matrix whose j-th row is the vector (1,z}) and Y, =
(y1,92, - .., yx)". Although B°"* ignores the sparsity of the model, it is still a good esti-
mate of 3 since it is model unbiased. Also, at the population level, model selection is not as
important since N is probably much larger than p and in the descriptive setting, the work-

ing model is only a tool used to increase design efficiency. The common survey-weighted

estimator of B{°*®, which under mild assumptions is approximately design unbiased for
OLS .
By, is
~ (WLS)
Bs

=argmin (Y, — X,8)"II;1 (Y, — X.0)
B

— (XTI, X)) T XTI Y (3.7)

where X is an n X (p + 1) matrix where the j-th row is the vector (1,z7), Y, =
(y1,Y2,---,yn)" and Il is an n x n diagonal matrix of the first-order inclusion proba-
bilities for the sampled elements. However, at the sample level, the sparsity of the working
model is more important since while N is most likely bigger than p, n may be smaller than
p. Also, regardless of whether the model is truly sparse, a reduced model could shrink
the overall design variance of the regression estimator, yielding a more efficient estimator.

(OLS)
U

Therefore, we propose estimating 3 with the following survey-weighted lasso coefficient

estimates

P
B;L) = argmin (Y, — X,8)" I, (Y, — X,8) subject to Z 16il < g. (3.8)
B =1

The survey-weighted lasso coefficient estimates can be found using one of the various algo-

rithms constructed to find (3.3) since we can re-write (3.8) as

~ (L)

p
B, =argmin(Y; — X;8)" (Y — X;8) subject to » |6 <g
3

i=1

where Y = H;l/QYS, X: = H;1/2X8 and H;1/2 = diag (lel/Z)k . However, it is
€s
important to employ a fitting algorithm which does not require the standardization of the

columns of X7 since the weighting structure induced by the inverse inclusion probabilities
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would be lost. In the statistical software package, R (R Development Core Team 2010), we
fit the lasso coefficient estimates with the algorithm of Turlach (2005) by using the function
11ice() in the package lasso2 (Lokhorst et al. 2010). Since weight is an argument in the
l1ce () function, one can either use the original variables Y s and X 4 along with the weight
argument or the weighted variables Y and X; with no weight argument. In both cases, it
is important to ensure the intercept term is not weighted.

The estimate for ¢, is the regression estimator with (3.8) instead of (3.7) for the coeffi-

cient estimates

y; — =78,
- — Iy (L)
fptasso = 3 2 N 2t BY. (3.9)

jeEs 7 jeu
3.1.3 Selection of the penalty parameter

So far, we have assumed the penalty parameter, g, is a fixed, non-negative number. However,
we can also view the penalty parameter as another value to be estimated. Since the goal is
estimation of the finite population quantity, t,, we want to find a criterion for selecting g
which leads to a design efficient nyasso. In analytic inference, a useful criterion for selecting
g is one which produces coefficient estimates with small mean squared error, and often
even more importantly, a useful criterion is one which selects the true, sparse model with
a high probability. Although the goals of descriptive and analytic inference differ, we still
want to consider some of the criteria used in analytic inference to estimate ¢ in the survey-
weighted lasso coefficient estimates since the value of g which yields accurate coefficient
estimates should also yield an accurate estimate for the population total. Two common
model selection criteria for independently drawn data are the corrected Akaike’s Information
Criterion (AICc) (Hurvich and Tsai 1989) and the Bayesian Information Criterion (BIC)
(Schwarz 1978). We want to derive the appropriate AIC( statistic and the appropriate BIC
statistic for survey data.

Assume the true superpopulation model which generated the finite population is (3.1)

and denote the true coefficient vector by 3, and the true error variance by o2. Also, assume
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the errors are normally distributed. Consider working models of the form
yj =x;B+¢

and therefore assume the family of working models contains the true superpopulation model.

The Kullback-Leibler information,

A(B,0%) = E¢ [-2log L(B,0°)] ,

measures the accuracy of a particular working model as an approximation to the true model.

The Expectation, F, is taken with respect to the true superpopulation model whereas the

likelihood function, L(3,0?), is calculated with respect to the working model. We want

to estimate the coefficients, 3,, with the lasso criterion and stress the dependence on the
2

penalty parameter by writing the estimates as 84 (g). To estimate the variance o2 we use

the maximum likelihood estimate

vT N Z [ - 5BT,3(L)( )}

jeu

Based on this model fitting procedure, the risk for the working model is
VAN [ g)(g),ag} . (3.10)

We want to minimize the risk and therefore we seek the penalty parameter which minimizes

(3.10). Hurvich and Tsai (1989) showed

N(df; +N)

Bt [B,0%) ~ Be{ Nlog | 1= 3" (1; — 18, (6)) N_di, 2

jeu

(3.11)

when the maximum likelihood procedure is used to estimate both 3, and 2 and df;, is the
associated degrees of freedom. Under a few common assumptions (presented in section 3.2),
the lasso estimates, B/ (g), are consistent for 3, and B\ (g) — 3, approximately follows a

multivariate normal distribution (Knight and Fu 2000). Therefore, (3.11) also holds under
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the lasso procedure. Additionally, Hurvich and Tsai (1989) studied the corrected Akaike’s
information criterion, which is an approximately unbiased estimate of (3.11). The corrected

Akaike’s information criterion for the lasso procedure is

N(dfu(g) + N)
N — dAfU(Q) -2

AlCcu(g) = Nlog{ — Y [y — =78 (9))° (3.12)

Efron (2004) defines the degrees of freedom of any model fitting procedure to be
df — Z cov(§;, yj)
U ‘ 0_2 .
Jjeu

For the maximum likelihood procedure, the degrees of freedom equals the number of coef-

ficients since

cov(w;“r(ngv)_lxgyvyj) hjjo
de = Z o2 - Z o2

JjeU JjeU

where hj; is the j-th diagonal element of the Hat matrix. For the lasso fitting procedure,
the fitted values do not have a closed form and therefore, the degrees of freedom cannot
be found analytically. Zou, Hastie, and Tibshirani (2007) proved the estimate de(g) =p;,
where p;, is the number of non-zero lasso coefficients, is an unbiased estimate for the degrees
of freedom.

We want to minimize the risk to determine the optimal penalty parameter. Since we can-
not compute the risk or its population level estimator, AICcy(g), we seek an approximately
design unbiased estimator for AICcu(g). A sample-based corrected Akaike’s information
criterion (AICcs(g)), which accurately estimates the population-based corrected Akaike’s
informaton criterion, can be viewed as a reasonable estimator of the risk. A potential
sample-based corrected Akaike’s information criterion is

* L1 ~wy, 2| N(dfs(g) + N
j Cos

jEs

(3.13)

The estimated degrees of freedom, df(g), equals the number of non-zero entries in B(SL) (9)-
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We can heuristically argue what assumptions are required for the AICcs(g)* to be approx-

imately unbiased for the AICcy(g) by looking at the difference between the criteria:

AlCcs(9)" — AICcul(g)

~ (L)

— —1
_ Nlogl Y e Wy~ 2B,
N-VY i cplyy — 2785 (9))?

(9))? . N(dts(g) + N)  N(dfy(g) + N)
N —dfy(g) -2 N —dfy(g) -2

As long as B;L) is design consistent for B!, the ratio in the first term will go to 1 in proba-
bility under reasonable assumptions because the numerator is almost a Horvitz-Thompson
estimator of the denominator. Also, if the sample-based lasso model is variable selection
consistent for the population-based lasso model, the second term will go to 0 in probability.

However, in simulations AICcs(g)* performed poorly at selecting the correct model and
instead prefered larger models than the true model. It appears to over-penalize the residual
term while under-penalizing the degrees of freedom term. Therefore, we prefer a different

sample-based corrected Akaike’s information criterion:

1 1

AICcs(g) = nlog — Z — [yj _ :BJT - éL)(g)

2 df
- L dfs(g) +n) (3.14)
JjEs J )

)
n—dfy(g) —2

The penalty on model complexity is larger for AICcs(g) than it is for AICcs(g)* and there-
fore, it selects smaller models. AICc(g) performs well in simulations (presented in section
3.7.1). The formal justification of AICcs(g) as a suitable model selection criteria for survey
data should be studied in further detail.

Another common model selection criterion is the Bayesian Information Criterion (BIC)
(Schwarz 1978), which is based on the asymptotic Bayes solution for a particular model
and fitting procedure. The BICy(g) and AICcy(g) are similar under the model (3.1) with
normal errors but have slightly different penalties for model complexity. In particular,
BICy(g) tends to favor more parsimonious models than AICcy(g). The finite population

BICy(g) criterion for the lasso method is

BICu(g) = Nlog | 1 3" (; — 28, (9))?| + N +los(N) [dfu(g) + 1.
jeu

67



The sample-based estimate for BICy(g) is

BICs(g) = nlog N Z ; i,L) (9))*| +n +log(n) [(ifs(g) + 1} : (3.15)

jEs

The information statistics attempt to find the optimal model by balancing the bias and
variance of the model. However, we are interested in balancing the design-based bias and
variance of the estimator of the finite population total by minimizing its design-based mean
squared error. Therefore, we also consider the following design-based criterion, proposed by
Opsomer and Miller (2005), which accounts for the sampling design and our desired goal of

a design efficient estimator,

ch ZZ Aij ( fs Li, g ) ) (y; — fs(xj’g)(i)) (3.16)

.y
i,j€s T J

where fs(wi,g)(*) is the leave-one-out model fit for the i-th observation. Opsomer and
Miller (2005) show that (3.16) works well for selecting the bandwidth for the non-parametric
model-assisted estimator based on local polynomial regression. In section 3.7.1 we look at
how these criteria for selecting the penalty parameter (AICcs(g), BICs(g), and Vey (g))
compare. We look at both the accuracy of the models and the design efficiency of the
resulting estimators. In section 3.5 we present the model-based AICc and the model-based

BIC.

3.2 Main results

In section 3.2.1, we list the necessary design assumptions for the survey-weighted lasso
regression estimator and in section 3.2.2, we present its asymptotic properties. Theorem
3.1 is a central limit theorem result for the survey-weighted lasso coefficients as estimates
of the finite population coefficients and Corollary 3.1 provides the root-N consistency of
the survey-weighted lasso coefficients for the finite population coefficients. Throughout
this section, the survey-weighted lasso coefficients, B;L), are denoted by ,@N and the finite

B(OLS)

population coefficients, are denoted by 3, to simplify the notation and to emphasize
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the dependence on N as we look at the asymptotic properties of these quantities. To find
the survey-weighted lasso coefficients, we use the survey-weighted residual sum of squares

plus an I; penalty on the coefficients:

P

By = argmin (Y, — X,8)" T (Y, — X,8) + Av Y |5i]
B i=1

instead of the equivalent criterion given in (3.8).

Theorem 3.2 is a central limit theorem result for the lasso regression estimator and
Corollary 3.2 provides the root-n consistency of the lasso regression estimator for the pop-
ulation total. After showing the usual variance estimator is design consistent in Theorem
3.3, Corollary 3.3 is another central limit theorem result which is immediate from Theorem
3.2 and Theorem 3.3.

In section 3.2.3, we consider the situation where the survey-weighted lasso coefficients
are estimates for superpopulation coefficients and derive the properties of the coeflicient
estimates under a joint design-model framework. In both Theorem 3.4 and Theorem 3.5,
we combine standard regression theory with the results of section 3.2.2 to obtain consistency

and a central limit theorem result.

3.2.1 Design assumptions

The following assumptions pertain to the sampling design and the asymptotic behavior
of both sample and finite population quantities. We follow the asymptotic framework

presented in chapter 2, section 2.2.1.

D1. The penalty parameter is allowed to increase as N increases but only at the rate

D2. As N — oo, assume nN ' — 7 € (0,1).

D3. Define the survey-weighted matrix of the covariates

. I
Cy=— Z T;x] — (3.17)
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D4.

and the corresponding finite population matrix

1
Cn =+ Z xxt. (3.18)
i€eUn

Assume both C ~ and Cy are positive definite, C v — Cxn = 0p(1) elementwise and
Cy—C = o(1) elementwise where C'is a non-singular matrix. Assume Dy—D = o(1)

elementwise for some D € RPH! where

Dy = % Z LilYi-

i€eUn
Define 8* = C~'D.

Define the following (p+2)(p+1) vector of centered, standardized Horvitz-Thompson

estimators:
Vn o L
R
ZN = \/ﬁ N p (319)
{F Sy mian (E-1)
where x; = (xi0, Zi1, ..., zip)" and xj0 = 1. The finite population covariance matrix
for zy is
[ s@yey)  s(oyaw,) (wyzap) |
> SyEre) L e
(zzoTy) (zz0xT0)
EN o EN o o
EN -
_EN” D 3V ZNp”_
SIS Lid gy Ty e SIS Sl g Ty
NZ 2 mim; LiYi; Yj N 2 mim; LilYiZ; Lip
1,7€UN 1,J€UN
SIS B g g Ty e SN Silgg g Ty
NZ 2 T, Lilip Y5 NZ 2 mim; LiLip®; Lip
1,5€UN 1,5€UN i
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The limit of the normalized finite population covariance matrix of zy,
3 = lim X, (3.20)
N—o00

is positive definite.

D5. Assume the following central limit theorem for the normalized, centered, Horvitz-

Thompson estimators defined in (3.19):

zy B N(0,3).

D6. For the vector z% = (2n1, Znpi2s Znpiss - - - Znaprs) Which is a subset of the vector zy

defined in (3.19), an estimate of the covariance matrix is

XA:(onmoy) (‘r"yxx“)
A % N
N (zx0TOY) ~ ( ToTTo)
2N 2N
I I OIS
N2 T 7r” N2 7rl7rj mj Z;
— JEUN 7]€UN
I; I 1;1;
ZJ - 7~J T
N2 Z Z T 7sz Yj N2 Z Z T T ’mj
L ¢jeUn 1,5€UN

Assume n (ﬁ]; - E*N> = 0p(1) elementwise where

Zg\icoymoy) E(IOymo)

¥ = "
Eg\a[nzoxoy) Egvmxommo)
For ease of notation write,
L [sw s [se s
N7 (zy) & (zz) and EN - (zy) (zx)
DI DI pINECIED Y

Remark 1. The sample size n should be written as ny since it grows asymptotically. Both
the sample size and the population size can be used fairly interchangeably as normalizers

since assumption (D2) requires they grow at the same rate.
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Remark 2. Assumption (D3) ensures that the finite population parameter 3, converges to

the vector 8* € RPTL. It does not necessary to converge to (3, the true coefficient vector.

Remark 3. Assumption (D5) allow us to obtain central limit theorem results for the lasso

coefficients and regression estimator. Without these assumptions, we would have to restrict

our attention to with replacement sampling, simple random sampling or to other special

cases with known central limit theorems.

Remark 4. Since x; contains an intercept term, assumption (D4) covers ]\}im by

Y (#oyzoy) wwhere

ToYTo n Az
EEV YZoy) _ Zg\zf/y) _ WZZ ‘ ].yz‘yj

and similarly lim El(f%mo) = 2 (@202%0) where
N—o0

B < = S S

A Urs
1,J€EUN

3.2.2 Design-based asymptotic results

(Toyzoy) _
N —

The design based results for both the survey-weighted lasso coefficients and subsequently

the survey-weighted lasso regression estimator are given in this section. Under suitable

conditions, the asymptotic distribution of the survey-weighted lasso regression estimator is

the same as the asymptotic distribution of the full regression estimator.

Theorem 3.1. Under assumptions (D1) — (D5),
VN (BN _ BN) BN (0,7 tctve)
where the matriz V' is defined by

p
V = s 93" grsnan) 1303 g gesanan)

p p
=01=0

k=0 k

and the terms in V' are components of the limit in (3.20).
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Proof. First, define the survey-weighted lasso criterion as

p
Ay(u) = (V- Xou) T (Y — Xou) + Ay ) Ju] (3.22)
j=1

where 3, = argminAy(u) and let
U

Ba(u) = A, (ﬁN - u) — A8y, (3.23)

Notice the minimum of By (u) is Nn~Y2(3, — B,). Since B, is the OLS estimator, we

have

Now write

uyn\" uy/n u uj\/n
BN(U): Ys*Xs IBN+T Hs Ys*Xs BNJFT +)‘NZ 5Nj+ N
j=1
(3.24)
P
- (Ys - XSIBN)T Hgl (Ys - XSIBN) — Ax Z ’ﬁNj|
j=1
2 1; I;
=—u” ]\\/[ﬁ Z mi(yi—:ciTﬂN); +u” % Z W—wlsz u
i€Uy ¢ icUy " °
»
wj\/n
+ v Z Bri + j]( — Bl (3.25)
j=1
2v/n Iz n —[Z
=—u" ]\Vf Z x; (yi — ] By) < - > +u’ N2 ;xlx;f U
i€Un icUy
P
wj\/n
+ A DBy + J]*Vf — |Busl - (3.26)
j=1

{Vﬁ S @il — 27 By) <i - 1) SNOV)




since the variance of the centered Horvitz-Thompson estimator can be written

NG —x78,) ] (yj — =7 By)
VCLTp W E ( 3 T/BN N2 E E Azg T et J T J
. ? J
ZGUN 7.]€UN
_ y(zyzy) Ep : (zzr2Yy) Ep : Ep : Mkm"z)
- 2N -2 BNkEN + 5NkﬁNl
k=0 k=0 =0

= VN

and by assumptions (D3) and (D4), V = A}im V y. This implies the first component in
—00

(3.26) converges in distribution. The second term converges in probability to the quadratic

term u”7Cu by assumptions (D2) and (D3). Also, we have

Y

7=1

B +

= |Bn;1 = 0p(1) (3.27)

for each u € RPH! gince

u]'\/ﬁ
N

f

Bn; +

— |Bw;| SANZ

7j=1

BN] ‘/BN]|

p
>
j=1

*iu les
VN VN
:0p<1)

by assumption (D1). Therefore, we can apply the Corollary in section 1 of Hjort and Pollard
(1993) to By(u) and obtain

Nn 2B, - By) BN (0,7 2C7'VCTY).
Therefore,

N'2(B, — By) B VAN (0,772C7'VCT) =N (0,77 'CT'VCTY).

74



The following Corollary is an immediate consequence of Theorem 3.1.

Corollary 3.1. Under assumptions (D1) — (D5), By is root-N design consistent for B, in
the sense that B, — By = Op(N~1/2).

The next results are the asymptotic design properties of the survey-weighted lasso re-

gression estimator.

Theorem 3.2. Under assumptions (D1) — (D5),

~ —1/2 D
{vary(Eyairs)} % (= t,) B N(0,1).

Proof. First, by assumptions (D3) the finite population parameter vector, 3,, converges to

the vector 3* € RPT! elementwise since

i€eUn 1€Un

-1
b~ (;V Sear) LY ay
(0.0]

=

= o-1p

*

Therefore, ,3 ~ converges in probability to 3% since

By =8| <|By — By| +18, - 8"
= 0p(N"1) +o(1)

= op(1).
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From assumption (D5), we have

ZN1
z
o % ZiEUN Yi (% - 1) D (@ovzey)  5(royezo)
Znprs | = ' =N |0, (3.28)
L #N2p+3 |
and for ease of notation, let
Y (@oyzoy) W (Toyzo) »y)  »(yz)
Z(razocr:oy) E(Ixomcg) N E(Iy) E(:c:r:)

Define the function g(-,-) such that g(a,b) = (a1,a}b). Since 3, converges in probability

to B* we can apply Slutsky’s Theorem to (3.28) and obtain

% > icuy Yi <717’1 - 1) Dy 0 ¥ (yy) o) g

% D ieUy mZTBN (7% — 1) 0 B el grrser) g

Now, define the function A(-,-) such that h(ai,a2) = a; — ag. The Jacobian of h(aj,az) is

Jh(al’@) =(1,-1) and

(wy) () g
Jh(O,O) JZ(O,O) — ny) _ E(y:v)ﬂ* . B*Tz(my) + /B*Tz(zx)ﬂ*-
B*Tz(a}y) IB*TZ(a:x)ﬁ*

By the Delta Method, we have

—1/2

vn {E(yy) — g _ greey) 4 ﬂ*TE(M)B*} (ty — ty) 2 N(0,1).

N

We can write the variance of the difference estimator as
R N2
vary(by.aigr) = — {Ez(é’y) -=vB, - BLE0 + BgzﬁfﬂﬁN} (3.29)
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and therefore since 3, converges to 3* and by (3.20), we have

[z - s{g, - BE=(Y + BrE078, | - {20 - stmgr - grEEn 4 grsEngel — o)

~ % vary(tyaips) = S0 — 500 g* — g 4 gTRER) g 4 o(1).

This gives us

vn
N

T vy )}~ 8) + 01O,

= {U‘“"p(tydiff)} V2 (fy —ty) + 0p(1)

BN(0,1).

1
{stw —x0g — grs 4 grsegd T, — 1)

O
The design /n consistency of nyaSSO for t, is an immediate consequence of Theorem 3.2

Corollary 3.2. Under assumptions (D1) — (D5), the estimator Lty,lasso is design +/n-

consistent for t, in the sense that N1 (ty jass0 — ty) = 0,(n=1/2).

Theorem 3.3. Under assumptions (D1) — (D6),

Yi — &; ;6 j wTB
(B, tasso) ZZ Dij ( N) ( Wjﬂ N>
L,JES
2
= varp(fy,diff) + o0, <J\T]L) . (3.30)

Proof. Similar to the variance of the difference estimator in (3.29), we can write the esti-

mated variance of the survey-weighted lasso regression estimator as

n = - S ~ ~ ~T o (zy) AT A ~
mv(ty,lasso) = {ES\/ 2 213 ﬁ IBNENy +/BN2N /BN}
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Therefore, by Theorem 3.1 and assumption (D6), we have

~

2 [‘/}(ty,lasso) - varp(fy,diff)}

5w s, g 4 Es,)

E

2

- {5 =, - B + 415078, )
op(1

)

which implies (3.30).

O
Corollary 3.3. Under assumptions (D1) — (D6),
~ . -1/2 . D
{Vligass)} (B = 1) B N (0,1).
Proof. This result is a direct implication of Theorems 3.2 and 3.3 since
~ -1/2 R ~1/2 ,~ \/ﬁ N
{V(ty,lasso)} (ty - ty) = {Uarp(ty,diff)} / (ty - ty) +op (N) Op <\/ﬁ>
~ —1/2 ,»
= {vary(tyairs) } (ty —ty) +0p (1)
B N(0,1).
O

3.2.3 Asymptotic results under joint design-model framework

The descriptive study of a finite population includes estimation of a finite population quan-
tity and in our case, estimation of the finite population total of y, ¢,. While we utilized
the model (3.1) to build the survey-weighted lasso regression estimator, we ignored the
variability induced by the model when looking at the properties of the estimator. Ignoring
the model error when conducting descriptive inference can often be justified because the
error induced by the model is of a smaller order than the design-based error and because

we are interested in constructing an estimator that has good design properties regardless of
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whether or not the model is correctly specified.

The analytic study of survey data sampled from a finite population pertains to the model
which generated the population. Typically in statistics, we have data, we assume a model
for the data and then we use the data to make statements, often in the form of hypothesis
tests and confidence intervals, about the model. In order to make inferences about a model
from a complex survey design, we need a framework which accounts for the randomness
induced by the model and for the randomness induced by the sampling design. In this
situation, the population {y;}cy is viewed as independent realizations from the model
(3.1) and the finite population coefficients, 3, are no longer fixed unknown quantities but
instead are estimates (albeit unknown) of the true coefficients 3. The survey-weighted lasso
coefficients, ,@N, estimate the finite population coefficients 3, which in turn estimate the
true coefficients 3. Therefore,we can argue that the survey-weighted lasso coefficients B N
estimate the true coefficient vector 3. The quality of the survey coeflicients as estimates of
the true coefficients relies on how well the survey coefficients estimate the finite population
coefficients and on how well the finite population coefficients estimate the true coefficients.

With the following additional model assumption, we prove the root-N consistency of
B ~ for B and obtain a joint design-model central limit theorem for B ~- The approximate
variance found from the central limit theorem can then be used to make confidence regions
or conduct hypothesis tests for 3 while ensuring both the design and model randomness

have been taken into account.

M1. The finite population is a realization from the superpopulation model,

Eyi=x B+e

2

where the errors, €1, ..., €y, are 4d random variables with mean 0, variance ¢, and

E|e}| = p < co. The x’s are assumed to be fixed with respect to the model.
Theorem 3.4. Under assumptions (D1) — (D5), and (M1), By — 8 = 0,(1).

Proof. From assumptions (M1) and (D3), it is well established that the ordinary least

squares estimate 3 is consistent for 8. So B, — B = 0,(1). From Corollary 3.1, we have

79



A~

By — By = 0p(1). Therefore, we have

BN*ﬁ:BN*/@N+ﬂN*B

= 0p(1) + 0p(1)

= o0p(1).
U

Theorem 3.5. Under (D1) — (D5), and (M1)
VN (By-8) BN (0,[r'CT'V + 0% C7Y). (3.31)

Proof. From assumptions (M1) and (D3), we have the asymptotic distribution of the finite

population ordinary least squares estimator, 3, because we can write

_ —1yT fli Ti€:
VN (By —B)=(N"'X}Xy) \/NZ i€

€Uy

and by a multivariate version of Theorem 2.7.4 in Lehmann (1999), we have

\/1N Z T;€; BN (0,020) .

€Un
Then applying Slutsky’s Lemma gives us

1 b

VN

(NTIXTX )™ Z zie; B CTIN (0,02C) =N (0,0°C71).

i€eUn

From Theorem 3.1, we have (3.21) conditional on the data. Applying Theorem 1.3.6 in
Fuller (2009), we can stack these two asymptotic statements to obtain (3.31).

O

Both Theorem 3.4 and Theorem 3.5 hold for the usual unpenalized, survey-weighted
estimator, (3.7). Therefore, the asymptotic distribution of the survey-weighted lasso co-

efficients is the same as the asymptotic distribution of the unpenalized, survey-weighted
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coefficients.

3.3 Extensions of the lasso estimator

The lasso method does have a few drawbacks in terms of model selection and parameter
estimation. Although the researcher can leave some variables unpenalized by omitting those
variables from the penalty term, the lasso method keeps or drops penalized variables on an
individual basis. Consider a set of variables, such as the dummy variables of a categorial
covariate or the higher order moments of a particular covariate. The lasso method does not
keep or drop the set as a group and therefore can produce unsensible models. In section
3.3.1, we discuss an extension which corrects this drawback by introducing a survey-weighted
version of the group lasso estimator (Yuan and Lin 2006).

Until now, we have only considered the case where the y variable is continuous. However,
there is still a need for model selection when the y is binary or represents counts. Therefore,
Park and Hastie (2007) presented a lasso estimator for generalized linear models and an
algorithm for fitting the entire regularization path for the estimated coefficients. We look
at the survey-weighted version of the lasso estimator for glms in section 3.3.2.

In the criterion for the survey-weighted lasso coefficients, the squared residual terms
are weighted by their inverse inclusion probabilities. Both Zou (2006) and Wang and Leng
(2008) modified the lasso criterion so that each coefficient in the penalty term is given a
different weight. The modified lasso is called adaptive lasso. This work was motivated by
the fact that the lasso estimates where the true coefficient is large tend to have negative
bias. Additionally, several authors have shown (Zhao and Yu (2006), Zou (2006)) that there
are many scenarios where the lasso estimates obtain parameter estimation consistency but
do not achieve model selection consistency. In the corrected penalty term, each coefficient
is typically weighted by the inverse of a root-n consistent estimator, such as the ordinary
least squares or the ridge regression estimator. In this weighting scheme, coefficients which
should be large recieve a small penalty whiel coefficients which should be zero receive a
large penalty. In section 3.3.3 we discuss the survey-weighted adaptive lasso and how to

easily solve for the survey-weighted adaptive lasso estimates using existing algorithms.
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Combinations of these lasso extensions are often appropriate and have been explored.
For example, Meier, van de Geer, and Biithlmann (2008) studied group lasso for logistic
regression and Wang and Leng (2008) presented results for adaptive group lasso. The
survey-weighted version of these extensions can also be easily derived but is not investigated

further in this thesis.

3.3.1 Survey-weighted group lasso

When variable selection should be done at a group level, not an individual variable level,
the lasso estimator is not suitable. Therefore, Yuan and Lin (2006) constructed a group
lasso estimator which either includes all or none of the variables in a particular group. The
group lasso estimator is invariant to how the dummy variables representing a particular
group are coded, a property the lasso estimator lacks. The main difference between the
lasso and group lasso criteria is the penalty term in the group lasso is a hybrid between
the I; and [o penalties. If there is one variable in each group, then the penalty reverts to
the usual lasso penalty. However, for groups with more than one variable, an ls penalty
is used on the coefficients in the group. Before presenting the group lasso criterion, we
need to define some notation. Let G be the number of groups, p, the number of factors or
variables in group g, and p = 25:1 pg the total number of variables. The coefficient vector
is B=(B1,83,...,8;)" where each 3 is of length p, and the survey-weighted group lasso

criterion is

~(GL)

G
B, = arggﬁn (Y= X.8)" T (Y, — X.8)+ 2 pi/18,llh, (3.32)

g=1
In the penalty term, each group is weighted by the dimension of the group so that the penalty
term has the same order as the degrees of freedom (Meier, van de Geer, and Biithlmann
2008). The survey-weighted lasso regression estimator is obtained by replacing the lasso

coefficients in (3.9) with the group lasso coefficients.
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3.3.2 Survey-weighted lasso for logistic regression

Until now, we have looked at multiple linear regression models where the study variable,
y, is continuous. The lasso criterion and its variants have included the residual sums of
squares subject to an [ penalty term for the coefficient vector. Park and Hastie (2007)
extend the lasso method for independent data by constructing a criterion for generalized
linear models (glms). Instead of the residual sum of squares, they minimize the negative log
likelihood subject to an [; penalty. Meier, van de Geer, and Biithlmann (2008) use the same
criterion for logistic regression but with the group level penalty on the coefficients, which
was discussed in section 3.3.1. Here we propose a survey version of the lasso for logistic
regression by minimizing a survey-weighted negative log likelihood subject to the I; penalty
on the coefficient vector. These results can be extended to group survey-weighted lasso for
logistic regression using the penalty term in section 3.3.1.

When the study variable, y, is continuous, the total is a common finite population
quantity of interest. However, if we assume the study variable represents a binary variable
such as gender or presence/absence of forest, then a common finite population quantity
of interest is the population proportion of y, P, = N -1 ZJEU y;. Lehtonen and Veijanen
(1998) derived a model assisted logistic regression estimator for the population proportion.
We build on those results to construct a model-assisted logistic lasso regression estimator.

Consider the superpopulation model, £, where the finite population of the study variable,
{y;j}jev, are independently distributed realizations from a Bernoulli random variable Y
whose distribution is an exponential family. Through the logit function we can model the

E&Y = PE(Y = 1‘1:)

logit(P:(Y = 1|z)) = log <1 f)gézf(;ihfﬁm)) =z'p (3.33)

where " = (1,z1,...,xp) are fixed and assumed known for each j € U. The expectation,
E¢(-), is with respect to the model. Denote the number of non-zero coefficients by p, and

assume the true model is sparse (p, < (p+1)). In order to find the regression estimator, we
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need to estimate the P¢(Y; = 1|x;)[= f(=;)] with the following finite population quantity

exp(@!B,)

fu(z)) = m

(3.34)

where the finite population coefficient vector minimizes the negative log-likelihood of the

superpopulation model:

By = argmin [—1(8)]
B

= argmin | —log [ [ Pe(Yj = L]a;)¥ [1 — Pe(Y; = 1|a;)]' ¥
B jeu

= argmin | — > y;log [Pe(V; = 1|z;)] + (1 — y;)log [1 — Pe(Y = 1|a)]

B | jeu

= argmin | — Zyj logit [Pe(Y; = 1]x;)] +log [1 — Pe(Y = 1|z)]
B | jeu

= argmin | — Z yjx; B — log 1+ exp(a:f,@)} . (3.35)
B JjeU

Since we only have the sampled values for the study variable, we cannot solve (3.35) and
must estimate its solution with quantities based on the sample. An unpenalized estimator
for the finite population coefficient vector, 3, is found by minimizing the survey-weighted

negative log-likelihood

. ) 1

B, = argmin | — Z — {yjelB —log [1 +exp(x]B)]}| - (3.36)
Jj€Es J

Since we assumed the true model is sparse and possibly p > n, we prefer an estimator which

performs both model selection and parameter estimation. The survey-weighted lasso coeffi-

cient estimator for logistic regression is found by minimizing the survey-weighted negative

log-likelihood subject to an /1 penalty on the coefficient vector

p

~ (L) . 1 )

B, = argﬁmm — E — {yjzcjrﬁ —log [1 + exp(a:f,@)]} subject to E 1Bil < g
JjEs J

J=1
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where Bé? is unpenalized and g > 0 is the penalty parameter. The finite population mean
function is estimated by the sample mean function
(L)
A exp(x] 3, )

s i) = (L 3.37
fs(x;) 1+exp(m§BL >) (3.37)

and the survey-weighted lasso regression estimator for the population proportion is

y,reg Z S fs m] + Zfs iL'] . (338)

JjEs JEU

If we use the unpenalized sample coefficient vector (3.36) in the sample mean function (3.37)
instead of the survey-weighted coefficient vector, then we obtain the logistic generalized
regression estimator of Lehtonen and Veijanen (1998). Note, the survey-weighted coefficient
vector, BEL) and sample mean function fs (xj) are both functions of the penalty parameter,

g. To find an appropriate value for g, one can minimize the survey-weighted AICc:

(D) ) 2N (df +1
AlCcs(g) = —2 Z {yj:cJTﬂs —log |1+ exp(x 5 )]} N—(df—i
]Es
or the survey-weighted BIC:
BIC(g) = —2 Z {yjac]r,éim —log [1 + exp(w]TB;L))] } + df log(V).

]Gs

The methods of Park and Hastie (2007) can also be used to find the survey-weighted lasso

criterion for other variables whose distribution is an exponential family.

3.3.3 Survey-weighted adaptive lasso

Two of the drawbacks of the lasso estimator are the over-penalization of ‘large’ coefficients
and the situations where the lasso estimates do not obtain model selection consistency. More
specifically, the lasso often does not achieve the oracle properties which requires a method
to have both model selection consistency and asymptotically the optimal estimation rate.

The optimal estimation rate is defined as the estimation rate if we knew the true model
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ahead of time (Zou 2006). Model selection consistency is not achieved when the unnecessary
covariates are highly correlated with the necessary covariates because in this scenario, the
lasso criterion has trouble discerning which coefficients are non-zero (Zhao and Yu 2006).
Zou (2006) proposed a solution to these issues, the adaptive lasso. In the adaptive lasso
criterion function the coefficients in the [; penalty are weighted by the inverse of a root-
n consistent estimator. The oracle properties are achieved by the adaptive lasso because
less weight is placed on ‘large’ coefficients and more weight is placed on ‘small’ coefficients,
making model selection easier. Also, since the ‘large’ coefficients are given a smaller penalty,
they have less negative bias.

Returning to the estimation of the finite population total, t,, where y is a continuous

variable, we can derive a survey-weighted adaptive lasso regression estimator

Tﬁ
N (AL)
ty,alasso = Z al + Z T,B " (3.39)

- Uy
JES 71€Un

where the estimated coefficient vector based on the sample is

|5il

WLS)| =9

~(AL)

B (3.40)

—argmin (Y, — X,8)"II;} (Y, — X ,3) subject to Z

i=1 | i
and the equation for B(WLS) is found in (3.7). To compute the survey-weighted adaptive
lasso coefficient values, we first need to transform the criterion in (3.40) to look like the
criterion in (3.2):

|5il

| (WLS)| =g

(e s 3,

) >0
)

T ( 1/2Y —1/2X V_1VB) bi £ ‘674
1T s subject to Z

(Ve — X,8)"II;' (Y, — X,0)subject to Z

T

= (Hs_l/QYS —m2x,8
WLS

= (HS_I/QYS —IY2x,volvg

p
= (Y - X8 (Y} — X38") subject to > |8} <g (3.41)
=1

where V' is the (p+ 1) x (p + 1) diagonal matrix of the penalty vector
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(1, |6A§WLS) |71, \Béww) —1). Using the function 11ce() in R (R Development Core Team
2010), we can fit the lasso criterion in (3.41) using the transformed covariate matrix, X =
~ (AL)*

I, '/*X,V ! and the transformed study variable vector Y7 = HS_I/QYS to obtain 8,

The survey-weighted adaptive lasso coefficient values are found by back transforming:

~ (AL) _15(AL)=
By =V By .
In section 3.7, we compare the survey-weighted lasso regression estimator and the survey-

weighted adaptive lasso estimator via simulation.

3.4 Calibration estimators

In practice, it is often the case that several, possibly hundreds or even thousands, of finite
population quantities need to be estimated from the same survey data. Therefore, it is
desirable to estimate the finite population totals with weighted linear combinations of the

sampled study variables:

b= B.2)

Jj€Es
where the weights, {w;} cs, are dependent on the sample but independent of the study
variable. Since the weights are independent of the study variable, they can be applied to
many variables of interest. For example, we can write the regression estimator as a linear

combination of the sampled study variable:

-1
T

N A €T 1
tyreg = > |14+ (te —tour)” [ D22 | x| —u; (3.43)

T4 Uy
JESs JjEs J J

where t, is the population total vector of the covariates and igg, ar is the corresponding
Horvitz-Thompson estimator vector of the covariate totals (Sdrndal, Swensson, and Wret-
man 1992). Although the same regression model is not appropriate for each population total
of interest, it is much less time consuming to compute one set of weights and as long as the

study variables relate even weakly with the covariates, the weights produce a more efficient
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estimator than the Horvitz-Thompson weights. It is important to rely on model-assisted
estimators, not model-based estimators, when the accuracy of the model is not checked for
each study variable.

Since the lasso method does not produce an estimator which is linear in y, the lasso
regression estimator cannot be written as a linear combination of the y values in the sample.
To obtain weights, we employ the method used by Opsomer et al. (2007) and Montanari and
Ranalli (2005). We construct a calibration estimator, which can be written as a weighted
sum of the sampled study variable as in (3.42) with the caveat that the weights do depend
on the sampled study variable, y.

The lasso calibration estimator is found by regressing the study variable, y, on the
sample mean function, fs(a:j), over the sample (and without an intercept term). Because
the calibration step is a linear regression model, the lasso calibration estimator can be

50

written in the same form as (3.43) where x; is replaced by fs(z;) = x, B

-1
e =3 |1 (S Ay - S 2O ) (S BB ) Ly
j€Es jeu j€Es J jEs J J
Since fs(mj) is dependent on {x;,y;};cs, the weights in the lasso calibration estimator are
dependent on the study variable, y. This dependence implies that the utility of applying
these weights to other study variables depends on how correlated the variables are with
y. The estimator is called the calibration estimator because it has the property that if we
set the regressor as the response variable, the resulting estimator will equal the population
total of the regressor. Therefore, the estimator agrees with or is calibrated on the regressor.

If we let y; = fs (x;) in the lasso calibration estimator, we do indeed find

-1
~ Z; » AS Z; AS x; 2 As x; 2
fs(2),cal :Zfsi_])—'_ Zfs(m])—szrj) Zf(ﬂ_]) Zf(ﬂ-j)

J€Es JEU j€Es JEs JEs

= Z JES(:UJ')-

JjEU

In section 3.7, we compare the lasso calibration estimator with various other finite popula-

tion total estimators and consider a lasso adaptive calibration estimator where the sample
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mean function in (3.44) is replaced with

7 H(AL)

fs(x) = o B, (3.45)

3.4.1 Ridge regression approximation

Although the lasso coefficients do not have a closed form solution, Tibshirani (1996) ap-
proximated the coefficient estimates with a ridge regression format to derive the standard
error. We wish to use this approximate solution as another way to construct weights for an
estimator of the form (3.42). In order to utilize ridge regression, we must write the penalty
term as > _¢_; B2|3;| 7. This allows us to obtain the following approximate ridge regression

coefficient estimates:

5 (ridge) - -1 -
B, = (XTI X, + pQ™) XTI 'Y,
where @ is the diagonal matrix of the vector (0, | Bé? oo, |B%]) and Q~ is the generalized

ridge

inverse of Q. The penalty parameter p is chosen so that Zje s Béj )| = g where g is

defined in (3.8). The survey-weighted lasso ridge regression estimator is

-1
. . x;x] 3 1
tyridge = Y, |1+ (e —tomr)" [ D —=+0Q" | x| —uj. (3.46)

s 4
JESs JEs J J

It is important to again recognize that the weights in (3.46) are dependent on the study
variable, y, because the weights are a function of the lasso coefficients, ,3(:). In section 3.7,
we compare the survey-weighted lasso ridge regression estimator to other finite population
total estimators. For both the calibration estimators and the ridge regression estimators,
we are interested in how the constructed weights compare to the weights of the regression
estimator and the Horvitz-Thompson estimator. A survey-weighted adaptive lasso ridge
regression estimator is not considered in the simulation because the adaptive lasso ridge

coefficients were a fairly unstable approximation of the adaptive lasso coefficients.
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3.5 Model-based estimators

Thus far, the estimators discussed in this chapter are model-assisted estimators because they
utilize a model but maintain good design properties regardless of the accuracy of the model.
Another class of estimators are model-based estimators which tend to be more efficient than
the model-assisted estimators if the assumed model is correct and the sampling design is
non-informative in the sense that the sample model is the same as the superpopulation
model. We wish to present the model-based counterparts to the model-assisted estimators
constructed so that we can draw comparisons between the two classes of estimators via
simulations.

First, assume the superpopulation model given in (3.1). The model-based generalized
regression estimator equals the total of the sampled study variable plus the total of the
predicted, non-sampled values [formula given in (1.5)]. For the model-based regression
estimator, the model-based lasso regression estimator and the model-based adaptive lasso

regression estimator, the fitted values are given by

fol@j) = 7 B, (3.47)
where BS is defined in (1.6) for the regression estimator,

H(L)

p
B, =argmin (Y, - X,08)" (Y, — X8) subject to Y |8 < gus (3.48)
B

j=1
for the lasso estimator, and

~ (AL)

Bs

p .
=argmin (Y, — X,08)" (Ys — X,03) subject to Z 1551 < gus (3.49)
B

j=1 ’ﬁj‘

for the adaptive lasso estimator. The weights in the penalty term of the adaptive lasso

estimator are the inverse elements of the ordinary least squares coefficient vector, 8, =
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(XTX,)"'XTY . Therefore, the model-based regression estimator is

tyrec =Y Ui+ Y B, (3.50)

JEs jeU—s

the model-based lasso regression estimator is

Y ~ (L)
75y,lasso = Zyj + Z m;/@s 3 (351)

JjEs JjeU—s5

and the model-based adaptive lasso regression estimator is

~ ~ (AL)
ty,alasso = Zyj + Z m;ﬁs . (352)

JjEs JjeEU—s5

To find an appropriate value for g, in (3.48) and (3.49), we propose using model-based

versions of the information criterion presented in section 3.1.3. The model-based AIC¢ is

n(dfs(9) +n)

g2 O

— 1 -
AICci(g) = nlog |~ (y; — x7B,”(9))

Jj€Es

where df(g) is the number of non-zero values in Bi,L) (g). Simiarly, the model-based BIC is

BIC,(g) = nlog |+ 355~ #1B"(9))* | +n+log(m) [dbse) +1] . (359)

JjEs
As discussed in section 3.4, it is often more convenient to write the estimator as the sum
of a linear combination of the sampled study variable. The model-based regression estimator
can be re-written as a weighted sum but the model-based lasso estimators suffer the same
drawback as their model-assisted counterparts since the coefficient estimates cannot be
written in closed form. Therefore, we also want to approximate the model-based lasso

estimators with a calibration estimator and a ridge regression estimator. Both the model-
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based lasso and adaptive lasso calibration estimators have the form:

~1
Ey,cal = Z 1+ Z fs(mj) Z fs(mj)Q fs(mj) Yj (355)
JEs JEU—s JEs
where the sample mean function is given in (3.47) and the sample coefficient estimates are
(3.48) and (3.49), respectively. The model-based calibration estimators are calibrated on

the total of the fitted values. The model-based lasso ridge regression estimator is given by:

-1

fy,ridge = Z 1+ Z w; Z mjwf + ,U*Qi Lj| Yy (356)

JjEs JEU-s JEs

where @ is the diagonal matrix of the vector (0, | BE, ..., | BNJ(\,LP) ) and @~ is the generalized

inverse of Q.

3.6 Summary of estimators

We have presented several potential estimators for the total of a continuous study variable.
When no auxiliary information is present, the Horvitz-Thompson estimator is a good design
unbiased estimator for the total. When auxiliary information is present, there are several
model-assisted and model-based estimators to consider. The regression estimator utilizes
all the potential covariates. If some of the covariates are possibly extraneous, then the lasso
or adaptive lasso estimator may be appropriate since they perform model selection. When
both model selection and a list of weights are needed, then the calibration or ridge regression
approximation are desirable. Additionally, if model selection should occur at a group level
instead of on individual variables, a group lasso regression model is appropriate. When
the study variable is binary and the finite population quantity of interest is the population

proportion, then the lasso regression estimator for logistic regression is appropriate.
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3.7 Simulation

We are interested in comparing the lasso regression estimator and some of its variants
described in this chapter to other model-assisted and model-based estimators. In particular,
we want to compare the lasso estimators to the regression estimator at two extremes: the
full regression estimator which includes all covariates and the oracle regression estimator,

which includes the true subset of covariates.

3.7.1 Picking the model selection criterion

We first want to evaluate different methods for selecting the penalty parameter in the lasso
method. For the model-assisted lasso regression estimator, we denote the penalty parameter
by g4 and for the model-based lasso regression estimator, we denote the penalty parameter
by gu . The model-assisted lasso regression estimator is given in (3.9) and the model-based
lasso regression estimator is given by (3.51).

The linear superpopulation model of (3.1) with variance 0? = 0.16 is used to generate
the finite population. Two mean functions, both from You (2009), are considered: a sparse,

first-order mean function:

fi(z) = x"(1,0,1,0,1.5,0,0,0,1) (3.57)

where " = (1,21, x9,...,x3) and the covariates are generated to have a correlated uniform

distribution and a sparse, second-order mean function

folz) = 27 (1.5,0,—4,0,0,8,0) (3.58)

where 7 = (1,1’1,1’2,1‘3,1’%,%%,%%) and the covariates are generated from uncorrelated
uniform random variables. To generate the correlated covariates of (3.57), we first draw
z* from a multivariate normal with mean 0, var(z;) = 1 and cov(z},x}) = p for i # j.
The covariates are found by applying the normal cumulative distribution function to the «*
values: & = ®(x*). This construction gives the covariates a correlated uniform distribution

and the strength of the correlation depends on the value of p. Since we are interested in
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how the correlation of the covariates affects the accuracy of the model selection criteria we
let p =0,0.2,0.5,0.98.

The working model used for both mean functions is the first-order model of all the
possible covariates. For the data generated by (3.57) the true model is a subset of the
working model, whereas for the data generated by (3.58) the true model is not a subset of
the working model. This model misspecification allows us to judge how the various criteria
behave when the true model is not present.

Once a single population of size N = 1000 is generated from one of the superpopulation
models, 100 samples are selected by stratified simple random sampling. Because informative
sampling is pervasive in practice, we construct the strata such that the inclusion probabilities
are correlated with the model errors. Following the method of You (2009), realizations, z;

are generated for each j € U, from a random variable, Z(r) where

zZ* where Z* ~ N(0, 1) forr=0
Z(r) =14 Z*+e¢ where Z*NN(O,ITJ) for0<r<1
€ forr=1

and e is the model error defined in (3.1). The finite population data, {y;,x;, z;}jev, are
sorted by z; so that the 250 smallest z values are in stratum one and the next 250 smallest
z values are in stratum two and so forth. Within each stratum, simple random samples are
collected with sample sizes nqy = 15, ny = 20,n3 = 30, and ny = 35. The sampling design
is unequal probability sampling because the strata are equally sized but the sample sizes
within strata differ. The sampling method is considered informative since the model errors
and inclusion probabilities are correlated when r > 0. As r increases, the sampling method
becomes more informative and we look at its effects when r = 0,0.25,0.75, 1.

For the model-assisted lasso regression estimator, we consider the following three cri-
teria for selecting g,,4: survey-weighted AICq, survey-weighted BIC, and the design cross
validation criterion of Opsomer and Miller (2005), given in (3.14), (3.15), and (3.16) respec-
tively. For the model-based lasso regression estimator we consider the following two criteria

for selecting g,,5: AICc and BIC, given in (3.53) and (3.54) respectively. For each method,
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the penalty parameter is selected by minimizing the criterion function. We compare the
selected penalty parameters to the optimal penalty parameter which is found by minimizing

the approximate design mean squared error of each estimator:

Jara.ope = argmin [MSEp(tAy,lasso(g))] and gap o, = arg min [MSEp(fyﬁlasso(g))] .
g g

Both gyra.0pe @a0d garp o0, are found by repeatedly sampling from the single, finite population
according to the sampling design. For each sample, both the model-assisted and model-
based estimators are constructed on a grid of g values so that the approximate design mean
squared error is found as a function of g. Between ¢ values, the approximate design mean
squared error is found by spline interpolation. The optimal penalty term is where the
approximate design mean squared error attains its minimum value.

Table 3.1 shows the optimal penalty parameter for the model-assisted estimator is fairly
stable for fi. As the sampling becomes more informative or as the correlation among the
covariates increases, the optimal value stays around 3.5, which is the sum of the absolute
value of the true coefficients (excluding the intercept term since it is not included in the
penalty). The optimal penalty parameters for the model-based estimator, shown in Table
3.2, are less consistent. The model-based estimator does not take the sampling design into
account and therefore it is naturally more affected by changes in sampling informativeness
than by changes in the correlation structure of the covariates. Both the model-assisted
and model-based estimator have trouble discerning an optimal penalty parameter when the

model is misspecified, as is evident by the last column of Tables 3.1 and 3.2.

Table 3.1: Optimal penalty parameter, gu 1 .,:, for the model-assisted lasso estimator

Models
f1: no fi: mild | fi: moderate | fi: strong fo
T correlation | correlation | correlation | correlation
0 3.317 3.414 3.468 3.420 3.735
0.25 3.478 3.578 3.594 3.671 4.072
0.75 3.559 3.497 3.538 3.538 3.912
1.00 3.281 3.325 3.452 3.528 4.450
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Table 3.2: Optimal penalty parameter, gy s .,¢, for the model-based lasso estimator

Models
fi: no fi: mild | fi: moderate | f;: strong fo
T correlation | correlation | correlation | correlation
0 3.404 3.518 3.575 3.557 3.837
0.25 2.579 2.776 3.024 3.384 3.903
0.75 2.787 2.942 3.063 3.063 5.557
1.00 1.491 3.486 3.575 3.679 5.557

Tables 3.3 and 3.4 display the proportion of times a covariate was present in the model
across the replicate samples. For fi, the model has three non-zero coefficients but both the
model-assisted and model-based estimators tend to include more than three covariates in
the model. The model-based estimator builds less greedy models but usually with more
than three covariates. Both methods do an excellent job of picking the correct covariates
as long as the correlation among the covariates is not too strong. The same conclusions are
true for fy: although the model is misspecified, both methods pick the true covariate every

time but also tend to select false signals.
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In order to compare the selection criteria, we find the penalty parameters which minimize
the five criteria and then construct the corresponding five estimators for each of the replicate
samples. In Figure 3.2, we have the distribution of the penalty parameters across repetitions
for each criterion. The horizontal lines respresent to the optimal penalty parameter. Plots
are based on data generated from (3.57) with varying degrees of sampling informativeness
and varying levels of correlation among the covariates. In the first plot, where the sample
is not informative and the covariates are uncorrelated, the methods perform fairly well at
selecting a penalty parameter close, on average, to the optimal parameter. However, it is
true across all situations that the BIC criterion tends to pick a smaller penalty parameter,
which results in a smaller model than the model fit by the optimal parameter. When the
sampling becomes informative, as displayed in the plots on the right-hand side, the model-
based estimator tends to select a penalty parameter which is larger than the optimal penalty
parameter. Since the penalty term equals 3.5 for the true values, we might expect the
optimal penalty parameter to be around 3.5. The optimal model-based penalty parameter
is smaller than 3.5 and we conjecture this occurs because the model-based methods break
down as the sampling becomes more informative. The model-assisted penalty parameters
seem to be unaffected by the informativeness with the weighted BIC tending toward a

smaller value regardless of whether informative sampling is present.
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Figure 3.2: Boxplots of penalty parameters selected for each criterion

Tables 3.5 and 3.6 display the design mean squared error ratios where the mean squared
error based on the optimal penalty parameter is in the denominator and the mean squared

error based on the selection criterion is in the numerator:

MSE, (iy (gerit))
MSEp (tAy (gopt)) .
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The mean squared error ratios for the model-assisted estimator are close to one, regard-
less of the method used to select the penalty parameter. As the sampling becomes more
informative, the ratio tends to increase for the AICgs and the BICg methods whereas, the
ratio remains fairly constant for the Design CV method. Therefore, the Design CV method
seems to be slightly better at handling the effects of informative sampling. Since the im-
provement is slight and all three methods appear to be adequate, we use the the AICcq
to select the penalty parameter in section 3.7.2 when comparing the model-assisted lasso
regression estimator to other estimators. The the AICgs method is less computationally
intensive than the Design CV method.

Similarly, the ratios are also close to one for the model-based estimator. In the model
misspecification case, shown in the last four rows of Table 3.6, the mean squared errors
based on the AICcs mB(g) and the BICs vp(g) is slightly less than the mean squared error
based on the optimal penalty parameter. We conjecture that the criteria perform slightly
better because the optimal penalty parameter is not optimal for each sample but is optimal
overall, since it results in the minimum design mean squared error. The selection criteria,
on the other hand, pick a different ‘best’ penalty parameter for each sample and therefore
have the ability to achieve optimality for each particular sample. Again both methods yield
similar results but as shown in Figure 3.2 the AICcs mB(g) picks a penalty term closer to
the optimal penalty term. We use AICcsMB(g) to select the penalty parameter in section

3.7.2 when comparing the model-based lasso regression estimator to other estimators.
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Table 3.5: Ratio of MSE based on each criterion and MSE based on the optimal penalty
parameter for the model-assisted estimator

MSE ratios

Models T Weighted AICc | Weighted BIC | Design CV
fi 0 1.028 1.046 1.034
no 0.25 1.029 1.055 1.024
correlation 0.75 1.053 1.100 1.054
1.00 1.141 1.085 1.040
fi 0 1.038 1.031 1.059
mild 0.25 1.020 1.035 1.028
correlation 0.75 1.061 1.049 1.055
1.00 1.249 1.120 1.058
fi 0 1.045 1.034 1.051
moderate  0.25 1.020 1.022 1.018
correlation 0.75 1.048 1.021 1.051
1.00 1.244 1.237 1.054
fi 0 1.030 1.032 1.033
strong 0.25 1.016 1.030 1.020
correlation 0.75 1.048 1.021 1.051
1.00 1.148 1.144 1.069
fo 0 1.071 1.061 1.067
0.25 1.007 1.010 1.000
0.75 1.035 1.054 1.059
1.00 1.024 1.056 1.054
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Table 3.6: Ratio of MSE based on each criterion and MSE based on the optimal penalty
parameter for the model-based estimator

MSE ratios
Models T AlICc BIC
fi 0 1.040 | 1.052
no 0.25 1.054 1.031

correlation 0.75 1.050 1.040
1.00 | 1.036 | 1.025

fi 0 1.044 | 1.048
mild 0.25 | 1.068 | 1.044
correlation  0.75 1.063 1.070
1.00 | 1.006 | 1.002

fi 0 1.044 | 1.033
moderate  0.25 1.054 1.041
correlation 0.75 1.069 1.052
1.00 | 1.009 | 1.007

fi 0 1.029 | 1.025
strong 0.25 | 1.017 | 1.017
correlation  0.75 1.069 1.052
1.00 | 1.013 | 1.024

fo 0 1.065 | 1.043
0.25 | 0.9859 | 0.9724

0.75 | 0.9985 | 0.9817

1.00 | 0.9997 | 1.0086

3.7.2 Comparing estimators

We wish to compare the model-assisted lasso regression estimator and its variants to other
survey estimators when the superpopulation model is sparse. In particular, we want to
compare each model-assisted lasso estimator to its corresponding model-based estimator
and to compare the model-assisted lasso estimators to other model-assisted or design-based
estimators. The model-assisted oracle regression estimator is the usual regression estimator
but is fit with only the true subset of covariates. This ideal estimator serves as the bench-
mark to which each estimator is compared. The following model-assisted and design-based

estimators are considered:
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LASSO.MA lasso regression estimator (3.9)
ALASSO.MA  adaptive lasso regression estimator  (3.39)
CLASSO.MA  lasso calibration estimator (3.44)
CALASSO.MA adaptive lasso calibration estimator (3.44) with (3.45)
RLASSO.MA lasso ridge regression estimator (3.46)

REG.MA regression estimator (3.43)
ORACLE.MA  oracle regression estimator (3.43)

HT Horvitz-Thompson estimator (1.1)

Since the true model is sparse, the working model contains extraneous covariates. For
the REG.MA, the model fit employs all of the working model covariates, as does the
RLASSO.MA though with a penalty on some of the covariates. For the LASSO.MA and
the rest of its variants, the model fit utilizes some of the working model covariates and
the ORACLE.MA fits utilize only the covariates found in the superpopulation model. The
ORACLE.MA cannot be found in practice but in simulation serves as a measure of how
well the estimators are performing.

The following model-based estimators are considered:

LASSO.MB lasso regression estimator 3.51)

ALASSO.MB adaptive lasso regression estimator 3.52)
CLASSO.MB  lasso calibration estimator 3.55 with (3.48)
RLASSO.MB lasso ridge regression estimator 3.56)

1.5)

(
(
(

CALASSO.MB adaptive lasso calibration estimator (3.55) with (3.49)
(
REG.MB regression estimator (
(

ORACLE.MB  oracle regression estimator 1.5)
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3.7.2.1 Set-up

The following superpopulation model is used to generate the finite population study variable,

{yjtjeu:

§ryj=xjB+¢

= (1,901,3', e ,55407]')(17 ino’ (1.5) iro, f()a (3) fo)T +€j (3.59)

where the errors have mean 0 and variance, 02 = 1. The covariates are generated by the
same process described in section 3.7.1 where w; follows a multivariate normal distribution
and cov(zy;, ;)" = 0.2¥=!l. The signal-to-noise ratio, defined as (var(Xy08)(c?)~1)1/2,
is 3.66. Similar to Example four in section 7.5 of Tibshirani (1996), the superpopulation
model is sparse with only 20 of the 40 covariates in the working model relating to the study
variable. The oracle regression model is built utilizing only the covariates in the true model:
{(z11,5, 7125, - -, T20,5, T31,5, T32,5 - - -, T40,5) }jev-

The population, of size N = 10,000, is divided into four equally sized strata by the
methods discussed in section 3.7.1 with » = 0.75. From the fixed population, M = 1000
simple random samples of size n, = (15, 20, 30, 35) are taken from each strata, respectively,
with a total sample size of n = 100 for each sample. The sampling is informative since the
inclusion probabilities are correlated with the model errors.

The models are utilized to estimate the total of the particular study variable y but
often in practice, there are several study variables of interest. Therefore, we also consider
how the weights constructed for the lasso estimators perform at estimating totals for other
study variables, which have a varying degree of similarity to the study variable, y. The
five additional study variables considered are generated by the superpopulation models
presented in Table 3.7. The errors in the five superpopulation models which generate the

other study variables, €;; are iid N(0,0?) for i =1,2,...,5and j = 1,2,..., N.
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Table 3.7: Superpopulation models for the other study variables and their relationship to
the superpopulation model for y

Model Relationship with y
2wy = (1,21, 240,) 030 + e True model .covarlates are a subset ,Of the true
3)110 model covariates for y and the covariates relate
similarly to z; as they do with y
i = (1,21, 240, 110 + e True m(?del covarla‘?es are a subset of the covari-
030 ates which are not in the true model of y
2 = (1,21, T40,) + e True model covariates 1nch.1de covarlétes in the
true model for y and covariates not in the true
110 model for y
010 . .
o , | True model covariates are the true model covari-
zyj = (L,w1 5, ., m405) | (3)110 | + €45 ) )
010 ates for y but the covariates relate differently
(0.5)110 with z4 than with y
25j = €54 Noise; no similarity to y

3.7.2.2 Design bias and design mean squared error

Since one, fixed population is generated, we can compute design quantities, such as the
design bias and design mean squared error, by averaging across the replicate samples. The

design mean is estimated by

and the design mean squared error is estimated by

1 M
MSE,( Z t)2.

m:l
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Table 3.8 displays the percent relative design bias of the estimators,

% x 100%,
t

which measures how biased the estimators are under the sampling design. The model-
assisted estimators have a percent relative design bias which is less than 0.5% whereas the
model-based estimators all have a design bias which is greater than 1%. To assess the
efficiency of the estimators, the ratios of the design mean squared error of the competing
estimators to the design mean squared error of the ORACLE.MA are also given in Table 3.8.
While the difference in design bias between the model-assisted and model-based estimators
does not seem significant, it is compounded in the design mean squared errors. Although
the estimator with the lowest design mean squared error is the idealized ORACLE, which
assumes the true model is known, the model-assisted lasso estimators are almost as efficient
as the ORACLE.MA with ratio values around 1.66 and are much more efficient than the
full regression model estimator, the REG.MA. The model-assisted estimators are much
more efficient than both the purely design-based estimator, which uses no model, and the
model-based estimators, which do not account for the informative sampling. Since the
oracle estimator can never be computed in practice, it is fair to say the model-assisted lasso
estimators tend to be the most design efficient when the true model is sparse, the working

model contains the true model, and the sampling is informative.
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Table 3.8: Percent relative design bias and ratio of design MSE for each estimator to design
MSE of model-assisted oracle estimator

Percent Relative | Design MSE
Estimators Design Bias Ratios
LASSO.MA 0.37% 1.69
ALASSO.MA 0.37% 1.63
CLASSO.MA 0.37% 1.69
Model-Assisted: CALASSO.MA 0.37% 1.63
RLASSO.MA 0.38% 1.95
REG.MA 0.49% 2.38
ORACLE.MA 0.25% 1.00
HT —0.015% 13.86
LASSO.MB 1.07% 6.79
ALASSO.MB 1.07% 6.70
CLASSO.MB 1.20% 8.31
Model-Based: =~ CALASSO.MB 1.12% 7.31
RLASSO.MB 1.07% 7.01
REG.MB 1.08% 7.05
ORACLE.MB 1.07% 6.52

3.7.2.3 Survey-weighted model fits

To compare the accuracy of the LASSO.MA, ALASSO.MA and REG.MA fits, we study
the selected penalty parameters, the variable selection accuracy, and coefficient estimation
accuracy. The average penalty parameter selected by the survey-weighted AICq is 43.84.
Plugging the true coefficients of the superpopulation model (3.59) into the penalty of the
survey-weighted lasso (excluding the intercept since it is not penalized), the penalty term
equals 45. Since the average penalty parameter for the survey-weighted AIC¢ is less than
45, the method slightly over-penalizes the coefficients, on average. For the survey-weighted
adaptive lasso, the average penalty parameter is 21.31. The penalty term for adaptive
lasso should be roughly equal to 20, the number of non-zero coefficients in (3.59), and
therefore the survey-weighted AICc is slightly under-penalizing, on average. Table 3.9
contains the average coefficient values for the LASSO.MA, ALASSO.MA and REG.MA
when the coefficient is included in the model. The REG.MA coefficients are approximately

unbiased whereas the LASSO.MA coefficients tend to be negatively biased for the non-

108



zero coefficients. The ALASSO.MA coefficients, which were derived to correct for the bias,
do have less negative bias than the LASSO.MA coefficients. The intercept, which is not
penalized, has positive bias for the ALASSO.MA and even more so for the LASSO. We
conjecture the positive bias in the intercept coefficient is attempting to counteract the
negative bias in the penalized coefficients so that the overall fit is less biased.

Table 3.9: Average coefficient value for the survey-weighted lasso, survey-weighted adaptive

lasso, and the survey-weighted regression estimators when the covariate is included in the
model

Average Coefficient Value
Bo b1 B2 B3 B Bs Bs  Br B Ba  Pio
LASSO.MA | 3.02 0.03 0.03 —-0.00 0.08 —-0.02 -—-0.03 0.06 0.04 0.08 0.07
ALASSO.MA | 1.88 0.03 0.07 0.03 0.16 —-0.05 —-0.03 0.09 0.04 0.10 0.05
REG.MA | 099 —-0.00 0.03 0.00 0.08 —-0.03 —-0.02 0.04 0.03 0.05 0.00
B11 P2 B13 B14 B1s Bis  Bir Pis Bio  Ba20
LASSO.MA 1.28 1.32 1.34 1.30 1.32 1.27 1.30 1.32 1.30 1.32
ALASSO.MA 1.41 1.43 1.45 1.41 1.42 1.38 141 1.44 1.41 1.46
REG.MA 1.54 1.51 1.55 1.48 1.51 1.48 149 1.51 1.49 1.55
Bo1  Ba2 Ba3 B24 Bas Bos  Bor  Pos B2o B30
LASSO.MA 0.07 0.02 -0.07 -0.09 0.04 -0.02 0.06 0.06 -0.06 0.09
ALASSO.MA -0.01 0.01 -0.12 -0.14 0.06 —-0.03 0.05 0.12 -0.04 0.09
REG.MA —0.01 0.01 -0.05 -—0.08 0.02 —-0.03 0.04 0.04 -0.03 0.01
P31 Ba2 B33 B34 B3s Bss P37 Pss Bao  Bao
LASSO.MA 2.67  2.80 2.82 2.87 2.79 2.83 2.82 2.76 2.86 2.74
ALASSO.MA 2.85 2.93 2.98 3.02 2.92 297 297 290 3.00 2.92
REG.MA 2.91 2.98 3.04 3.08 2.98 3.03 3.02 2.95 3.05  3.00

Although the REG.MA appears to be superior since it has better coefficient estimation
accuracy, it estimates all the coefficients to be non-zero, even though half of the coefficients
should be exactly zero. The lasso methods are advantageous because they perform model
selection and therefore estimate some coefficients to be exactly zero. Table 3.10 displays
the average occurrence of the 40 covariates in the LASSO.MA and ALASSO.MA models.
Since coeflicients which are estimated to be ‘small’ values in the regression model receive a
large penalty in the ALASSO.MA penalty term, the ALASSO.MA method is more efficient
at driving extraneous coeflicients to zero. Table 3.10 shows that a particular extraneous
variable is contained in the LASSO.MA fit about 40% of the time while it is only contained

in the ALASSO.MA about 21% of the time. Both methods are very good at keeping the

109



true covariates in the model with 100% accuracy for the covariates with ‘large’ coefficients
in the true model and nearly 100% accuracy for the covariates with smaller coefficients in

the true model.

Table 3.10: Average occurrence of covariates in the lasso and adaptive lasso fits

Average Occurrence of Covariates
X1 Xo X3 Xy X5 Xe¢ X7 Xg X9 Xy
LASSO.MA | 041 0.39 0.43 040 043 0.46 043 043 0.44 042
ALASSO.MA | 0.20 0.22 0.21 0.19 0.21 0.23 0.23 0.22 0.23 0.21
X1 X2 X3 X X5 Xig X Xig X9 Xoo
LASSO.MA | 099 0.99 0.99 099 1.00 0.99 099 1.00 0.99 0.99
ALASSO.MA | 0.98 0.97 098 0.97 098 097 0.97 097 097 0.97
Xor Xog Xog Xog Xog Xog Xoy Xog Xog  Xgo
LASSO.MA | 043 042 0.44 040 044 0.42 041 041 0.40 0.45
ALASSO.MA | 0.22 0.21 0.22 0.22 0.23 0.22 0.21 0.22 0.20 0.22
X311 X3 X33 X3 X3z Xg¢ X3z Xzg X3z9 Xyo
LASSO.MA | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ALASSO.MA | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

3.7.2.4 Survey weights

As discussed in section 3.4, a single set of weights is often applied to several study variables
with estimators taking the form of a linear combination of the sampled study variable (3.42).
The j-th weight, w;, roughly can be interpreted as the number of similar elements in the
population that the j-th element in the sample represents. Large differences in value between
weights is undesirable because it implies that some elements are much more influential on the
estimate than other elements. Positive weights are also preferred because a negative weight
no longer carries the described interpretation. All of the model-assisted estimators which
can be written as (3.42) have weights of the form 7Tj_1 +w?, where the first component is the
Horvitz-Thompson weight and the second component is the model adjustment. Figure 3.3
displays the relationship between the weights of the Horvitz-Thompson estimator and the
regression and calibration weights across the replicate samples. The darker the hexagon, the
more concentrated the points are. Since the weights of the Horvitz-Thompson estimator only

take on four different values: {71.43,83.33,125,166.67}, there are four lines on which the
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points lie. The weights of the calibration estimator and the adaptive calibration estimator
vary much less in their relation to the Horvitz-Thompson weights than the regression and
oracle regression weights. We believe the variability relates to the number of covariates on
which the estimator is calibrated since the calibration estimator is only calibrated on the
model fits whereas the regression estimator is calibrated on each of the 40 covariates and
the oracle on each of the 20 true covariates. In Figure 3.3, the red line represents the least
squares line for the model-assisted weights regressed on the Horvitz-Thompson weights.
The blue line is where the points would fall if the model-assisted weights actually equalled
the model-assisted weights. These lines reinforce the conclusion that the calibration weights

are very similar to the Horvitz-Thompson weights.
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Figure 3.3: Comparing the inverse inclusion probabilities to the regression and calibration
weights

To better understand how the weights vary within a sample, we compute the mean

variance of the sample weights:

M M
var(w) = S E var(wy,) = S E 1 g (Wi — wm)2
M M n—1 J
m=1 m=1 jEs

where w,, = n~! Zjes Wpj. We are also interested in how much the weight for element

4 € U varies from sample to sample when element j is in the sample and therefore compute
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the mean variance of the weight for sampled elements:

1
var(w;|j € s) = — Zvar(wﬂj € s)

N <
jeu
1 M
= Nz M —1 Z Wjm — Wj) I{jGSm}
jeu m=1

where w; = M*~1 Z —1 WimI{jes,,y and M* = Z%zl Itjes,,y- Table 3.11 displays both
of these variance statistics for the weights within and across samples. The variance of the
HT weights within a particular sample is 1172.44 for all repetitions since the sampling
design is fixed size sampling from each stratum. Also since the HT weight of a sampled
element is constant under this sampling design, the variance across samples for a partic-
ular weight given the element is sampled equals zero. Shown in Figure 3.3, the variance
measures are only slightly higher for the calibration estimators than for the HT, while
the REG.MA weights have the highest variability. As intuition would suggest, since the
REG.MA weights are calibrated on twice as many covariates as the ORACLE.MA weights,
the variance statistics for the REG.MA weights are about twice the variance statistics of
the ORACLE.MA weights. The variability in the RLASSO.MA weights is between the two
regression estimators because while the RLASSO.MA is calibrated on 40 covariates, some
of the coefficients in the fit are penalized to be nearly zero. To measure the rate of negative
weights, the average percentage of negative weights is found. On average, 11.69% of the
REG.MA weights are negative, 2.82% of the ORACLE.MA weights are negative, and 5.11%
of the RLASSO.MA weights are negative. The calibration estimators produced no negative
weights.

Although the small variability in the weights of the calibration estimators is desirable,
the weights still depend on the study variable, y, as do the weights of RLASSO.MA. On the
other hand, the REG.MA, ORACLE.MA, and HT weights are independent of y and only
depend on the sample, s. Therefore, it is important to assess how well the y-dependent
weights perform, in comparison to the y-independent weights, when applied to other study
variables of interest. Table 3.12 displays the ratio of the MSE of the model-assisted estima-

tors to the MSE of the HT. We use the Horvitz-Thompson estimator as the benchmark in
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Table 3.11: Average variances for weights within and across samples for the model-assisted
and design based estimators

Weight Variances
Estimators | var(w) | var(w;|j € s)
CLASSO.MA | 1181.07 3.09

CALASSO.MA | 1181.09 3.42
RLASSO.MA | 4526.23 3644.04

REG.MA 7939.24 5708.55

ORACLE.MA | 3655.56 2965.21

HT 1172.44 0.00

this case because its performance should be consistent for different relationships between
z; and y. The ORACLE.MA is only oracle for the study variable y, not necessarily for
the study variables z;. When the true model for z; contains the same covariates as the
true model for y, as is true for z; and z4, the ORACLE.MA is superior whereas when the
true model for z; does not contain any of the same covariates as the true model for y, as
is true for z9, the ORACLE.MA is less efficient than the HT. The calibration estimators
are better than the HT when z; is correlated with y, as is true for z1, z3 and z4, but they
are not as efficient as the other model-assisted estimators since much of the information in
the individual covariates is lost. Similar to the ORACLE.MA, the calibration estimators
perform poorly when the true model for y contains different covariates than the true model
for z;. Since the weights of the calibration estimators are very similar to the weights of
the HT, when the study variable is completely random, as in z5, the calibration estima-
tors perform similarly to the Horvitz-Thompson whereas the others perform worse. Since
the RLASSO.MA contains all 40 covariates, the RLASSO.MA is almost as efficient as the
REG.MA for the various study variables but has the advantages of less variability in the

weights and fewer negative weights.
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Table 3.12: Ratios of the design mean squared error of model-assisted estimators to the
design mean squared error of the Horvitz-Thompson estimator

Design MSE Ratios
Study Variable | z; 29 23 24 25
CLASSO.MA 0.34 | 1.42 | 0.38 | 0.86 | 1.01
CALASSO.MA | 0.33 | 1.45 | 0.38 | 0.88 | 1.01
RLASSO.MA 0.14 | 0.21 | 0.12 | 0.19 | 1.29
REG.MA 0.14 | 0.12 | 0.12 | 0.14 | 1.56
ORACLE.MA | 0.11 | 1.17 | 0.20 | 0.10 | 1.19

3.7.2.5 Design properties as informative sampling, covariate correlation and

model error variance are varied

Table 3.13 — Table 3.15 present simulation results when the level of informativeness of the
sample (r) is varied, when the correlation among the covariates is varied (p), and when the
model error variance (0?) is varied. Table 3.13, which displays varying , tells the usual
story: when the sampling design is not informative, the model-based estimator is slightly
more efficient than its corresponding model-assisted estimator. But, as the sampling de-
sign becomes informative, the model-assisted estimator quickly becomes more efficient than
its model-based counterpart. The efficiency across the model-assisted estimators remains
fairly consistent as the sampling becomes more informative with the ALASSO.MA and
CALASSO.MA performing the best (after the ORACLE.MA). As the correlation in the co-
variates increases, the difference in efficiency between estimators shrinks, as shown in Table
3.14. The changes in model errors does not seem to change the differences in efficiency

between estimators, as shown in Table 3.15.

115



Table 3.13: Percent relative design biases and ratios of the design mean squared error of
the estimators to the design mean squared error of the model-assisted oracle estimator for
varying degrees of informative sampling.

Percent Relative Design

Design Bias MSE Ratios
Estimators r=0|r=02|r=1|r=0]|r=025|r=1
LASSO.MA —0.005 0.20 0.44 1.21 1.32 1.92
ALASSO.MA | —0.010 0.20 0.44 1.16 1.24 1.86
CLASSO.MA | —0.005 0.20 0.44 1.21 1.32 1.92
Model-Assisted: CALASSO.MA | —0.010 0.20 0.44 1.16 1.24 1.86
RLASSO.MA 0.001 0.20 0.45 1.42 1.54 | 2.19
REG.MA —0.006 0.27 | 0.56 1.29 1.55 2.73
ORACLE.MA | —0.009 0.13 0.29 1.00 1.00 1.00
HT 0.077 —0.05 0.01 | 11.58 12.61 | 15.68
LASSO.MB —0.015 0.60 1.26 1.13 2.58 9.54
ALASSO.MB | —-0.017 0.61 1.25 1.06 2.55 9.41
Model-Based: CLASSO.MB 0.121 0.73 1.38 1.18 3.34 | 11.44
CALASSO.MB 0.040 0.67 1.30 1.06 2.86 | 10.15
RLASSO.MB | —0.019 0.60 1.26 1.32 2.78 9.93
REG.MB —0.006 0.61 1.24 1.22 2.74 | 948
ORACLE.MB | —0.010 0.61 1.24 | 0.91 2.41 9.08
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Table 3.14: Percent relative design biases and ratios of the design mean squared error of
the estimators to the design mean squared error of the model-assisted oracle estimator for
varying degrees of correlation among the covariates

Percent Relative Design
Design Bias MSE Ratios

Correlation Among the Covariates
Estimators none moderate strong none moderate strong

LASSO.MA 0.387 0.24 0.15 1.79 1.01 1.00

ALASSO.MA 0.365 0.27 0.19 1.62 1.01 1.01

CLASSO.MA | 0.387 0.24 0.15 1.79 1.01 1.00

Model-Assisted: CALASSO.MA | 0.366 0.27 0.19 1.63 1.01 1.01
RLASSO.MA 0.389 0.25 0.17 1.90 1.02 1.00

REG.MA 0.460 0.36 0.36 2.25 1.02 1.02

ORACLE.MA 0.247 0.15 0.14 1.00 1.00 1.00

HT 0.024 | —0.07 0.22 11.03 1.45 3.93

LASSO.MB 1.044 0.94 0.96 6.86 1.10 1.10

ALASSO.MB 1.042 0.94 0.95 6.78 1.10 1.10

CLASSO.MB 1.148 1.09 1.06 8.14 1.13 1.12

Model-Based: =~ CALASSO.MB | 1.088 1.00 0.98 7.33 1.11 1.11
RLASSO.MB 1.049 0.96 0.96 7.03 1.12 1.11

REG.MB 1.029 0.94 0.96 6.84 1.10 1.11

ORACLE.MB | 1.042 0.95 0.95 6.61 1.10 1.10
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Table 3.15: Percent relative design biases and ratios of the design mean squared error of
the estimators to the design mean squared error of the model-assisted oracle estimator as
the model variance changes

Percent Relative Design

Design Bias MSE Ratios
Estimators d2=0.5 0’=5|0>=05]0?>=5
LASSO.MA 0.261 0.75 1.67 1.48
ALASSO.MA 0.241 0.83 1.45 1.65
CLASSO.MA 0.261 0.75 1.67 1.48
Model-Assisted: CALASSO.MA 0.241 0.83 1.45 1.65
RLASSO.MA 0.270 0.73 1.96 1.53
REG.MA 0.326 1.03 2.26 2.26
ORACLE.MA 0.176 0.56 1.00 1.00
HT 0.029 0.03 30.23 3.41
LASSO.MB 0.741 2.35 6.90 6.90
ALASSO.MB 0.734 2.33 6.69 6.84
CLASSO.MB 0.829 2.65 8.46 8.54
Model-Based: CALASSO.MB 0.765 2.50 7.20 7.76
RLASSO.MB 0.805 2.39 23.18 9.11
REG.MB 0.729 2.31 6.88 6.88
ORACLE.MB 0.738 2.33 6.64 6.64

3.7.2.6 Summary of estimator comparisons

Assuming some of the covariates are extraneous, the sampling is informative, and estimating
t, with precision is more important than estimating ¢., with precision, the calibration
estimators or LASSO.MA and ALASSO.MA are the best estimators since they have the
smallest design mean squared error (after the fictitious ORACLE.MA) and the design bias
of the estimators is negligible. When the same weights need to be applied to several study
variables, the calibration estimators are better than LASSO.MA or ALASSO.MA since they
produce weights. The calibration estimators are more precise than the HT weights when
estimating t,, as long as z; is correlated with y. In the case where precision in the estimation
of t,, is required and z; may not be correlated with y, the RLASSO.MA is a good estimator
since its design MSE is competitive with the design MSE of the REG.MA for z; and smaller

for y.
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3.8 Applications: United States Forest Inventory and Anal-

ysis Program

For a region of Utah, we wish to estimate the proportion of tree canopy cover by modeling the
relationship between photo-interpreted data and auxiliary topographic and satellite data.
Canopy cover, which is an aerial measure of the amount of ground covered by tree crowns
(Toney, Shaw, and Nelson 2008), is an important variable because it is used to define forested
lands. We want to compare the performance of the model-assisted estimators presented in
this thesis and the Horvitz-Thompson estimator as estimators of canopy cover.

The photo-interpreted data arise from a pilot study of the Forest Inventory and Analysis
Program (FIA) in collaboration with the National Land Cover Database (NLCD). To collect
the data, a high intensity grid was placed on the region of interest and at each grid point,
which represents a 90 by 90 meter plot of land, 105 photo points were placed (Frescino
2010). At each photo point, between two and five trained photo interpreters determined
the presence or absence of a tree. For each grid point, the proportion of tree canopy cover
is the average across photo interpreters of the proportion of photo points where trees are
present. Although the high intensity grid is a sample of this region, we will treat these N =
4,151 grid points as the entire population of interest. We can find the finite population
percentage of canopy cover, N _1ty x 100% = 27.41%, and can draw replicate samples from

the population to compare the estimators to the truth.
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Fourteen auxiliary variables are considered:

Variable

Description

2001 NLCD canopy cover estimates

Found by the Multi-Resolution Land Character-
istics consortium with the goal of creating land

cover maps for the United States (Frescino 2010)

Compound  topographic  index

(CTI)

Topographic variable which measures wetness

Digital Elevation Model (DEM)

Model for elevation, slope, aspect and CTI

Slope Slope in Degrees

Brightness Tassel cap transformation on Landsat satellite
bands, defined by Huang et al. (2002)

Greenness Tassel cap transformation on Landsat satellite
bands, defined by Huang et al. (2002)

Wetness Tassel cap transformation on Landsat satellite

bands, defined by Huang et al. (2002)

Normalized difference vegetation in-

dex (NDVI)

Transformation of Landsat satellite bands three

and four

Northness of aspect

Cosine transformation of aspect

Eastness of aspect

Sine transformation of aspect

Each of the auxiliary variables are available at a finer resolution than the photo-interpreted
data. The auxiliary variables were collected on a 30 by 30 meter grid, and therefore there are
nine observations of every covariate for each photo-interpreted observation. To collapse the
auxiliary information, the mean and standard deviation is taken of the nine observations.
For the fourteen auxiliary variables, the mean for each grid point is used as a covariate
and the standard deviation of the 2001 NLCD canopy cover, CTI, DEM, and slope is used
as a covariate. There are 18 covariates in the working model and each is standardized.
Although we conjecture that most of the covariates representing standard deviations have a
weak relationship with tree canopy cover, we include those covariates in the model so that

model selection is appropriate.
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Stratifying the region by its ten counties to ensure a good spatial distribution of the
sample, we collect 1000 replicate simple random samples of size ten from each county.
Therefore, our overall sample size is 100. Since the number of grid points differs by county,
we have unequal inclusion probabilities.

The actual design bias, the percent relative design bias and ratios of the design mean
squared error of the model-assisted and Horvitz-Thompson estimators to the design mean
squared error of the full regression estimator are given in Table 3.16. The model-assisted
estimators all slightly overestimate the true proportion of tree canopy cover but still have a
relative design bias of less than 1%. The lasso estimators have a smaller design mean squared
error than REG.MA or HT. Since the lasso estimators are more design efficient than the
full regression estimator, it appears that performing model selection is appropriate.

Table 3.16: Mean estimates of the proportion of canopy cover, percent relative design biases,

and the ratios of the design mean squared error of the model-assisted and Horvitz-Thompson
estimators to the design mean squared error of the full regression estimator

Mean Percent Relative | Design MSE

Estimators Estimate Design Bias Ratios
LASSO.MA 27.50% 0.32% 0.94
ALASSO.MA 27.50% 0.33% 0.93
. CLASSO.MA 27.50% 0.35% 0.94
Model-Assisted: .\ 1 AgSO.MA | 27.51% 0.35% 0.93
RLASSO.MA 27.50% 0.32% 0.95
REG.MA 27.53% 0.43% 1.00
HT 27.37% —-0.13% 1.94

Table 3.17 contains the proportion of times each covariate was included in the lasso
and adaptive lasso models. Both the lasso and adaptive lasso methods selected the mean
2001 NCLD canopy cover and the mean NDVI the most frequently. No covariate was
consistently dropped. The adaptive lasso method selected the standard deviation of the
CTTI the least often, including it in the model 27.3% of the time. But the lasso method
selected the standard deviation of the CTI over half of the time (56%). These values exhibit
the lasso property discussed earlier: the lasso method is better at keeping true signals than
at dropping false signals. The average value of the coefficient for the standard deviation of

CTI (shown in Table 3.17) is essentially zero for each method and therefore this covariate
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should probably not be included in the model.

Table 3.17: Average occurrence of the covariates in the survey-weighted lasso and adaptive
lasso models and the average value of the coefficients when the covariate is included in the

model
Average Occurrence Average Value
of Covariates of Coefficients

Covariates LASSO.MA | ALASSO.MA | LASSO.MA | ALASSO.MA | REG.MA
Intercept 1.000 1.000 0.275 0.275 0.275
Mean Canopy 0.973 0.880 0.124 0.130 0.107
Cover 2001
Std. Dev. of 0.737 0.445 0.024 0.034 0.019
Canopy
Mean of CTI 0.779 0.576 —0.041 —0.050 —0.039
Std. Dev. of 0.560 0.273 —0.001 0.000 —0.000
CTI
Mean of DEM 0.618 0.386 —0.009 —0.015 —0.014
Std. Dev. of 0.406 0.495 —0.064 —0.072 —0.057
DEM
Mean Slope 0.433 0.518 0.070 0.083 0.058
Std. Dev. of 0.647 0.404 0.009 0.011 0.003
Slope
Brightness 0.511 0.408 0.029 0.032 0.022
Greenness 0.542 0.731 —0.180 —0.169 —0.161
Wetness 0.670 0.669 0.086 0.096 0.089
NDVI 0.927 0.919 0.161 0.193 0.210
Northness 0.686 0.434 —0.018 —0.026 —0.017
Eastness 0.651 0.301 —0.003 —0.005 —0.002

For a particular sample, the coefficient paths of LASSO.MA and ALASSO.MA are

given in Figures 3.4 and 3.5. The optimal set of coefficients is chosen by the survey-

weighted AICq criterion and is designated by the vertical black line. In both cases, the

optimal model includes only a subset of the potential covariates. The path of a particular

coefficient, which is the same color and line type for both plots, is fairly similar whether it

was found by the lasso method or the adaptive lasso method. However, the optimal set for

ALASSO.MA is a subset of the optimal set for LASSO.MA, which reinforces the conclusion

that the ALASSO.MA method is better at dropping false signals. The coefficients of this

particular sample are given in Table 3.18. The LASSO.MA and ALASSO.MA coefficient
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values tend to be more similar to one another than to the REG.MA coefficient values.
In this scenario, the model selection is beneficial since the resulting estimators have
a smaller design mean squared error. The adaptive lasso, which tends to select smaller

models, has the lowest design mean squared error.

Coefficient Paths
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Figure 3.4: Standardized coefficient paths of survey-weighted lasso for US Forest Service
data
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Figure 3.5: Standardized coefficient paths of survey-weighted adaptive lasso for US Forest
Service data
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Table 3.18: Coefficient estimates for a sample modeling tree canopy cover

Coefficients

LASSO.MA | ALASSO.MA | REG.MA
Intercept 0.252 0.250 0.257
Mean Canopy Cover 2001 0.027 0.002
Std. Dev. of Canopy 0.048 0.053 0.050
Mean of CTI —0.008
Std. Dev. of CTI —0.013
Mean of DEM —0.058 —0.067 —0.069
Std. Dev. of DEM —0.136
Mean Slope 0.141
Std. Dev. of Slope 0.048 0.051 0.054
Brightness —0.083 —0.117 —0.104
Greenness —0.154 —0.241 —0.279
Wetness 0.032 0.035 0.052
NDVI 0.214 0.289 0.320
Northness 0.038 0.034 0.037
Eastness 0.004 0.012

3.9 Analytic inference

In statistics, it is common to use a sample to make inference about a hypothetical model.
If the sample is collected from a finite population and if the sampling design is informative,
then it is important that the inference accounts for the design. As discussed in section
3.2.3, the survey-weighted lasso coeflicient vector BS can be viewed as an estimate of the
superpopulation coefficient vector 8. In that section, we proved the root-N consistency and
a central limit theorem result for BS under a joint design-model framework. In the next
section, we use the survey-weighted lasso coefficients for logistic regression to estimate the

superpopulation coefficients in the model (3.33).

3.9.1 Application: Centers for Disease Control and Prevention

An outbreak of the Zika virus occurred on the island of Yap between April 1 and July
31 of 2007. To better understand the prevalence of the virus and risk factors associated

with contracting the virus, a single stage cluster sample of households was conducted.
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The virus is believed to be transmitted by infected mosquitos Duffy et al. (2009) so the
household survey included demographic information, a blood sample tested for the IgM
antibody against Zika, and questions about each household member’s activities during the
time of the outbreak. We are interested in understanding the relationship between the risk
of an infection and the covariates collected in the survey. This information could help us
determine which members of the population are at a high risk for contracting the Zika virus.

The finite population on which the data were collected are Yap residents who are three
years or older in age. The variable of interest, Y, equals one if an individual has the IgM
antibody and showed at least one of the following suspected disease symptoms, as defined
by Duffy et al. (2009), during the period of the outbreak: rash, joint pain or red eyes. The
covariates we consider are how many days an individual was crabbing during the outbreak
period, whether the perimeter of the house was clear of vegetation, whether the house
contained any air conditioning units and the age of the individual. We assume the model
(3.33) given in section 3.3.2 is appropriate. Therefore, the survey-weighted lasso coefficient

vector is

(L)

p
B, =argmin |- Y w; {y;z]B —log [1+exp(xB)]} + A _ 3] (3.60)

B jes =
where A > 0 is the penalty parameter. If the response rate were 100%, the j-th weight
would be w; = 771 = Nyn7!, the inverse stage I inclusion probability of element j. Here,
N; equals the number of households on the island of Yap (N; = 1276) and n; is the number
of sampled households (n; = 200). For the collected survey, there are two levels of non-
response for which the weights must be adjusted. The stage I non-response represents
households included in the sample that are not enrolled in the study while the stage II
non-response represents the members of an enrolled household who chose not to have their
blood tested. Of the 200 households selected for the study, 163 households were enrolled in
the survey where at least one household member had their blood tested. Since we have no

information on the non-enrolled households, we must assume the non-enrolled houses are
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missing at random and therefore the adjusted stage I inclusion probability is

ar ="
I N,
where m; = 3 . r;, I{i € r;} = 163. The households of Yap are enumerated by the set
U, ={1,2,..., N}, the sampled households are s, C U;, and the response set of households
is r; C s;. Of the 808 people in the 163 households enrolled, only 556 allowed their blood to
be tested. Because the response rate differed across household and even across gender within
households, we cannot assume the stage II non-response is missing at random. Therefore,
within a sampled household, we have divided the residents by gender and assume constant
response rate within these groups. For the i-th sampled household, the group of females is
U;r and the group of males is U;,,. Assume the conditional first-order inclusion probability
of the j-th person in the i-th sampled house is
miFNi;1 for j € Ujr

* —_
Tl =

szNZ;} for ] S Ui[y[

where N;, = EjeUz—g I{j € Uiy} is the population size of group ¢ in population U;, m;; =
ZjeUig I{j € rig} is the response size of group g in population U;, and g is either F or M.
Also, assume the individual responses are independent. Therefore, within each household,
we are essentially conducting stratified Bernoulli sampling with two strata. There are two
cases where the stratification breaks down and we must collapse the two groups into one
group: when all members of a household are the same gender or when both genders are
present but only members of one gender allowed their blood to be tested. In these cases,
the conditional first-order inclusion probability of j-th person in the i-th sampled house is

simply
(miF + miM) (N’LF + NiM)_l .

Adjusted for both levels of non-response, the weight for person j in the i-th sampled house
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is

wy = (x7) 7 ()7

To find the survey-weighted lasso coefficient vector, we minimize the criterion given in
(3.60) using the R function optim() (R Development Core Team 2010) and find the penalty
parameter value which minimizes the AICc. The standardized coefficient paths are given
in Figure 3.6. In this formulation of the criterion, as the penalty parameter increases, the
coefficient values decrease and therefore, the penalty parameter axis is flipped. Both the age
of the respondent and the number of days spent crabbing during the outbreak period are
retained in the model selected by AICc which leads us to believe the true model is sparse
and model selection is appropriate. The odds of contracting the Zika virus increase by 3.3%
for each additional day spent crabbing when age is held constant. The odds of contracting
the Zika virus increase by 5.5% for every ten year increase in age when the number of days
spent crabbing is held constant. Therefore, when there is a Zika virus outbreak, those who
are older and frequently go crabbing are at a higher risk of infection than those who are

younger and rarely go crabbing.
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Chapter 4

Discussion and future work

4.1 Summary

In this thesis, we studied two model-assisted estimators for the finite population total: the
penalized spline regression estimator and the lasso regression estimator. The penalized
spline regression estimator is more efficient than the parametric regression estimator when
the superpopulation model is non-linear. When the superpopulation model is linear but
sparse, the lasso regression estimator is more efficient than the full regression estimator.

In chapter 2, we derived an asymptotically equivalent approximation of the penalized
spline regression estimator and found its asymptotic properties when the number of knots
is allowed to increase and the locations of the knots are allowed to change. We also con-
structed a consistent variance estimator for the asymptotic design mean squared error and
demonstrated its accuracy through simulations. We proposed an additional, more accurate
approximation to the penalized spline regression estimator, based on sample quantiles. To
obtain consistency of the sample quantile based estimator, we showed uniform convergence
of the sample quantiles to the finite population quantiles, a result which makes use of a
survey-weighted Hoeffding’s inequality.

In chapter 3, we considered the need for model selection when the amount of auxiliary in-
formation is vast. We proposed a survey-weighted lasso method for fitting the model, which
does both model selection and parameter estimation, and used the lasso fits to construct

a lasso regression estimator. We derived its asymptotic properties and through simula-
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tions, we showed it is more efficient than the regression estimator when the true model is
sparse. We also discussed variants of the lasso estimator when the data are grouped, the
study variable is binary, or when survey weights are needed. Additionally, we presented
an adaptive lasso regression estimator which has less negative bias for large coefficients
and has better model selection accuracy than the lasso regression estimator. We measured
the proportion of canopy cover for a region of Utah using the lasso estimator along with
other model-assisted estimators. In this scenario, the lasso estimators were more efficient
than the full regression estimator. Lastly, we discussed how to conduct analytic inference
using the survey-weighted lasso coefficients and under a joint design-model framework, we
proved the asymptotic properties of the survey-weighted lasso coefficients as estimates for
the superpopulation coefficients. We applied the joint design-model framework to estimate
the coefficients in a survey-weighted logistic regression model to assess the risk of infection

of the Zika virus on the island of Yap.

4.2 Future research

Wu and Sitter (2001) proposed a model calibration estimator for both linear and non-linear
superpopulation models and showed the generalized regression estimator is a special case of
the model calibration estimator. To extend the results of Wu and Sitter (2001) to different
assumed models, Montanari and Ranalli (2005) fit the superpopulation model with neural
networks and local polynomials while Opsomer, Breidt, Moisen, and Kauermann (2007)
fit the superpopulation model with a generalized additive model. We want to look at the
model calibration estimator when fitting the superpopulation model with penalized splines.
We wish to derive the asymptotic properties of the penalized spline calibration estimator
when the number of knots are allowed to increase.

Support vector machines (SVMs), a popular machine learning technique for classification
and regression, are computationally efficient because the procedure only uses a subset of
the data to make predictions. The sparse solutions arise from an e-insensitive loss function,
where data points inside an ‘e-tube’ do not contribute to predictions (Bishop 2006). To

balance desired accuracy and computational costs, one can bound the fraction of points
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outside the ‘e-tube’. Because many complex surveys consist of very large datasets, we think
SVMs would be a cost efficient tool for modeling the regression relationships in the data.
We would, therefore, like to look at the properties of a model-assisted SVM estimator and
to compare its performance and computational costs to other model-assisted estimators.

In survey statistics, we differentiate between descriptive uses (inferences about quanti-
ties from a real, identifiable finite population) and analytic uses (inferences about model
parameters from a hypothetical infinite population from which the current finite population
is a realization). Analytic inference from survey data may be complicated by informative
sampling methods, under which standard methods of analysis (like ordinary least squares
estimation for regression models) may lead to biased and inconsistent estimators. Informa-
tive sampling can be understood as a sampling method under which the distribution of the
sampled data differs from the distribution of the population data.

The problems of informative sampling, however, extend beyond surveys and can be quite
common in observational studies. Length-biased sampling, a type of informative sampling
where the sampling probabilities are proportional to the size of the variable of interest, is
very common in a variety of applications. It is used in wildlife sampling, for example, where
the method of capture-recapture selects for longer-living individuals while the method of
line transect sampling selects for larger individuals. Under length-biased sampling, the
sample mean, a standard estimator of the true mean, is both biased and inconsistent and
therefore an inappropriate estimator. Because the usual tools can yield bad results under
informative sampling, inferential methods must be adapted for this setting.

When modeling regression relationships, parametric models are often inappropriate if
flexibility is needed to cover non-linear functions or if the goal is understanding the un-
derlying trend. In both these cases, scatterplot smoothers can be quite useful. Ruppert,
Wand, and Carroll (2003) present scatterplot smoothers in the context of mixed models for
non-informative sampling but there are only a few sources in the literature that apply scat-
terplot smoothers to data derived from informative sampling. Pfeffermann and Sverchkov
(1999) develop sample likelihood approaches when the population distribution is parametric
while Chambers, Dorfman, and Sverchkov (2003) extend the approach to the case where

the population distribution is non-parametric. Wang and Bellhouse (2009) investigated a
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semiparametric model with both a local polynomial and parametric component. We find
this area of research to be quite fascinating and there is still much work to be done to

further develop the methodology.
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