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ABSTRACT

The isentropic/vortex coordinate version of semigeostrophic theory is developed
on the B-plane and on the sphere. In both cases this approach results in a simple
mathematical form in which the horizontal ageostrophic velocities are implicit and
the entire dynamics reduce to a predictive equation for the potential pseudodensity
and an invertibility relation. Linearized versions of both theories lead to a gener-
alized Charney-Stern theorem for barotropic/baroclinic instability and to Rossby
wave solutions with a meridional structure which for the 8-plane case is different
from that in quasi-geostrophic theory and for the spherical case is different from
spherical harmonics. In both cases the equator represents a singular point, so that
a more accurate term for the spherical theory is hemispheric theory.

By applying Hamilton’s principle to a Lagrangian which approximates the wind
by the geostrophic wind and to which a coordinate transformation has been applied,
it is shown how an entire class of approximate balanced models cé.n be generated
which differ only in the way in which the balance conditions together with the
horizontal coordinate transformations are defined. The equations of motion for
the long wave approximation are derived from a Lagrangian which neglects the
meridional wind. These models share an essential characteristic — they all conserve
total energy and potential vorticity.

A limitation inherent in semigeostrophic theory involves the geostrophic mo-
mentum approximation. It neglects curvature vorticity compared to shear vortic-
ity and assumes geostrophic balance, which breaks down on the equator. In an
attempt to move towards a globally balanced theory a two dimensional zonally
symmetric model in gradient wind balance is used to study the Hadley cell and
the conditions which are created by heating alone and which are favorable for the

barotropic/baroclinic instability described by the Charney-Stern theorem.
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Chapter 1
INTRODUCTION

The set of primitive equations has been successfully used in numerical weather predic-
tion for a number of years. The primitive equations are derived from the Euler equations of
compressible fluid motion with only one filtering approximation, the a.ssumptiqn of hydro-
static balance, in addition to the traditional approximation (Phillips, 1966) for a shallow
atmosphere on a sphere. Thus the primitive equations have a wide spectrum of allow-
able solutions ranging from the horizontally propagating Lamb waves to gravity modes
to the slow rotational modes. Only the slow modes are of importance for the dynamical
evolution of the larger scale flow with which numerical weather prediction is concerned.
Therefore, the prediction models currently used are working “harder” than needed by
predicting modes of atmospheric motions which are not necessary for the development of
the large s;:ale flow. More importantly the analysis of observations with which the time
integrations are started must be balanced so as not to produce spurious accelerations.
This last process is called initialization. Richardson (1922), who was the first to try his
hand at numerical forecasting and who used the set of primitive equations, failed partially .
on account of improper initialization. Aside from practicalities associated with numerical
weather prediction it is essential to be able to treat the slow modes of atmospheric mo-
tions separately for physical interpretations and understanding of the underlying physical
principles without the complexities the full primitive equation set brings with it.

Rossby (1939) introduced the first approximate dynamical model of large scale flow,
the barotropic vorticity model. It assumes that the vertical component of vorticity is con-
served in two dimensional horizontal motion on a 3-plane. This was later generalized to
the sphere by Haurwitz (1940). Ertel (1942) proved the fundamental conservation princi-

ple that potential vorticity, P, in a stratified, adiabatic, frictionless fluid is conserved. The



assumption of hydrostatic balance was not required in his proof. The question remained as
to how to simplify the primitive equations while maintaining this conservation principle.
Charney (1948) introduced the widely used and deservedly celebrated quasi-geostrophic
system using scale analysis. The classical quasi-geostrophic system (as developed by Char-
ney and Stern, 1962) provided the necessary theory for understanding baroclinic instability
and other midlatitude large scale processes. This system of equ;a,tions is balanced in that
they can neither describe sound waves nor gravity waves. The quasi-geostrophic equations
are energy conserving and possess a potential vorticity principle which is different from
Ertel’s. The advecting wind is horizontal and geostrophic, the static stability is horizon-
tally uniform and the nonlinear stretching and twisting of vorticity is neglected. Thus,
the quasi-geostrophic system can neither describe areas of large vorticity (compared to
the Coriolis parameter) nor areas of rapidly changing static stability; however, the system
has been used with a fair measure of success in situations where its assumptions seem to
be violated.

Eliassen (1948) proposed approximating momentum in the primitive equations by
geostrophic momentum, the so called geostrophic momentum approximation. Note that
in contrast to quasi-geostrophic theory the advecting wind contains both geostrophic
and ageostrophic components; the only difference from the primitive equation momen-
tum equations is that what is being advected is geostrophic wind. This is analogous to
the hydrostatic approximation in which the vertical component of momentum is neglected
but vertical advection is retained. These equations are balanced, are energy conserving
and have a potential vorticity principle. The definitions of energy and potential vortic-
ity are analogous to the corresponding definitions for the primitive equations except that
wherever the wind appears it is replaced by its geostrophic value. A drawback of the
system is that it contains two prognostic equations which are not independent, and the
ageostrophic wind is only implied. The system first blossomed out with the definition of
the coordinate transformations of semigeostrophic theory — the geostrophic coordinates.
In geostrophic coordinates the horizontal ageostrophic advection becomes implicit, regions

of high vorticity are stretched, regions of low vorticity are shrunk, and potential vorticity



takes on the role of static stability in the quasi-geostrophic system. The semigeostrophic
equations as given by Hoskins (1975) and Hoskins and Draghici (1977) are almost as simple
as the quasi-geostrophic equations, but are not limited by their restrictive assumptions and
therefore apply to more general physical situations where large shear vorticity and nonuni-
form static stability are present, i.e., such as in fronts, jets, occluding baroclinic waves,
etc. The two dimensional version of semigeostrophic theory with a height independent
deformation field (Hoskins, 1971; Hoskins and Bretherton, 1972) simulates quite realisti-
cally both surface (uniform potential vorticity assumed) and upper level (discontinuoué
potential vorticity assumed) frontogenesis. The three dimensional theory with a uniform
potential vorticity jet has produced unstable baroclinic waves evolving into the nonlinear
regime with fronts and an occluding warm sector (Hoskins, 1976; Hoskins and West, 1979;
Hoskins and Heckley, 1980). A nonuniform potential vorticity jet produces more realistic
upper tropospheric frontogenesis (Heckley and Hoskins, 1982). Schubert (1985) proposed
a computationally more convenient form of three dimensional semigeostrophic theory, the
“geopotential tendency” form, which allows time integrations of non-Boussinesq, nonuni-
form potential vorticity flows to be performed almost as easily as for the Boussinesq,
uniform potential vorticity case. More recently, Schubert et al. (1989) developed what
may be the most elegant and concise version of semigeostrophic theory — that version
which makes simultaneous use of geostrophic and isentropic coordinates. With these co-
ordinates, semigeostrophic theory reduces to two equations: a predictive equation for the
potential pseudodensity (or inverse potential vorticity) and a diagnostic equation (or in-
vertibility principle) whose solution yields the balanced wind and mass fields from the
potential pseudodensity. In vortex and isentropic coordinates the divergent part of the
circulation remains entirely implicit. In simple situations the prognostic equation can be
solved analytically offering valuable physical insight.

Two limitations of semigeostrophic theory are that it does not include a variable Cori-
olis parameter and that it proves inadequate in physical situations where the curvature
vorticity is as large as the shear vorticity. This work is concerned with mending the first

of the two limitations. An attempt is made to offer suggestions for direction of future



work in mending the second, which would not be semigeostrophic theory since it would
not include the geostrophic momentum approximation; rather it would be some different
and more general approximation to momentum with more general balance equations. A
two dimensional (axisymmetric) balanced theory for highly curved flows is the well known
set of Eliassen’s (1952) balanced vortex equations. Schubert and Hack (1983) derived a
simpler version of it for studying tropical cyclones on an f-plane by introducing a coordi-
nate transformation (potential radius) which results in similar simplifications as does the
transformation to geostrophic coordinates in semigeostrophic theory, i.e., the stretching of
high vorticity regions and potential vorticity taking on the role of static stability. Schubert
and Alworth (1987) derived the version of this model in isentropic coordinates. Similar
to semigeostrophic theory, using potential temperature as the vertical coordinate reduces
the theory to two equations — a predictive equation for the potential pseudodensity (or
inverse potential vorticity) and a diagnostic equation (or invertibility principle) whose
solution yields the balanced wind and mass fields from the potential pseudodensity. In
potential radius and isentropic coordinates the divergent part of the circulation remains
entirely implicit. By neglecting friction and assuming a simple midtropospheric heating,
Schubert and Alworth (1987) solved the prognostic equation analytically and inverted the
potential pseudodensity field to produce quite a realistic vortex at around five days. The
value of their study lies not least in the fact that it describes the evolution of potential
vorticity induced by a tropical heat source (Haynes and McIntyre, 1987). More recently,
Hack et al. (1989) have generalized the two dimensional f-plane theory of Schubert and
Hack (1983) to the sphere, to study the low latitude zonally symmetric circulation or the
Hadley cell. An isentropic coordinate version of this model is derived in the present study
(chapter 6). Closely related to the balanced vortex models is the long wave approxima-
tion model developed by Gill (1980) and later extended (Heckley and Gill, 1984; Gill and
Phlips, 1986; Stevens et al., 1989). The most general form of this model is as presented
in Stevens et al. (1989); it is derived in the present work by applying Hamilton’s prin-
ciple to a Lagrangian which neglects the meridional wind (section 4.3). Consequently,

the meridional wind neither enters the definition of kinetic energy nor potential vorticity



which have exactly the same form as for the balanced vortex model on the sphere (section
6.1). In this way the long wave approximation model is two dimensional. However, it is
not zonally symmetric and in that way it is three dimensional.

In figure 1.1 an attempt is made to summarize and clarify the discussion above. It
shows what McWilliams and Ghent (1980) called intermediate models, or those whose
accuracy lies somewhere between the quasi-geostrophic equations and the primitive equa-
tions. Obviously the figure is not completely comprehensive; it shows only some of the
models considered to be of major importance in the development and generalization of
balanced theory. The column on the left indicates two dimensional models, the one on the
right three dimensional models. As you go up the page in this figure the models become
more general. We start at the bottom with quasi-geostrophic theory and end on top with
the primitive equations. The balanced models become more general as you go up the page
in two ways. First, the earth’s geometry is better represented, progressing from f-plane
to B-plane to the full spherical representation. Secondly, the assumed balance becomes
more general as we go from geostrophic balance to gradient wind balance. Each box in
the figure indicates a particular intermediate model. The first line in the box indicates the
type of balance, the second its application and the third when and where it first appeared.
Globally valid three dimensional balanced theory, represented by the top right-hand side
box, has not yet been discovered. In particular the diagram shows that the present work
fills two boxes, the semigeostrophic theory on the 3-plane and the semigeostrophic the-
ory on the sphere. The methodology in deriving those two models was that of Salmon
(1983, 1985, 1988). We started by writing out the Lagrangian of the system, made analyt-
ical approximations to it while conserving its symmetries and transformed the horizontal
coordinates to almost canonical form. The resulting momentum equations, derived by
Hamilton’s principle, are almost canonical. This method is powerful in two respects. By
conserving the symmetries in the Lagrangian we are guaranteed by Noether’s theorem
that the corresponding conservation laws are maintained and the coordinate transforma-
tion which is so important in semigeostrophic theory, arises quite naturally as exactly

that one which renders the momentum equations almost canonical. Shutts (1988) has



Two dimensions

Balanced vortex on the sphere,
Hadley cell,

Hack et al. (1989).

Primitive equations

Three dimensions

Globally balanced theory on the sphere,
any balanced flow,
as yet undiscovered.

Long wave approximation,
equatorial flow,
Gill (1980); Stevens et al. (1989)

Balanced vortex on the f-plane,
tropical cyclones,

Eliassen (1952); Schubert and Hack (1983).

f-plane, 2-D semigeostrophic theory,
frontogenesis,

Hoskins and Bretherton (1972).

hemispherical semigeostrophic theory,
hemispheric flows,

present work (chapter 3).

B-plane semigeostrophic theory,
baroclinic waves,

present work (chapter 2).

Planetary semigeostrophic theory,
zonally elongated planetary scale flow,

Shutts (1988).

f-plane, 3-D semigeostrophic theory,
baroclinic processes,

Hoskins (1975); Hoskins and Draghici (1977).

Quasi-geostrophic equations

Figure 1.1: Development of the intermediate models considered to be of major importance
in the theory of balanced flows. Each box represents a model and the higher it is on the
diagram the more general it is. Listed in each box is the type of balance employed, the
weather phenomena studied, and where and when the model was developed.



derived a three dimensional geostrophically balanced model using the Hamiltonian frame-
work slightly differently. However, the validity of his model is somewhat restricted since
the kinetic energy equation neglects the component of the geostrophic wind parallel to the
earth’s axis of rotation.

Chapter 2 introduces semigeostrophic theory on the 3-plane and chapter 3 introduces
it on the sphere in vortex and isentropic coordinates. The development is very similar in
both cases. As in the f-plane case using those coordinates (Schubert et al., 1989), the
dynamics reduce to one prognostic equation in potential pseudodensity (which is related
to the inverse potential vorticity) and an invertibility principle. We show how the con-
servation principles of the primitive equations carry over to these approximate equations
and consider the linear dynamics.

Chapter 4 addresses Hamilton’s principle, the method used to arrive at the generalized
geostrophic momentum approximation and the accompanying coordinate transformations
of chapter 3. It is shown how an entire class of approximate models can be generated
which differ only in the way in which the balance condition together with the horizontal
coordinate transformations are defined. These models share an essential characteristic —
they all conserve total energy and potential vorticity. Finally, the equations of the long
wave approximation model are derived.

Chapter 5 proves the Charney-Stern theorem for both semigeostrophic systems. The
proof is more general than the original proof of Charney and Stern (1962).

Chapter 6 discusses balanced models in the top line of the diagram in figure 1.1, i.e.,
models more general than the semigeostrophic and long wave approximation models. In
particular, we derive the isentropic coordinate version of the theory developed by Hack et
al. (1989). It is then used to study the evolution of potential vorticity on isentropic surfaces
and the breakdown of the ITCZ. Finally, we offer some speculations on the direction of
and the framework for future work on deriving a three dimensional globally valid balanced
theory. This two dimensional theory would be a special case of the full three dimensional
theory.

Chapter 7 contains some concluding remarks.



Chapter 2

SEMIGEOSTROPHIC THEORY ON THE -PLANE

Here we explore the use of the geometric approximation of the 8-plane within the
realm of semigeostrophic theory. The Coriolis parameter is approximated by a linear

function, such that

f(y) = fo+ By. (2.1)

If 3 = 0 we have the usual f-plane approximation; if fo = 0 we are on the equatorial
B-plane; if both fp and 3 are non-zero we are on the midlatitude S-plane.

Salmon (1985) extended semigeostrophic theory to a variable Coriolis parameter in
Cartesian coordinates. However, his equation set was for a shallow water system and
although his set can be considered closed it was not in a form convenient for computa-
tions or physical interpretations. In this chapter the isentropic/vortex coordinate version
of semigeostrophic theory is developed on the $-plane. This approach results in a simple
mathematical form where the ageostrophic wind is entirely implicit. The complete dynam-
ics reduce to a form reminiscent of nondivergent barotropic dynamics — the prognostic
equation becomes an equation predicting the potential pseudodensity and a diagnostic
equation where a Laplacian-like operator is inverted.

The following section of the chapter reviews the primitive equations on a §-plane
and their conservation relations. The next section defines the geostrophic momentum
approximation generalized to the -plane; conservation relations are derived and compared
to the primitive equations results. Coordinate transformations are defined so as to make
the ageostrophic wind implicit. This results in one very simple prognostic equation. Next
the invertibility principle is derived for this system. Finally the linear dynamics of the

system are considered.



2.1 The primitive equations

Using potential temperature as the vertical coordinate, the primitive equations on

the B-plane can be written

- f)v+ o = F, (2.2)
%'ti+f() + 5 =G, (2.3)
%4- =1I, _ (2.4)
Do) = e

where u and v are the zonal and meridional components of the velocity, F and G the
components of the frictional force per unit mass, II = ¢, (p/poo)” the Exner function,

M = 011 + gz the Montgomery potential, o = —0p/96 the pseudodensity, and

D 0 0 0 . 0
E=§+u—a';+v%+9% (2.6)

the total derivative.
2.1.1 Conservation relations

The kinetic energy equation can be derived by combining (2.2) and (2.3) to get

DK oM 0OM
D +u 52 +v oy - uF + G, (2.7)

where K = 1(u? + v?) is the kinetic energy per unit mass. Combining (2.7) with the

continuity equation (2.5) gives

(oK) 8(ouK) 8(ovK) 8(cbK) oM oM
5 T, T 37 + =g touy, +av8y—a(uF+vG). (2.8)

Using the continuity and hydrostatic equations the kinetic energy equation can be written

(aIs )+ -?—(au(K+¢)) é;((nJ(K-+-<zS)) 0 (00(K+¢) d) ) = o(uF +vG - aw),
(2.9)
where w = Dp/Dt.
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For deriving the thermodynamic energy equation, multiply (2.5) by ¢,T to obtain

) d 0 0, ;
a(acpT) + (,—);(aucpT) + a—y(avcpT) + %(OGCPT) = o(Q + ow), (2.10)

where Q = I10. Adding (2.9) and (2.10) we obtain the total energy equation
i} d
(a(K +6T)) + 5 (ou(K + M) + (av(K + M) + 5o (ob(K + M) - 22 =)

= o(uF + vG + Q). (2.11a)

Before integrating (2.11a), we adopt an idea which has proved useful in such contexts as the
definition of available potential energy (Lorenz, 1955), the analysis of baroclinic instability
(Bretherton, 1966; Hoskins et al., 1985; Hsu, 1988), and the finite amplitude Eliassen-
Palm theorem (Andrews, 1983). The idea involves what happens when an isentropic
surface intersects the earth’s surface. We can regard such an isentrope as continuing just
under the earth’s surface with a pressure equal to the surface pressure. At any horizontal
position where two distinct isentropic surfaces run just under the earth’s surface (and
hence have thé same pressure), there is no mass trapped between them, so that ¢ = 0
there. Let us regard the bottom isentropic surface fg as the largest value of @ which
remains everywhere below the earth’s surface. Assuming the top boundary 6r is both an
isentropic and isobaric surface and assuming no topography and vanishing 8 at the top

and bottom, we can integrate (2.11a) over the entire atmosphere to obtain

(‘% / / / (K + ¢;T)odzdydd = / / / (uF +vG + Q)odzdyds. (2.11b)

The equation for the absolute isentropic vorticity ¢ can be derived from (2.2) and

(2.3). It takes the form

.12_4_ Ou a”)_(i i)' oG _9F
¢ (Ba: ay) = \Cas T8y ) T 50 "By (2.12)
where
(% Ou 6v Oou
Equation (2.12) can be written in the alternative flux form
d(uwoP-€6-G) 0(voP-nf+F
o) , 2 ) 2P b+ ) _ (214)

at Oz dy -
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where P = (/o is the Rossby-Ertel potential vorticity. The equivalence of (2.12) and

(2.14) follows easily from the fact that

9  on o _
amtoyTa ="

The significance of (2.14) has recently been discussed by McIntyre (1987) and Haynes
and McIntyre (1987), who emphasize the fact that for the primitive equations in the
isentropic coordinate the flux form (2.14) leads directly to the notion that even when
mass is crossing isentropic surfaces the potential vorticity flux is exactly isentropic (i.e.,
this flux is along the isentropic surface). Thus, the Haynes-McIntyre theorem states that
even with diabatic heating and frictional forces “there can be no net transport of Rossby-
Ertel potential vorticity across any isentropic surface” and that “potential vorticity can
neither be created nor destroyed within a layer bounded by two isentropic surfaces”. In
this sense, an isentropic surface is impermeable to potential vorticity, and the potential
vorticity in a layer between two isentropic surfaces is indestructible as long as the layer
does not meet a boundary such as the earth’s surface. Creation or destruction of potential
vorticity within this layer can only occur at the ground.

We can now eliminate the horizontal divergence between (2.5) and (2.12) to obtain

the potential vorticity equation,

DP_1[£80 09 0 4G 6F]. (2.15)

d
Dt ettt e oy
In the absence of friction and heating the potential vorticity P is conserved. Alternatively,

we can derive an equation involving the inverse potential vorticity.

Do* o* 5] g ad\. 080G OF o*
et g m) it m g =t o)
where
a‘:a'f(Ty)- (2.17)

is the potential pseudodensity. The potential pseudodensity on an f-plane was discussed
by Schubert et al. (1989). In that case the right hand side of (2.16) vanishes so that o*

is the pseudodensity the fluid element would acquire if ¢ were changed to the constant f
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under a frictionless and adiabatic rearrangement process. In this case of a variable Coriolis
parameter we have a (-term to contend with. However, in the semigeostrophic system
with the appropriate coordinate transformations, the geostrophic potential pseudodensity
equation takes on a very simple form. In fact as we shall see from the simplicity of (2.43) o}

seems to be a more convenient variable than the more commonly used potential vorticity.

2.2 The semigeostrophic equations on the §-plane

As approximations to the isentropic coordinate version of the primitive equations on

the B-plane let us consider

Du, _
S - (f¥)o+ By - Y)vy) 5 = b (2.18)
D, oM
S+ (F(u+ By -Y)u,) + 5y = O (2.19)
where (ug,vy) are the geostrophic wind components, given by
oM oM
(S5, =1V )5) = (G 5 ) (220)
and Y is defined by
u
Y =y-—L-. 2.21
YT R (2:20)

Note that (2.18) and (2.19) revert to the primitive equations if ug, vy and Y are replaced
by u, v and y, and to the f-plane geostrophic momentum approximation when 8 = 0
(Eliassen, 1948; Hoskins, 1975). Now the definition of the geostrophic wind involves eval-
uating the Coriolis term at the transformed latitude, Y. The 3 terms in (2.18)—(2.19) can
be regarded as corrections for the fact that f is taken at Y rather than y. The generalized
geostrophic momentum approximation preserves important conservation principles of the
primitive equations. Additionally, an accompanying coordinate transformation will lead

to a simple prognostic equation.
2.2.1 Conservation relations

Derivation of the kinetic energy equation proceeds along exactly the same lines as for

the primitive equations. Combining (2.18) and (2.19) and now defining

K= % (ug + vg) (2.22)
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we obtain (2.7). Thus, (2.11) is valid even when the generalized geostrophic momentum
approximation has been made provided K is defined as in (2.22).
The equation for the absolute isentropic geostrophic vorticity {; can be derived from

(2.18) and (2.19). It takes the form

2o (g tg) - (63 +gs)

d [0X Yy 0 [0X Yy
" oz ['B?F“L B—yG] " By [0:1: F+ EEG] (2.23)
where
o (X,Y) 8(X,Y) 8(X,Y)
(€gsM9:Cg) = F(Y) ( 3(s,9) ' 8(8,z)  (z,9) ) . (2.24)

with X defined below in (2.27). Equation (2.23) can be written in the potential vorticity

form
0(cP,) _Q_ ( Yy 0X 3 8_Y )
e + 32 uo Py — £,0 — By —F 9y G

0 . aX ay
+8—y (van —ngf + —F + —G) =0,

S+ (2.25)

where P, = (,/o is the geostrophic Rossby-Ertel potential vorticity. The equivalence of
(2.23) and (2.25) follow easily from the identity

&g + 0ng + 0,

Bz Ty T =0

Equation (2.25) is the semigeostrophic equivalent of equation (2.14). From the above we
conclude that the primitive equation result of Haynes and McIntyre also holds when we
make the geostrophic momentum approximation.

We can now eliminate the horizontal divergence between (2.5) and (2.23) to obtain

Dlofe)  (0lla) (6,2 40, 0 (206G _2G) (a9)

Di G, \oaz T gy o5 oY) Loy " ax)”

This is an equation for the geostrophic potential pseudodensity. The coordinate trans-

formation in the next subsection will greatly simplify this equation in that it makes the

ageostrophic advection totally implicit.
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2.2.2 Coordinate transformation

Hoskins and Draghici (1977) first pointed out the duality between the use of
geostrophic coordinates in the horizontal and the isentropic coordinate in the vertical.
This duality has been further discussed by Gill (1981) and Heckley and Hoskins (1982).
The combined use of geostrophic and isentropic coordinates has been discussed theoreti-
cally by McWilliams and Gent (1980) and has found application in the two dimensional
upper tropospheric frontogenesis study of Buzzi et al. (1981) and the two dimensional
response to squall lines study of Schubert et al. (1989). Similar to the f-plane study of
Schubert et al. (1989), we are concerned with the simultaneous use of vortex coordinates
— which on the f-plane are the geostrophic coordinates — and isentropic coordinates,
because it will lead to an elegant version of the geostrophic poten‘tial pseudodensity equa-
tion. Thus, let us introduce the vortex coordinates X and Y which are in fact Salmon’s

generalized geostrophic coordinates

(X,Y) = (a: + (2.27)

Vg y— Ug )
fY)y"  fY))”
Derivatives in (z,y,6,t) space are then related to derivatives in (X,Y,0,T) space by

d 06X 0 9Y 0 )

% = wox T aror T oT (2.28)
a% _ %{;’_aix+3a_§aiy, (2.30)

since T =t and © = 4. Inverting (2.29) and (2.30) to obtain
o(X,y)o _ ¥4 9Yo (2.32)

d(z,y) X  dyor 0zoy
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a(X,Y) 9 0X9 09X
L) 9 o 22 2.
3(z,9) Y _ 9y 0z | 0z dy’ (2:33)
and applying (2.28), (2.31), (2.32) and (2.33) to the Bernoulli function
|
M* =M+ (u)+3), (2.34)
it can be shown that
(OM oM oM BM) _ [oM* oM* _ﬂ(ug-i-vg) oM* oM* (2.35)
0z’ 8y’ 98’ 4t ) \ 98X’ oY f(y)y o0’ or ’
We can also use (2.32) and (2.33) in (2.34), along with (2.24), to obtain
3] a 9
G356 —€g%+7195“y‘+(g55, (2.36)

which shows that 3/00 is actually the derivative along the vorticity vector and thus the
name “vortex coordinates” for (X,Y). Note that (2.36) leads to considerable simplifi-
cations. Combining the vorticity and continuity equations one obtains the geostrophic

potential vorticity equation,

ot %56 = 1wy

DP, 80 P, (aG 8F)
9X ~ oY (2:37)

where Py = (/0.
The transformation relations (2.28)—2.31) also imply that the operator (2.6) can be

written as

D 0 DX @ DY 0 a
D=5t Drax T Drav T 936 (2.38)

Writing (2.26) in terms of o; where we define the geostrophic potential pseudodensity as

Y
o, = f(Cg ) (2.39)
and using (2.37) we get
0o, DX do ; DY o, a .
i+ o+ oy (78) + 6 ()
o, [0G OF
+7rks [B_X _ 6_Y} — 0. (2.40)
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Using (2.18), (2.19) , (2.20), (2.27) and (2.35) it can easily be shown that

DY _ oM

MM or=5x 5 (2.41)
DX _ oM

-5y =5v -G (2.42)

A major advantage of the transformation from (z,y,6,t) space to (X,Y,0,T) space is
the change from advection by (u,v) to advection by (DX/Dt, DY/ Dt) given in (2.41) and
(2.42). The total time derivative does not contain any ageostrophic advection, thus (2.40),
the geostrophic potential pseudodensity equation, does not contain any ageostrophic ad-
vection.

Using the canonical momentum equations (2.41) and (2.42) we can now write the
geostrophic potential pseudodensity equation (2.40) in flux form as

do; & ( .DX\, d (DY), K d (.
ﬁ+aX(th>+W(9Dt)+bE(99)—O- (2.43)

The horizontal flux terms can be written in the Jacobian form

o, 0 (M (53/1(¥)) | 2 (___ G)

oT a(X,Y) f(¥)

-0 ag 7]
tov ( f(y) )+ (036) =0, (2.44)

which serves as the fundamental predictive equation of the model.
2.2.3 Invertibility principle

The geostrophic potential pseudodensity oy is a combination of the mass field o and
the geostrophic wind field 3(X,Y)/d(z,y). However, since ¢ is related to M* through
hydrostatic balance and 3(X,Y)/0(z,y) is related to M* through (2.24) and geostrophic
balance, oy depends only on M*. Thus, everything can be obtained from o} if we can
somehow invert it to obtain M*. The relation between M* and o} is derived as follows.
From the definition of o we have

f(¥)on

o 1=, (2.45)
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where I' = dIl/dp = kIl /p. Using (2.24) this last equation can be written

o(z,y,1I)

m,—@) +To™=0. (246)

Using the geostrophic, hydrostatic and coordinate transformation relations, we can express

z, y and II in terms of M™* as
(2,3, = (X - f2M%, Y — [ - BF3M5P), M), (247)

where we have used the shorthand notation f2 = f(Y)(2f(Y) ~ f(y)) and f = f(Y).
Substituting (2.47) into (2.46), we obtain

Myx -2 P(f2Mp - BF3MED), My

—=| P Mz)y P2y - ﬁf“’Mﬁ))Y —f2 Mg, |+To*=0, (2.48a)

Mo PF200p - 8FMzY), Mae
which expresses the invertibility principle in terms of the determinant of a Hessian-type
matrix. Shutts and Cullen (1987) have discussed in detail the relation of hydrodynamic
stability and the positive definiteness of such matrices. The upper boundary is assumed
to be an isentropic and isobaric surface with potential temperature @7 and pressure pr,

thus the upper boundary condition for (2.48a) is simply
Mg =1(pr) at 0 =0r7. (2.48b)

Since we are neglecting the effects of topography and assuming that the lower boundary
is the constant height surface z = 0 and the isentropic surface © = @, then M = OII at

© = Op. Written in terms of M™*, this lower boundary condition becomes

oMy — M* + 21? [ %+ (Mg +28f7 (0M3 - M*))2] =0 at ©=0p. (2.48¢)

The lateral boundary conditions depend on the particular application, but typically might
consist of a zonally periodic midlatitude region with v, = 0 on the southern and northern

boundaries (or v; — 0 as Y — o). In any event, for a given o}, we can regard (2.48) as
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a nonlinear second order problem in M*. Note that ' and f both depend on M*. The
mathematical problem (2.48) is a generalization of the f-plane case discussed by Schubert
et al. (1989). In particular, when f is assumed to be a constant, (2.48) reduces to their
(2.14), while if we further assume that 8/3Y = 0, the middle elements of the first and third
rows and the first and third columns vanish, in which case (2.48) reduces to their (3.2).
An efficient multigrid solver for the two-dimensional f-plane case has been developed by
Fulton (1989).

Equations (2.44) and (2.48) form a closed system for the prediction of ¢} and the
diagnosis of M*. Since the problem of isentropes intersecting the earth’s surface has been
addressed by adopting the massless region approach outlined in section 2.1.1, the system
(2.44) and (2.48) can in principle handle surface frontogenesis. Since ¢ = 0 in the massless
region, o; = 0 there also. Thus, the prediction of o} by (2.44) includes predicting the
movement of the o; = 0 region. This procedure is consistent with Bretherton’s (1966)
notion that “any flow with potential temperature variations over a horizontal rigid plane
boundary may be considered equivalent to a flow without such variations, but with a
concentration of potential vorticity very close to the boundary”. We have simply replaced
Bretherton’s thin sheet of infinite potential vorticity with a thin sheet of zero potential
pseudodensity and chosen to predict the evolution of the entire o} field (including this
zero potential pseudodensity region) with (2.44). Of course, such a procedure has impli-
cations for the numerical methods used to solve (2.44) and (2.48) since we must cope With
discontinuities in 0. However, workable schemes do exist. For example, recently Arakawa
and Hsu (see Chapter V of Hsu, 1988), in the context of solving (2.5) in a primitive equa-
tion model, have proposed a finite difference scheme which has very small dissipation and

computational dispersion and which guarantees positive definiteness.

2.2.4 Linear dynamics

For simplicity let us consider adiabatic, frictionless flow for the near Boussinesq case
in which T is set equal to the constant I'g, where I'o = R/pp. Then, linearizing about a

basic state of rest with o9 = (pg — pr)/(® — ©p5), the potential pseudodensity equation
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(2.44) becomes
(2.49)

gy = 00) aM*

0
f2(Y)ﬁ( = b5

while the invertibility relation (2.48a) becomes

go

*M* 0 1 oM*\  fHY)O*M* O, =00\ _
0Xx? + fZ(Y)a_Y (fz(Y) oYy )+ Tooo 002 + 1) ( gao > =0 (250)

Eliminating o} between (2.49) and (2.50) we obtain

o [o°M* .0 1 oM™\  f¥Y)o*Mm* oM*
B—T{ axz T ¥)gy (f2(Y) 3% ) * Toog 007 [ TPox =0 (281)
Subtracting the basic state M, where M* = M + M we obtain
d [*M 0 1 oM FAY) 02 M oM
aT { axz T Wy ( 7Y) ay) Tooo 007 [ tPox =0 (25%2)
with the vertical boundary conditions ((2.48b) and linearized (2.48c))
oM
(9_9 =0 at 0= (‘.‘)T, (2.52b)
oM
055 -M=0 a ©=65 (2.52¢)

Let us assume that we are on a midlatitude 3-plane in the northern hemisphere and that
it is infinite in the positive direction (northward) and reaches Y, in the negative direction

(southward). We impose the following conditions
M=0 when Y =Y,, (2.52d)

M-0 a Y oo, (2.52e)

where Yy > — fo/3, which simply means that the 8-plane does.not cross the equator. Note
that f2(Y') = 0, which corresponds to the equator, represents a singular point for (2.52).
Thus, there can be no waves travelling across the equator. In appendix A, vertical, zonal
and meridional transforms are defined to solve (2.52). An explanation for this particular
choice of meridional limits can be found therein. For now, let us simply remark that
the development for the vertical and zonal transforms is identical to the one for standard
quasi-geostrophic 3-plane theory (Lindzen, 1967). The meridional transform is different.

In quasi-geostrophic 3-plane theory the three f2(Y) factors in (2.52) are replaced by the
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constant f2, which results in a trigonometric variation of M in the meridional direction.

By contrast, the solutions of (2.52) are of the form
M ~ e P2yt 2)(32) cos [ (Toao) /X (0r — )] XX +47), (2.532)

where Ls.a) are the generalized Laguerre polynomials (Magnus et al., 1966, pages 239-
249), a = £3/2, ¥ = (Be))~Y*(fo + BY), and I is the index of the vertical mode. The
linearized lower boundary condition (2.52c) is satisfied if the constants ¢; are the solutions
of the transcendental equation ¢;"}(Tocg)!/?dp tan [c,’l(I‘oao)I/ 2(6r - 6p )] = 1. The La-
guerre polynomials can be expressed in terms of Hermite polynomials which makes (2.53a)

somewhat less compact. The dispersion relation associated with the solution is

pm
= . 2.53b
Y m2+g(4n+2a+2) ( )

Thus, the midlatitude quasi-geostrophic and semigeostrophic Rossby wave solutions differ

essentially only in meridional structure.



Chapter 3

SEMIGEOSTROPHIC THEORY ON THE HEMISPHERE

Our final extension of the isentropic/vortex coordinate version of semigeostrophic
theory is to spherical geometry. The basic theoretical structure is the same as for the f-
plane study of Schubert et al. (1989) and for the §-plane study in the previous chapter. As
before this approach results in a simple mathematical form for the prognostic equation (o}
or the geostrophic potential pseudodensity equation), where the ageostrophic velocities are
entirely implicit, and an invertibility relation for obtaining the potential field (M*) from
0. Thus, the complete dynamics reduce to a form reminiscent of nondivergent barotropic
dynamics; the prognostic equation having become an equation predicting the geostrophic
potential pseudodensity with an invertibility principle where a Laplacian-like operator has
to be inverted. This dynamical structure has been successfully used to study the evolution
of potential vorticity and wind in tropical cyclones (Schubert and Alworth, 1989) and it
will be used in chapter 6 to study a Hadley cell problem. This general approach is probably
the simplest way to look at all types of balanced flows.

It should be emphasized that semigeostrophic theory on the sphere is essentially a
hemispheric theory since it cannot handle crossequatorial flow. The extension of semi-
geostrophic theory from the 3-plane makes the study of extensive baroclinic waves more
realistic not to mention the benefits to stratospheric studies. Matsuno (1970 and 1971)
used quasi-geostrophic theory on a hemisphere to study stratospheric sudden warmings.
Semigeostrophic theory is more suitable to study that problem since it allows for vari-
able static stability; however the mathematical problem of solution is quite similar. The
study by Hoskins et al. (1977) of energy dispersion in a barotropic atmosphere showed

clearly that for phenomena of a scale somewhat less than planetary, even when the local
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dynamics are well represented on a 3-plane, latitudinal tilts and the propagation of en-
ergy are strongly influenced by a variation in 3. Moreover, realistic zonal flows did not
produce much response in the other hemisphere. Thus, it is speculated that the present
semigeostrophic theory will prove to be quite useful.

As in the previous chapter the fundamental prognostic variable is the potential pseu-
dodensity, which is closely related to the potential vorticity and gives an instantaneous
view of the total balanced mass and windfields. The power of analyzing potential vorticity
on isentropic surfaces has been well documented by Hoskins et al. (1985) who state that
“it is found that time sequences of isentropic potential vorticity and surface potential tem-
perature charts — which succinctly summarize the combined effects of vorticity advection,
thermal advection, and vertical motion field — lead to a very clear and complete picture
of the dynamics”. However, the emphasis of their study was different from the present
one. Their study was concerned with the diagnosis of data in terms of potential vorticity
rather than with using it as a concept for modelling. For their purposes it was quite suffi-
cient to present the invertibility principle in physical coordinates, since it is no harder to
solve in those coordinates than in the geostrophic ones. They did not concern themselves
with a prognostic equation and how it might best be presented. The real importance of
geostrophic coordinates is revealed when we need to predict. Then it becomes imperative
to get rid of the ageostrophic advection because otherwise we are forced to solve diagnostic
equations (equivalent to the w equation in quasi-geostrophic theory) for each component
of the ageostrophic wind.

The first section of this chapter will present the primitive equations on the sphere
and derive their conservation principles. The next section introduces the generalized
geostrophic momentum approximation along with the conditions for geostrophic balance.
The corresponding conservation principles are derived for the approximate momentum
equations. The true power of the methodology is revealed with the coordinate transfor-
mation which makes the ageostrophic circulation completely implicit. Next, the invert-
ibility principle is derived. Finally, the linear dynamics of the approximate system are

considered.
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3.1 The primitive equations

Using potential temperature as the vertical coordinate, the quasi-static primitive

equations with the “traditional approximation” (Phillips, 1966) can be written

oM
uvsin ¢ 4+ M

Du )
cos qﬁ—ﬁ? - 2Qsingvcosp — PEYY = Fcos ¢, (3.1)
cos¢-—-—+2Qs1n¢ucos¢+ ° sm¢+c BqS = G cos ¢, (3.2)
oM
55 =1 (3.3)
Do du O(v cos @) 6_6 _
Dt to (acosdx?A + acos 8¢ + 80) =0, (3-4)

where u and v are the zonal and meridional components of the velocity, F and G the
components of the frictional force per unit mass, Il = ¢, (p/poo)” the Exner function,

M = 011 + gz the Montgomery potential, ¢ = —9p/d6 the pseudodensity, and

D 0 0 d . 0
Dot uacos¢8/\ t va@q& + 00_0- (3.5)

the total derivative.
3.1.1 Conservation relations

The zonal momentum equation, (3.1), can be written in terms of absolute angular

momentum as

% (ucos¢+aQ cos? ¢) a;i = Fcos¢. (3.6)
In the absence of external torques the absolute angular momentum per unit mass, « cos ¢+
af) cos? ¢, is conserved.

The kinetic energy equation can be derived by combining (3.1) and (3.2) to get

DK + oM . oM
Dt uacos¢6A vac’)q&

= uF +vG, (3.7)

where K = J(u? + v?) is the kinetic energy per unit mass. Combining (3.7) with the
continuity equation (3.4) gives

d(oK) . 8(ouk)  d(ovcospK) & (obK) oM oM
ot a cos pOA acos ¢pd¢ FY) I o SO +o (9¢> = o (uvF + vG).
(3.8)
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Using the continuity and hydrostatic equations the kinetic energy equation can be written

2(oK) , O(oulK +92)) , doveosd(K +g2)) , ? (sdK +92) o ( _8_2)

ot a cos pAA a cos p0¢ 00 Y 9% 3¢

=o(uF +vG - aw), (3.9
where w = Dp/Dt.
For deriving the thermodynamic energy equation, multiply (3.4) by ¢,T to obtain

0(ouc,T)  O(ovcosge,T) 8 ¢ _
a cos ¢pOA acos ¢p0d t 59 (chPT) =0(Q + aw), (3.10)

d
ETS (oc,T) +

where Q = I16. Adding (3.9) and (3.10) we obtain the total energy equation

)

5;(0’([( + c,,T)) +

(au(K + M)) + (av cos (K + M))

_9 _9
a cos paA a cos pO¢P

9/ . )
+5—é(ao(1( + M) - d)gg) = o(uF + G + Q). (3.11a)

The lower boundary will be regarded in the same way as it was in the previous chapter.
This way of viewing isentropes crossing the earth’s surface has proved useful for the def-
inition of available potential energy (Lorenz, 1955), the analysis of baroclinic instability
(Bretherton, 1966; Hoskins et al., 1985; Hsu, 1988), and the finite amplitude Eliassen-
Palm theorem (Andrews, 1983). An isentrope crossing the surface of the earth is assumed
to continue just under the earth’s surface with a pressure equal to the surface pressure. At
any horizontal position where two distinct isentropic surfaces run just under the earth’s
surface (and hence have the same pressure), there is no mass trapped between them, so
that o = 0 there. The bottom isentropic surface 6p is the largest value of # which remains
everywhere below the earth’s surface. We can integrate (3.11a) over the entire atmosphere

to obtain

585/// (K + ¢,T)oa? cos ¢ dAdgdd = / / / (uF +vG + Q)oa® cos pdAdgdd,  (3.11b)

where we have assumed that the top boundary f7 is both an isentropic and isobaric

surface, there is no topography with a vanishing 6 at the top and bottom.
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The equation for the absolute isentropic vorticity { can be derived from (3.1) and

(3.2). It’s form is

D¢ Ou O(vcos @)\ _ i) 0\ ; oG O(F cos ¢)
Dt +¢ (acosqba/\ + acos¢3¢) - (facos dOA + na@d)) b+ a cos pOA " acos$d’
(3.12)
where
_(_9v ou . dv__ 9(ucosg)
(&mn¢) = ( 09’ 30’2951n¢+ acos O\  acos ¢3¢) ' (3.13)

Equation (3.12) can also be written in the flux form

3(;}3) s 0 (uoP —£6 - G) ; 0 ((vaP — 18 + F)cos d)) _o, (3.14)
t a cos paA a cos pd¢

where P = (/o is the potential vorticity. The equivalence of (3.12) and (3.14) follows

easily from the fact that the curl of the vector vorticity vanishes, or

o€ d(ncos @) _B_C_ _
a cos pOA + a cos 0P + a0 0.

The relation expressed in (3.14) is the spherical equivalent of the 3-plane result in (2.14),
the Haynes-McIntyre theorem. Thus, even in the face of diabatic effects the total potential
vorticity between two isentropic surfaces does not change, it is simply redistributed so that
a deficiency in one area is met with a surplus in another one bounded by the same isentropic
surfaces. This idea seems to be closely related to the idea of a reference state in Hoskins
et al. (1985), the existence of which was one of the three conditions for inversion of the
potential vorticity field to obtain the complete flow field. It may be more correct to think
of the reference state as expressing the mass distribution of potential vorticity rather than
the mass distribution of potential temperature which obviously changes when diabatic
effects are included. A case in point, Schubert and Alworth (1987) solved the invertibility
principle and proved the uniqueness of their solution when heating played the major role
in forcing the flow. In the next section, we shall show that the Haynes-McIntyre theorem
is valid for the semigeostrophic equations on the sphere.

The potential vorticity equation is derived by eliminating the horizontal divergence
between (3.4) and (3.12) to obtain

DP 1 Bl 26 .06 G O(F cos $)

Dt o £acos¢(')x\ +nat9¢ + Cgé + acos¢d\  acosdd |

(3.15)
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In the absence of friction and heating the potential vorticity P is conserved. Defining the
potential pseudodensity as o* = 2Qsin ¢ o/{ we can just as easily derive an equation for

o* since o* = 20 sin ¢/ P. The potential pseudodensity equation takes the form

Do* o d 0 LAY 0G _ 9(Fcos QS)]
Dt + ¢ [(facosdﬁz\ +na6¢ +¢ )0 acos$dX  acos $0¢
a’
2Qsm¢ Dt2951n¢ (3.16)

The physical meaning of 0* on the f-plane and on the S-plane was discussed in Schubert et
al. (1989) and in the previous chapter, respectively. Here it must suffice to say that in the
semigeostrophic system on the sphere with the appropriate coordinate transformations the
geostrophic potential pseudodensity equation takes on a very simple form. Indeed, (3.45)
is so simple that o; seems to be a more natural variable than the more commonly used

potential vorticity.

3.2 The semigeostrophic equations on the sphere
As approximations to the primitive equations (3.1) and (3.2) let us consider

D
cos ‘I’—D%—g - 202 [sin(I) vcos ¢ + (sin ¢ — sin @) v, cos <I>]

Uyl sin ® + oM
a adl

= Fcos @, (3.17)

cos p—= D 4 2Q[smf1> ucos ® + (sin¢ — sin @) u, cos¢]
ug sin ® cos ¢ _c?__ _
BT T + cos ® Y G cos ¢, (3.18)

where (ug,v,) is the geostrophic wind on the sphere, given by

c s¢ oM
2Q nd+ 208 = =0, (3.19)
. oM
—2Qsin ® cos P vy + == 0, (3.20)

and where ® is defined as

a(sin ¢ — sin ®)2Qsin & = u, cos . (3.21)
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Comparing the approximate momentum equations (3.17) and (3.18) to the momen-
tum equations of the primitive equations set (3.1) and (3.2) reveals several interesting
differences. Approximating momentum by the geostrophic momentum involves making
selective changes to the latitude as well as changing (u,v) to (ug,v,) everywhere except
in the “Coriolis term”. The latter now splits into two terms which can be interpreted as
coming from the linear expansion of sin ¢ around sin ®. The transformed latitude also
enters our definition of the geostrophic wind (ug, v,) in (3.19) and (3.20). The geostrophic
momentum approximation generalized to the sphere maintains important conservation
principles of the primitive equations. In addition, an accompanying coordinate transfor-

mation will lead to a simple prognostic equation.

3.2.1 Conservation relations

Writing (3.17) in terms of approximate angular momentum gives

D 2 oM
Di (aQ cos ‘b) 2 = Fcos ®. (3.22)
This is equivalent to
D (sin ¢ + sin ®) 2 ) oM
D (ug cos ® 5en® + afQlcos* @ | + W Fcos?, (3.23)

which makes apparent the approximation to the angular momentum in (3.6) and shows
that @ is closely related to an approximate angular momentum coordinate.
Derivation of the kinetic energy equation proceeds along exactly the same lines as for

the primitive equations. Combining (3.17) and (3.18) and now defining
K=: (2 +22) 3.24
= 5 ug + ‘Ug ( . )

we obtain (3.7). Thus, (3.11a) and (3.11b) are valid with the generalized geostrophic
momentum approximation provided K is defined as in (3.24).

The equation for the absolute isentropic geostrophic vorticity {; can be derived from

(3.17) and (3.18). We can write
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DCg ( ou 6(vcos¢)) _( i} 0 ) .
o a cos A + acospdo / 9 @ cos pOA g ad¢ d
3 dA oo i} 0A 0d
- a cos pOA [8(}3 s+ 57 0¢ ] a cos ¢d¢ [Bz\F cos ® + 5XG] (3.25)

where the geostrophic vorticity vector is

. (0(A,sin®) B(A,sin®) J(A,sin &
(&/(acos$), (ngcosd)/a, (;) =20sin® (8((sinSl¢n,0))’ (a(os,li) ) a((A.:?l ¢)) )

(3.26)

with A defined below in (3.29). Equation (3.25) can be written in the potential vorticity

form
d(oPy) d ( 5 0A _ 02 )
o + 208 402 uoPy — &40 a¢Fcos‘I> 3¢G
d . oA 0%
+m ((van ~ 7g0) cos ¢ + a/\Fcos<I> + aG) =0, (3.27)

where P, = (y/o is the geostrophic Rossby-Ertel potential vorticity. Again, the equiva-
lence of (3.25) and (3.27) follow easily from the fact that

9, 9(ng cos ¢) ?f_g, -
acos¢8/\+ a cos pd¢ + 0 =0

Equation (3.27) is the semigeostrophic equivalence of equation (3.14) and we conclude
that the primitive equation result of Haynes and MclIntyre is maintained when we make
the geostrophic momentum approximation generalized to the sphere.

Eliminating the horizontal divergence between (3.4) and (3.25), we obtain a form of

the geostrophic potential pseudodensity equation

D(a/¢) | (/<) 3 9 A\ ;
Dtg + ng (Egacoséaz\+nga3¢+cg.f—)§)o

(a/¢y) [B(Fcosq)) oG ] (3.28)

T 20sin® | adsin®  acos®IA]

When we make the coordinate transformation this equation simplifies greatly.
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3.2.2 Coordinate transformation

The duality between the use of geostrophic coordinates in the horizontal and the
isentropic coordinate in the vertical is well known. Hoskins and Draghici (1977), Gill
(1981), Heckley and Hoskins (1982) all discussed it. The purpose of the coordinate trans-
formation here is the same as before: to make the ageostrophic circulation completely
implicit. Combining vortex coordinates, which are just two of the Clebsch potentials of
the wind field, with the isentropic coordinate produces the desired result. Again this will
lead to an elegant version of the geostrophic potential pseudodensity equation. Thus, let

us introduce the vortex coordinates

Yg

(A,sin®,0,T) = (’\+m’

ing— g2
sin ¢ a2Qsin¢’o’t)’ (3.29)

Derivatives in (), ¢,0,t) space are then related to derivatives in (A, ®,0,T) space by

0 oA 0 0% 0 0

3% = Bton T at5e T T (3:30)
_(% - %%4.%%%, (3.32)
Inverting (3.31) and (3.32) to obtain
(A,8) 8 9% 0 0% 0
509K = 0% 0r 36 (3.34)
%%%565 - _g_g% + g_’;%, (3.35)
and applying (3.30), (3.33), (3.34) and (3.35) to the Bernoulli function
M* =M+ % (u2+12), (3.36)
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it can be shown that

(3M oM BM) (BM“ oM™ 6M*>
o\’ 98’ ot 0N’ 00’ OT

(3.37)
OM _ cos¢ [OM* ul+ vk (cos? @ —sin® B)
8¢  cos® | 0% sin ® cos & '
We can also use (3.34) and (3.35) in (3.36), along with (3.26), to obtain
g 0 7]
Cg% _ggacoswz\+nga8¢+cg5-5’ (338)

which shows that (A,®) are vortex coordinates. Note that (3.38) leads to a consider-
able simplification. Combining the vorticity and continuity equations one obtains the

geostrophic potential vorticity equation,

DP, 6 P, < 0G O(F cos @))

~Fgg = acos®IA  adsind

Dt %50  2Qsin® (3.39)

where Py = (,/0.
The transformation relations (3.30)-(3.33) also imply that the operator (3.5) can be
written as
D 8 DA3 D® O 0

Do T DAt Dios T 9% (3.40)

Writing (3.28) in terms of o, where we define the geostrophic potential pseudodensity as

o = QQsm@U, (3.41)
Co
and using (3.39) we get
0o, DA0Oo, Dsind . 9 o, 9
o7 tDroa T D " osne (sinq> + 55 (03)
a, 0G  9(Fcos <I>)] _
+2Q sin® lacos®IA  alsin® | 0. (342)
Using (3.17), (3.18) , (3.19), (3.20), (3.29) and (3.37) it can easily be shown that
. ~Dsin® OM*"
2Qasin ® Dt = k- Fcos®, (3.43)
2Qasin (I>—D—A- = - oM + G . (3.44)

Dt adsin®  cosd
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A major advantage of the transformation from (A,¢,8,t) space to (A, ®,0,T) space is
the change from advection by (u,v) to advection by (DA/Dt, D®/Dt) given in (3.43) and
(3.44). The total time derivative does not contain any ageostrophic advection, thus (3.42),
the potential pseudodensity equation, does not contain any ageostrophic advection. It is
all implicit in the coordinate transformation.

Using the canonical momentum equations (3.43) and (3.44) we can now write the
geostrophic potential pseudodensity equation (3.42) in flux form as

0o; 9 ( .DA ) «Dsin® 0 [ up\ _
aT " 3A ("gﬁ) METTY ("9 Dt ) + 30 (3) =0 (3.45)

The horizontal flux terms can be written in the Jacobian form

o7, 1 8 (M, (o;/5in ®)) 18 (o
9T ~ 2047~ 9(A,sind) 20a 9A \ sin @

(G/ cos (b))

1 0 o, d [ ua
+2Qa dsind (_sintb (Fcos @)) + 50 (Ug 0) =0, (3.46)
which serves as the fundamental predictive equation of the model.

3.2.3 Invertibility principle

The geostrophic potential pseudodensity o, the fundamental variable of the model,
is a combination of the mass field o and the geostrophic wind field ;. However, all the
balanced fields can be obtained from o} since it depends only on M* as can be seen from
the fact that o is related to M™ through hydrostatic balance and (; is related to M*
through geostrophic balance. What is needed is to invert o} to obtain M* from which
the balanced mass and wind fields follow. The relation between M* and o7 is derived as

follows. From the definition of o, we have

2Qsin 9T
Z;“ 55 +To; =0, (3.47)

where I' = dIl/dp = kI /p. Using (3.26) this last equation can be written

d(A,sin ¢, IT)

Wj + I‘ag =0. (3.48)
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Using the geostrophic ((3.19) and (3.20)), hydrostatic (3.3), and coordinate transformation

relations ((3.29) and (3.37)), we can express A, sin ¢ and II in terms of M* as
A=A-a"%cos™?® fI My}, (3.49)
sing =sin® — a2 cos? & f2 [ e —a 2cos 2 ®(fcos ®)ging f2 (MX)z] , (3.50)
II=M,. (3.51)

The two functions f and f2 are introduced so as to allow us to write the invertibility

relation in a more compact form. They are defined as follows
f=2Qsin @, (3.52)

f? = (2Qsin )% + 20 sin & (2Qsin & — 20 sin ¢) cos ™2 d. (3.53)

Thus, f is the Coriolis parameter at the latitude ®, whereas f2 is a certain combination
of the Coriolis parameter at two latitudes, one of which depends on the other coordinates.

Substituting (3.49)-(3.51) into (3.48), we obtain

cos™2 & My, — fia? f?((cos? @ (M, ¢ — (acos 8)~%(f cos ®)une M%) R M5,
F2cos™2@ f72My) g F(cos? BF (M q — (acos B)2(f cos Buinaf M) - Pa? M3

cos™ BM3g £*(cos? ®F-*(Mja e = (acos )72(f cos B)ine M) Mso
+a*f fire; = 0, (3.54a)

which expresses the invertibility principle in terms of the determinant of a Hessian-type
matrix. The upper boundary is an isentropic and isobaric surface with potential temper-

ature O and pressure pr. Thus, the upper boundary condition for (3.54a) is
M5 =1(pr) at O =0r. (3.54b)

Neglecting the effects of topography and assuming that the lower boundary is the constant
height surface z = 0 and the isentropic surface @ = ©pg, we get that M = OIl at © = Op.

Written in terms of M™, this lower boundary condition becomes
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OMS - M* + %a'”f‘2 [cos'2 ® My’
2
+cos? Q(M:Emp +2sin" 1 ® cos™? & (G)Mé -M*+a?f%tan’d sz)) ] =0
at O = @B. (354C)

For lateral boundary conditions we note that symmetry at the poles requires

oM™
0%

=0 at &= :hg-, (3.54d)

and we simply have cyclic boundary conditions in A, For a given o}, we can regard (3.54)
as a nonlinear second order problem in M*. Note that ' and f both depend on M*.
Equations (3.45) and (3.54) form a closed system for the prediction of o and the
diagnosis of M*. The problem of isentropes intersecting the earth’s surface has been ad-
dressed by adopting the massless region approach outlined in section 3.1.1 and in the pre-
vious chapter. Since o = 0 in the massless region, o = 0 there also. This discontinuity in
o, on an isentropic surface puts strict requirements both on the numerical procedure used
to solve the invertibility relation (3.54) and also, and more importantly, on the procedure
for predicting o} using (3.45) since one might expect a ripple effect from the discontinuity.
However, a problem similar to this one has been solved by Arakawa and Hsu. For solving
(3.4) in a primitive equation model they proposed a finite difference scheme which has very
small dissipation and computational dispersion and which guarantees positive definiteness
(see Chapter V of Hsu, 1988). This picture of the lower boundary which is consistent with
that of Bretherton (1966) seems to be more useful than that of Eliassen and Raustein

(1968, 1970) who had to make predictions at imaginary underground gridpoints.
3.2.4 Linear dynamics

Consider adiabatic, frictionless flow for the near Boussinesq case in which T is set
equal to the constant I'g, where I'g = R/pg. Then, linearizing about a basic state of rest

with oo = (pB — pr)/(OT — OB), the potential pseudodensity equation (3.45) becomes

%= ”°) _ M (3.55)

2Qa2sin2¢%( - e

o0
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while the invertibility relation (3.54a) becomes

M . s 0 cos® \? oM*
OA2 + (20Q2sin @ cos 2) 6sin¢>{(2aﬂsin‘§> 3sin¢I>}

+ (2aQ sin ® cos ®)? M *
Podo 392

Eliminating o} between (3.55) and (3.56) we obtain

+ (20Qsin & cos &)? (@) =0. (3.56)
0

KA O*M* +sin?d 0 cos’® OM* (2Qsin $)2 92 M*
OT | a? cos? ® OA? adsin® | sin? ® adsin ® Tooo 00?2
2QOM*
=5 =0 (3.57)

Let us compare the horizontal part of (3.57) to the linearized barotropic vofticity equation

(Longuet-Higgins, 1964)

a 821/) 0 2 P 'a_lﬁ _
at {cos2 3% T Geng (C°S ¢m)} +202+ =0, (3.58)

where 9 is the streamfunction. The primary difference between the two is in the merid-
ional part; the wave solutions to (3.58) can propagate freely, but (3.57) has a singular
point on the equator so that now there can be no wave propagation across the equator.
The meridional structure equation that results from (3.57) is somewhat related to the
differential equation for associated Legendre functions. Attempts to solve it analytically
have been unsuccessful. Matsuno (1970, 1971) obtained the same meridional structure

equation in his hemispheric studies of the stratosphere.



Chapter 4

DERIVATION OF THE EQUATIONS OF MOTION FROM HAMILTON’S
PRINCIPLE

Hamiltonian mechanics have been widely and successfully used in classical and quan-
tum mechanics for decades (Goldstein, 1980; Lanczos, 1970; Merzenbacher, 1970). Only
relatively recently have these powerful principles found application in fluid mechanics
(Salmon, 1988, and references therein) with quite promising results. The power of the
Hamiltonian method arises from several of its properties. First, Hamilton’s principle is a
very succinct statement of dynamics. One need only make approximations to one func-
tional, the Lagrangian, from which the approximate dynamical equations can be derived
by Hamilton’s principle. Secondly, conservation principles correspond to symmetries in
the Hamiltonian by Noether’s theorem. This has two important advantages. Conserva-
tive quantities can readily be identified by examining the symmetries in the Hamiltonian,
and when making approximations to the Hamiltonian, not disturbing symmetries of its
original form will guarantee the existence of conservation principles, albeit of an approx-
imate form. Thirdly, Hamiltonian mechanics are coordinate independent and in fact the
Hamiltonian method suggests transformations to coordinates where the mathematics of
the problem are the simplest.

There are two primary schools of thought on how to present Hamilton’s principle
for a perfect fluid. The first corresponds to variational methods in particle physics, i.e.
the positions and momenta of marked fluid particles are varied at fixed times (Eckart,
1960; Salmon, 1983, 1985). This is the approach used here. The second (Lin, 1963;
Seliger and Whitham, 1968) involves variations at fixed locations and times of entropy

and four scalar potentials (the Clebsch potentials (Lamb, 1932, page 248)), two of which



36

are exactly the vortex coordinates. The fluid velocity can be written in terms of the four
potentials and entropy (see (6.50)). This approach is more Eulerian-like and physical
interpretation of the Lagrangian structure is not as straightforward. In fact the simplicity
of the dynamical description of perfect fluids in terms of Eulerian variables seems to
have delayed the acceptance of the Hamiltonian view in fluid mechanics, which has its
natural representation in Lagrangian coordinates. Van Saarloos (1981) proved that the
two representations are related by a canonical transformation, the particle representation
being more general than it need be.

To briefly review the basic concepts of Hamiltonian mechanics, let’s consider a con-

servative system of N discrete particles. The Lagrangian of this system is

. |
L(q’q)=Zamiqi'qi_V(ql,”'a"'sqN)v (41)

where m; is the mass of particle 7 and q;(7) is its location at time 7. V is the potential

energy of the system. The action integral is the time integral of the Lagrangian,

/ Ldr. (4.2)

The dynamical equations can be derived from Hamilton’s principle which states that
k3
5 / Ldr =0, (4.3)
1

where § corresponds to independent variations of q;(7) and 8q;(1) = §q;(r2) = 0. Defining
the conjugate momenta

pi = 0L/dq;, (4.4)

the extended form of Hamilton’s principle corresponds to independent variations of q;, p;

which are again zero at r, 7 and

L(p,q) = > _pi - di - H(p,q). (4.5)

H(p,q) is the Hamiltonian which in most cases of physical interest is to be identified with

the total energy. From (4.3) we get the two canonical equations,

di = 0H/0p;, p:=—-0H/dq;. (4.6)
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Salmon (1985) demonstrated how Hamilton’s principle could be used to derive ap-
proximate equations of motion for a shallow water system. He considered the adiabatic,
frictionless case and approximated the velocity u,v (or equivalently the momenta per unit
mass) by the geostrophic velocity ug, v, which is directly related to the mass field. Preserv-
ing symmetries in the Hamiltonian secured the conservation principles. Transformation to
canonical coordinates made the mathematics of the problem simpler. He showed that for
a constant Coriolis parameter the approximate equations and the new coordinates were
equivalent to semigeostrophic theory. Here, there were semigeostrophic equations for the
shallow water system with a variable Coriolis parameter, i.e. f = f(z,y). In this chap-
ter Salmon’s work will be extended to the three dimensional case on the sphere. Still,
only conservative forces are allowed. Diabatic forcing and friction can be included after
Hamilton’s principle has been dpplied.

In the first section of this chapter the primitive equations are derived from Hamilton’s
principle and conservation relations are derived from symmetries in the Hamiltonian. In
the second section approximations are made to the Lagrangian and a whole spectrum of
approximate momentum equations result, each characterized by a certain balance condi-
tion of the approximate wind and a certain coordinate transformation in the horizontal.
Symmetries in the Hamiltonian are preserved and the conservation principles are thereby
protected. The whole dynamics reduce to a prognostic equation for the generic potential
pseudodensity and a generic invertibility principle. Finally a particular balanced model is
specified. The last section of the chapter derives the equations of motion corresponding
to the long wave approximation from a Lagrangian which neglects the meridional wind.

The corresponding conservation relations are examined.

4.1 Derivation of the primitive equations from Hamilton’s principle

Using potential temperature as the vertical coordinate, the quasi-static, frictionless,

primitive equations with the “traditional approximation” (Phillips, 1966) can be written

uvsin @ + O_M_ _
ad)

cos ¢% — 2Qsingvcosp — 0, (4.7)
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cos qb—- +20sin pucos d + ——2 Sm¢ + cos ¢% =0, (4-8)
oM

28 = II, (4.9)

Do Ou d(v cos @) 4.10

Dt to (acosqbaz\ + a cos $p0d + 90) 0 (4.10)

where u and v are the zonal and meridional components of the velocity, Il = ¢, (p/poo)” the
Exner function, M = 011 + gz the Montgomery potential, ¢ = —0p/36 the pseudodensity,

and

0 a 8 0
—_ — 4.1
Dt ot tu a cos ¢8A 6¢ + 660 (4.11)

the total derivative.
4.1.1 Conservation of mass ~ the continuity equation

Let the longitude, latitude, and potential temperature of marked fluid parcels be
denoted by A(Ag, ¢o, 80, 7), #(Xo, Po,60, T), 8( Ao, bo,00,7) where Ag, ¢o, g are the labelling
coordinates and 7 is time. The labelling coordinates can be thought of as the initial
positions, and since these remain fixed following a parcel, we can interpret 3/dr as the
total time derivative or the derivative following the motion. The conservation of mass

principle can be expressed by o cos pdAdpdl = oq cos podAoddodbp, or

g0 _ 3 (A,sin ¢, 6)
o - B(Ao,sin¢o,00)’ (412)

where og¢ can be interpreted as the constant initial pseudodensity. Alternatively, conser-

vation of mass can be expressed in terms of density p in the z coordinate system,

po _ _0(Xsing,2)
P - a(/\015in¢0520),

(4.13)

where pg is the constant initial density and the labelling coordinates are Ag, ¢, 0.

To derive the familiar form of the continuity equation we take 3/97 of (4.12) to obtain

o080 9(\sing,8) | 8(\dcose,8) | I()sing,6)

237 T 3(h,sindo,00) T B(ro,s5ind0,00) T Ao, sin b0, 80) (4.14)
where A = /87, etc. The second term in (4.14) can be written
O(A,sing,0)  8(A,sing,f) 0(),sing,d) _ 00 A\ (4.15)

0(/\0, Sin¢o,60) - 6(A,sin¢», 0) 6(/\0, sin¢o,60) g 8/\,

sl

Bt i i s, Pkt i ot o
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with similar expressions for the third and fourth terms in (4.14). Using these we can

rewrite (4.14) as

do Q (¢ cos @) @ _
or to (aA + cos pa¢ + 60) =0 (4.16)

Defining u = acos ¢A and v = a¢ in the usual fashion, (4.16) can be written in the more

familiar form (4.10).
4.1.2 Hydrostatic and horizontal momentum equations

The quasi-static, adiabatic and frictionless equations of motion can now be derived
from Hamilton’s principle

5 / Ldr =0, (4.17)

where
L= /// [a cos? 6 ,\+Q) +a2328 "5] pocos dodhoddodzo — H  (4.18)

is the Lagrangian,

H = /// [ a?cos? A% + a2¢2) + E(e,8) + gz] Po €os ¢g dAoddodzo (4.19)

is the Hamiltonian, and E(a,#) the internal energy per unit mass, which is a func-
tion of specific volume, a, and the entropy. The § stands for independent variations
8X,8¢,62,6)\,6¢ in the three dimensional fluid particle locations and in the horizontal
particle velocities. The latter two variations yield A = 9A/07 and ¢ = 0¢/dr. The

variation §z yields

/dr .[// [(ga) aig:\)’zii 2;:52) + g62] Po cos ¢g dAgdpodzg = 0. (4.20)

From thermodynamics we have p = — (8E/da),, so that integration by parts allows (4.20)

to be written

(), sin ¢, p) _
/dr[/ 6z |a 3(/\g,sm 5, 20) +g] po €os ¢o dAoddodzg = 0. (4.21)

Using (4.13) and noting that §z is arbitrary, we obtain the hydrostatic equation

a—+g=0. (4.22)
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The variation 6 yields

/dr /// [a2 cos? ¢ (/\ + 9) %‘? - (g—g—) aa(()i?::ln(ﬁf: z))] Po €os P dAodpodzo = 0
(4.23)

Using integration by parts this can be written

/ dr // 6)\{ a® cos ¢(A+Q)] + °8?,\(:’:11;§;,zz)o)} po cos do dAoddodzo = 0.

(4.24)
Using (4.13) in the last term and noting that 6] is arbitrary, we obtain
0 a2 2,/ d(p,sin ¢, z)
— — 2=, 4.25
or [a cos™ ¢ ()‘ + Q)] + aa(A,sin $,2) (4.25)

Since

d(p,sing,z) _ B(p,sinqb,z)a(/\,sinqS,O)_a[(_('_?z> ?j (az) Bp] 00
Yoxsing,z) oM sing,0) d(Nsind,z) - L\9X/s00  \9r/, 6] 0z

(), rr(2), -2
e " I\ar/, " n’

we can rewrite (4.25) as

5(%—' [a cos? ¢ (;\ + Q)] + Q_g_’lx =0, (4.26)

which is the absolute angular momentum equation. Similarly, the variation 6¢ yields

(29 + A) sinpacosd A + ag; 0. (4.27)

99
81’

Equations (4.26) and (4.27) can also be written in the more familiar Eulerian forms (4.7)

and (4.8).
4.1.3 Conservation relations

By Noether’s theorem conservation relations can be found by considering symmetries
in the Lagrangian, or equivalently, in the Hamiltonian of the dynamical system. If the
Lagrangian does not explicitly contain a generalized coordinate then the corresponding
canonical momentum is conserved, be it linear momentum in the case of translation along

a coordinate axis, or angular momentum in the case of rotation by a coordinate angle
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about an axis. The term symmetry is used since the lack of explicit dependence of the La-
grangian on the coordinate implies that the system can be translated along the coordinate
axis in question (translational symmetry) or rotated about the coordinate angle in ques-
tion (rotational symmetry) without affecting the action integral and hence the dynamics.
Energy conservation corresponds to invariance of the Lagrangian or the Hamiltonian with
respect to translation in time.

Noether’s theorem is, however, considerably more comprehensive and powerful than
indicated above since it applies equally well to dependent variables or field quantities.
Thus, every parameter associated with infinitesimal transformations which leave the ac-
tion integral (4.2) invariant leads to a conservation law. Note that the theorem involves
continuous transformations and it assumes form-invariance of the Lagrangian, i.e., it as-
sumes that the Lagrangian has the same functional form in terms of the transformed
variables as it had in terms of the original ones.

Examining the Hamiltonian (4.19) we see that if a is independent of A, which by
(4.13) implies that the flow is zonally symmetric, then we find that angular momentum
is conserved, which is exactly what is expressed in (4.26) for zonally symmetric flow.
Similarly, since (4.19) does not contain an explicit time dependence the total energy (which
is just the Hamiltonian) is conserved.

Salmon (1982, 1983, 1988) has shown that potential vorticity conservation corre-
sponds to the symmetry property of the labelling coordinates entering the Lagrangian
only through the Jacobian (4.12). Let us now adopt the 8 coordinate system, i.e., the
labelling coordinates are Ag, ¢g, 8. For adiabatic flow, 8 (Ao, ¢o,80,7) = 6p. Consider

variations in the labels which leave the Jacobian unchanged, i.e.,

p (8(/\o,sin¢o,9o)> —0 (4.28)

d(A,sin ¢, 8)

We assume that 60y = 0 so that fluid particles are relabelled within isentropic surfaces.

Equation (4.28) then becomes

3(5/\0, sin qbo,go)a(/\o, sin ¢0,90) B(Ag,ésin ¢o,00)a(/\0, sin ¢0,00) =0 (4 29)
8 (Ao,sin ¢o,6p) 9 (),sin ¢, ) 8 (Xo,singo,8p) O(A,sing,8) '
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or

(aéAo 6(6¢0 COS¢0)) l -0
9o cospoddo /) 00

Thus, § Ao and 8¢p must be related by

26w
0o’

where 8 is arbitrary. From (4.17) we then have

98¢

)Xo cosgg = — 5{\—,

6o cosdp =

/dr/// [cos ¢ /\+Q (6)\) +¢>6( ¢)] 0o cos PodAgddodby = 0,

where the Lagrangian is expressed in the #-coordinate system. Using

5 (8/\) _@_/\_661\0 OX 9édo
ar) = Org OT (?qSo “or

5 (@) _ 0% 96X _ 39 05
dr) ~  0Xg OT 0¢og Ot

in (4.32) and integrating by parts in time, we obtain

Jor ] {oro3z oo (0 9) 35+ 35
oA ¢

+6¢0§; [COS2 ¢ (;\ + Q) 0o +¢3¢o

] } g COS (ﬁodAQdQﬁodOo = 0.

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

Using (4.31), integrating by parts with respect to Ag and ¢g, and recalling that ¢ is

arbitrary, we obtain from (4.35)

i{a(cos2¢(;\+ﬂ),/\,9) 9 ($,.9) }=

or 300 d00) | 90 d0.00)

Using (4.12), this can be written
9 [ao|_ 09 9 2 43 =
or { c [cos 0N cos o (COS #A+ Q))]} B

e e T e

or

which is the Rossby-Ertel potential vorticity equation on the sphere.

(4.36)

(4.37)

(4.38)
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4.2 Derivation of the semigeostrophic equations on the sphere from Hamil-
ton’s principle

It has been shown in the previous section that the continuity equation is implicit in
the Lagrangian coordinates and that the equations of motion and the hydrostatic equation
can be derived from Hamilton’s principle. This makes the principle an extremely succinct
statement of dynamics. Also the conservation relations of the dynamical system can easily
be deduced from symmetry properties of its Lagrangian or Hamiltoni'@n. A third property
that will be further explored in this section concerns the fact that Hamiltonian methods
are not restricted to a particular coordinate system.

In this section we will derive a whole set of balanced models by approximating the
horizontal wind (u,v) by a balanced wind (up,v;) while at the same time defining a
coordinate transformation which makes the Lagrangian attain a particularly simple form.
In fact the new coordinates are almost canonical. Care is taken along the way not to
disturb the important symmetry properties of the Hamiltonian. This approach allows us
to derive the most general balanced models while preserving conservation properties of
the original system and while casting the physics into their simplest mathematical form.
The form is that of one very simple prognostic equation for the potential pseudodensity
(4.68) and an invertibility relation (4.69) which allows us to diagnose the balanced wind
field from the potential pseudodensity field. It is then a simple matter to include diabatic
effects as in (4.70). Defining the balance to be the geostrophic balance of chapter 3 ((3.19)
and (3.20)) and the coordinates to be the corresponding vortex coordinates (3.29) allows
us to derive the equations of the geostrophic momentum approximation generalized to the

sphere.
4.2.1 The approximate Lagrangian
Consider applying Hamilton’s principle to the approximate Lagrangian
5 / Lydr =0, (4.39)
where

L= [[f a0 cos? & 9 o cos do dhoddoddo — Hy (4.40)
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is the approximate Lagrangian,
Hy = /// [% (a2 cos?® A% + a,2<i>2) + E(a,6) + gz] 09 cos g dAgdpodby (441

is the approximate Hamiltonian, and § now stands for independent variations §A, 89 ir
the transformed fluid parcel locations. As for the transformed coordinates, A,®,0,T
(0,T) = (0,t) and (A, @) will be defined later in terms of (A, ¢) and (A, ), which in turr
will be related to the M field. The variations §A and §® now give

20 sin@aast,;:q, = %, (4.42
. OA 0H, ‘
-2Q Sln‘Pa-é—T- = m, (4.43‘

where the notation on the right hand sides stands for functional derivatives.

The above follows the same approach as did Salmon (1985). The coordinate transfor-
mation is defined exactly such that L, takes the form (4.40) and the resulting momentum
equations take the form (4.42) and (4.43). In section 4.2.3 it will be shown that the func-
tional derivatives of the approximate Hamiltonian are precisely equal to the corresponding
partial derivatives of a potential function M* in which case the two momentum equations

are almost canonical. They would be canonical if 2Q2sin  were constant.

4.2.2 Conservation relations

The observations made in section 4.1.3 on the conservation of angular momentum
in the zonally symmetric case, the conservation of total energy and the conservation of
potential vorticity still apply since we were careful not to destroy any symmetries in
the Hamiltonian when making the approximations. In this case the angular momentum
corresponds to a{ cos? @ and the kinetic energy corresponds to (u? + v?)/2. For potential
vorticity, as in section 4.1.3 we consider variations in the particle labels which leave the

Jacobian (4.12) unchanged. From (4.39) we have

/ dr // Qcos’® 6 (-aa%) 70 cos godroddodbo = 0. (4.44)

Using

5 (3A) DA 8o DA Db

ar) ~ 8 Or  0¢g Or (4.43)



45

in (4.44) and integrating by parts in time, we obtain

/dr /// {5/\06 [Q cos @gfo] + 6¢0 [Q cos ‘I’%_] } 09 €0s podAgddodfy = 0.
(4.46)

This equation is equivalent to (4.35) for the unapproximated case. Using (4.31), integrating

by parts with respect to Mg and ¢o, and recalling that §7 is arbitrary, we obtain

8 |8 (Qcos? ®,A,0)
— 2 = 4.47
r [ 5 (hor 0. 0) ] O a47)
which can also be written as
0 [9(Qcos®®,A,0) (A, 9,0) 9(A,sing,8) cosgo -0 (4.48)
or (A, 2,0)  0(),9,0) d(Xo,sindo,bp) cosd | '

Using (4.12) for the last Jacobian and noting that the first Jacobian is 2Q cos ® sin ®, we

obtain

0
ar

cos ® 9 (A, P)
c0s$ 3(M9)

which is a statement of the conservation of the approximate potential vorticity Py, defined

[ P20sin® =0, (4.49)

as
8 (A,sin &)

1 .
Py, = ;2Qsm<1>6(/\,sin¢) .

(4.50)

4.2.3 The approximate potential pseudodensity equation and the invertibility
principle

We will now proceed to derive the two fundamental equations of the balanced model,

the approximate potential pseudodensity equation and the invertibility relation. Let us

define the approximate potential pseudodensity o, as

. [0(A,sin®)\7!
g, =0 <——6(A,sin¢)) ’ (4.51)

so that Pyoy = 2Qsin ®. Using (4.12), (4.51) can be written as

. 0 (A,sin @)

% = (m) (4.52)
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Taking 8/07 of (4.52) we obtain

da} [6(A,sint1>)]"2[aA ] (6sin<1>) d (6A) dsin ®
=% 4+ 09 : . — | —
or 0( Ao, sin ¢p) 0o Osin ¢g or OXg \ 07/ Osingyg
OAL O [Osind 0 JA\ Osind
- - — ) ——| =0. 4.
asinqSo(?Ag( or ) sin o (81') 6Ao] 0 (4.53)

Derivatives in (Mo,sin @g,80,7) coordinates are related to derivatives in (A,sin®,0,T)
coordinates by

0 9 0N Osin® 0

ar -8_T-+_6_175X+ dr 0Osind’ (4.54)
d OA 8  Osind® 9
B - DadA T X Bsind’ (4.55)
0 A @ Osin® 0
Osingg 9 sin ¢ OA + Osin¢g Osin®” (4.56)
Inverting (4.55) and (4.56) we obtain
d(A,sin®) 9 9sin® 9 Osin® 9 (4.57)
8 (Xo,singp) OA ~ Osingg Ao OXo Osingg’ ’
6(A,s§n d) 8 - _ ?A d + oA .0 . (4.58)
0 (Mo, sin ¢p) Osin @ Jsindg ANy OXg Osin g

Using (4.54), (4.57) and (4.58) in (4.53) we obtain the approximate potential pseudodensity

equation

goy 0 ( ,0A a L0sin®\
ar T A ("b 81’) t Send ("” a7 ) =0, (4.59)

which is the fundamental prognostic equation of the model. We will now simplify it.
Let us turn to the approximate potential vorticity equation (4.49), which was derived

in the last subsection. Using (4.12), (4.52) and (4.54) we can express it as

do} . OA 0 ay dsin® 0 oy )] _
g +2sind [87' A (msin@) t 5 Gsnd <2Qsinq> =0 (460)

Taking the difference between (4.59) and (4.60) we obtain

0 . L OA 0 . . 0sin®
ETN (QQsm ¢I>-6—T) + 35 (293m<1> 5y ) =0, (4.61)
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which implies that

) Jsin® JOM*
2Q0sin®a 5 = 2Bk’ (4.62)
. oA oM™
-2 sin ® a~a—T = m, (4.63)

for some function M* related to M. The factor a, the earth’s radius, in (4.62) and (4.63)
is inserted for dimensional consistency. These are just the two momentum equations and
they are almost canonical in form. In fact they can be further transformed so that they
are canonical (Salmon, 1985), however (4.62) and (4.63) are already so simple that it is
not worth the effort. Comparing (4.62) and (4.63) with (4.42) and (4.43) we note that

6H, OM*
and
6Hy oM™
§sin®  Jsind’ (4.65)

Additionally, we will want the hydrostatic equation (4.9) to look the same in the trans-
formed coordinates and the time derivative of M* to maintain the same form as in physical

space. Thus, we require

oM oM™
ot oT (4.66)
oM oM™
96 ~ 80 " (4.67)
Using (4.62) and (4.63) we can write (4.59) as
9oy 0 o OM® 0 ot aM*) _
or * 3k ( 2Qa? sin<I>c')sin<15) t osno (29(12 sin® OA ) 0, (4.68)

which is the fundamental predictive equation of the model.
Our final task is to find the invertibility relation, i.e., the relation between M* and

o, . To do this we first note that (4.51) can be written

d(A,sing)

aa(A,sinQ) = 0y. (4.69)

Now we can substitute for A and ¢ in terms of A,®,A and &, where the latter two

can in turn be expressed in terms of @M /A and M /3¢ which can then be related to
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horizontal derivatives of M* in capital space. Thus, (4.69) becomes a partial differential
equation which allows us to diagnose M* from o;. The invertibility relation (4.69) is
the fundamental diagnostic equation of the model. Numerical integration of the model
is performed entirely in (A, ®,©) space by predicting new values of o; using (4.68) and
by inverting (4.69) at each time step. The transformation of the results to (X, ¢, 6) space
need only be done when output maps are desired.

We can regard (4.68) and (4.69) as the governing equations of the generic balanced
model or as the equations for a class of approximate models. A particular member of
this class results from a particular choice of balance conditions (i.e., relations between
A,®,A,® and X, ¢,0M/ON,OM /0¢) and coordinate transformations (i.e., relations be-
tween A, ®, A, o, [\,i’). In this sense (4.39)—(4.41) generates a class of approximations
with the generic potential pseudodensity equation (4.68) and the generic invertibility con-
dition (4.69). Note that (4.64)-(4.67) put restrictions and compatibility requirements on
the definitions of M™*, the balance conditions and the coordinate transformation.

If heating is included an extra term is added to (4.68) corresponding to a flux of o}

across isentropic surfaces. Thus, with heating (4.68) becomes

9o 9 o oM~ 9 of M\ . 9 /..
a7 * 3 (—2Qa2 sin ® J'sin @) t Feng (ggaz sin® OA ) t70 (01,0) =0, (4.70)
The invertibility principle can be written in terms of a three dimensional Jacobian.

The hydrostatic equation (4.9) provides the link between the o and the M* field. Thus,

(4.69) becomes
d(A,sin ¢, 11)

ma—) + FO’b = 0, (4.71)

where I' = dIl/dp = kIl /p.
4.2.4 A particular balanced model

Let us now define the geostrophic wind on the sphere, (u4,v,), in terms of M as

follows
. oM
—2Qsin @ cos B v, + e 0, (4.72)
cos ¢ Qﬂ _

2Qsin @ ug—— +

cos®  adp 0. (473)



49

The transformed coordinates are

Vg

= —_—— 4.74
A A+a2Qsin‘I’cos<I>’ (4.74)
. . ug cos ®
—sing Macos?® 4.75
sin® =sing - o G on® (475)

As before, (0, T) = (0,t). Derivatives in (), ¢,0,t) space are related to derivatives in
(A,®,0,T) space by

9 oA 920 &
% = oA T aroe T ar (4.76)

d OA O 0® 0
» - mxwm@ (4.77)

i) A0 0% 9

) DA D 0% 0 0
36 - 990A 9900 ' 00 (£.79)

Defining M™* as
* _ 1 2 2
M*=M+3 (u2 +22), (4.80)

it can be shown that (4.64)-(4.67) are valid. Now,

OM* _ du, v,  OMOX  OM B¢

oh " T"FA T ox oA T Bg 9%
oM* dug Ovg  OMOX  OM 3¢
5% %35 T T ox 50 T 9 60

Differentiating (4.74) and (4.75) with respect to A and ®, and using (4.72) and (4.73) we

can derive the balance conditions in transformed space. They can be expressed as

. oM
—2Qsin® cos & v, + T 0, (4.81)
u? + v3(cos? ® —sin? @) IM*
. _YTY - .
2 sin @ g asin ® cos ® add 0, (4.82)

or
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(8M oM BM) _ (8M* oM BM")
32’869t ) \9Ar’ 90 aT )’

(4.83)
OM _ cos¢ {GM" uZ + v2 (cos? § ~ sin? ‘b)]

d¢ ~ cosd | 50 sin ® cos ®

We can now derive in physical space the momentum equations with the geostrophic mo-
mentum approximation. Taking the total time derivative of (4.75), using (4.62) and (4.72)

gives us the geostrophic zonal momentum equation,

cos @%‘t—g- - 29 [sin ® vcos ¢ + (sin g — sin &) vy cos @]

_Uglg sin® + oM _
a ad)\

0, (4.84)

which is an approximation to (4.7) in section 4.1. Similarly, the total time derivative of
(4.74), using (4.62), (4.63), (4.81), and (4.74) gives the geostrophic meridional momentum
equation,
Dv, . . .
cos 455?- + 2Q [sm ® ucos P + (sin g — sin @) ug4 cos ¢]

2 .
u; sin ® cos ¢ oM
P + cos 0% = 0, (4.85)

which is an approximation to (4.8) in section 4.1. The approximate momentum equations
(4.84) and (4.85) are identical to the geostrophic momentum approximation equations
generalized to the sphere (3.17) and (3.18) which were introduced in chapter 3. Thus, the

same comments as to their nature apply here as before.

4.3 Derivation of the equations of motion for the long wave approximation

The long wave approximation was proposed in the remarkable paper by Gill, (1980) in
the context of a simple barotropic, linear model on the equatorial 3-plane. In this theory
the zonal wind is balanced, the meridional wind remains unbalanced, but the meridional
acceleration is neglected, hence the meridional wind does not enter in the definitions of
the conservative properties resulting in a filtered theory. The linear dynamics include the
Kelvin wave and Rossby waves whose dispersion relation is tangent to the unapproximated
dispersion relation at the origin of a frequency-wavenumber graph, (hence the name, long

wave approximation).
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In this section the adiabatic, frictionless, nonlinear equations of motion correspond-
ing to the long wave approximation are derived by applying Hamilton’s principle to a
Larangian which neglects the meridional wind. The corresponding conservation relations

are subsequently derived.
4.3.1 The approximate Lagrangian

Let us apply Hamilton’s principle to the approximate Lagrangian

5 / Lidr =0, (4.86)
where
2 2.+ oA
L= [/] a®cos® ¢ (/\ + Q) 3, Pocos PodAoddodzo — H) (4.87)

is the Lagrangian corresponding to the adiabatic, frictionless long wave approximation,

H = /// Ef cos? $32 + E(a, 8) + gz] 96 cos do dhoddodzo (4.88)

the corresponding Hamiltonian, and E(a, ) the internal energy per unit mass, which is
a function of the specific volume, ¢, and the entropy. Now, the é in (4.86) stands for
independent variations 6),8¢,6z,6) in the three dimensional fluid particle locations and
in the particle zonal velocity. Note that the meridional velocity is no longer included.
It is neglected in the definition of the approximate Lagrangian and thus does not enter
the problem. This is entirely consistent with the treatment of vertical velocity when
the hydrostatic approximation is implied both above and when deriving the primitive
equations in section 4.1.2.
The variation 8 yields A = 9\ /07. The variation §z yields

/ dr /// [(%f—)eao a‘zg’[\)zzi‘sz) + 962 pocos go dAoddodzo = 0. (4.89)

Noting that from thermodynamics we have p = — (9E/dc),, integrating (4.89) by parts

and using (4.13), we obtain the hydrostatic equation

@
0z

az-+g=0,

which is exactly the same as (4.22).
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The variation 6] yields

Jor [ %0 ()2 (), A i -0
(4.91)

Using integration by parts this can be written

/dr ﬂ §A {56; [02 cos? ¢ (A + Q)] + ag 8(6)52’3:«:,22)0) } Po €os ¢o dAoddodzo = 0.

(4.92)
Using (4.13) in the last term and noting that éX is arbitrary, we obtain |
912 2,3 9(p,sin ¢, z)
il = 0. 4.
o [a cos (,25(/\+Q)] + aa(/\,sinqb,z) 0 (4.93)

Since

Lping)  Dpaing ) 00singd) [(0p) 0= (D) 0p) 20
0(A,sin ¢, 2) 0(/\ sin@, 8) 9(A,sin ¢, z) 0N/ g4 08 0N/ g 00] 0z

9 9=\ _ oM
(ax) +g(3_/\>9— ax’

we can rewrite (4.93) as

56; [a2c052¢(5\+9)] +%j¥- =0,

which is the absolute angular momentum equation. It is identical to (4.26), as would be
expected, since with the long wave approximation the zonal wind remains a predictive
variable.

The variation §¢ yields

/dr/[/ [—2a2cos¢sin¢(;\+ﬂ) A6¢ + a®cos psin p A2 8¢

_ (?_E_) (A, cos ¢, 2)
Oa B(Ao, sin ¢g, 20)

Using integration by parts this can be written

] Po COS (;50 dA0d¢odzO = 0. (494)

/dr// b [a2 cos ¢sin p A% + 2a? cos ¢ sin ¢ QA

(A, p,2)
3(/\0, sin ¢o, Zo)

+agcos ¢ ] Po €os Pg dAgddodzg = 0. (495)
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Using (4.13) in the last term and noting that §¢ is arbitrary, we obtain

tan ¢ acosp d(\,p,2)
a

(a cosdu‘\)2 + - =0. (4.96)
a OJd(\sing,z)

As before the Jacobian term can be written in terms of a derivative of M, the Montgomery

20 singdacosd A +

potential, and we get

u tan qb) oM

(295 ¢+ ut oo = 0. (4.97)

The system of equations, (4.16), (4.22), (4.26) and (4.97), is the same as (1a) - (1d)

with the isentropic coordinate in Stevens et al. (1989).
4.3.2 Conservation relations

Again the observations made in section 4.1.3 on the conservation of angular momen-
tum in the zonally symmetric case, the conservation of total energy and the conservation
of potential vorticity still apply since we were careful not to destroy any symmetries in
the Hamiltonian when making the approximations. In this case the angular momentum
equation is the same as for the primitive equations, but the kinetic energy corresponds
to u2/2. For potential vorticity, as in section 4.1.3 we consider variations in the particle

labels which leave the Jacobian (4.12) unchanged. From (4.86) we have

/ dr /// cos?$ (A +0) 5 ( )ao cos dodAoddoddo = (4.98)

Using
oA X 36Xg  OX 0o
d (B‘r) T TOx Or  0¢o Or (4.99)
in (4.98) and integrating by parts in time, we obtain
Jér [[f {#ro3 [ e () 55
0
+5g05- [cos & (,\ + 9) B ]}cro cos ¢odAoddodfo = 0. (4.100)

This equation is equivalent to (4.35) for the unapproximated case. Using (4.31), integrating

by parts with respect to Ag and ¢g, and recalling that §% is arbitrary, we obtain

2 [a (cos?¢ (A4 0) ,)\,O)} o (6101

ar 9 (Ao, %0, 0)
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which can also be written as

0 [0(c0?6 (A+2),00) 9(rsing,0) =0 (4.102
or d(),sin 4,6) 8 (Xo,singo, o) | 102)
Evaluating the first Jacobian and using (4.12) for the latter one we obtain
3 (oo . 9(u cos ¢) } _
or { o [29 siné = acos¢dg ) 0 (4.109)

which is a statement of the conservation of potential vorticity within the framework of the

long wave approximation. Thus, we define the potential vorticity as

O(u cos @)

1 .
b= o [2Qsm¢— acospdd |’

(4.104)

The discussion above demonstrates how naturally the definition of potential vorticity arises

within the Hamiltonian framework.



Chapter 5
THE CHARNEY-STERN THEOREM

Semigeostrophic theory has proven to be particularly fruitful in the study of baroclinic
wave processes, especially in the nonlinear development where the relative vorticity reaches
large values and where static stability is highly variable (Hoskins, 1976). These are the
conditions under which quasi-geostrophic theory breaks down; however one would hope
for more physical insight than primitive equation results often provide. Here we will
consider the necessary conditions for instability in a horizontally sheared baroclinic zonal
current, the Charney-Stern theorem, for the system of equations derived in chapters 2
and 3, semigeostrophic theory on the 3-plane and on the sphere, respectively. In fact
the Charney-Stern theorem seems to be such a fundamental statement of balanced fluid
flow that one would expect it to be valid for any consistent balanced theory. We will
only consider linear disturbances; however the theory allows for time-integrations into the
nonlinear regime.

The theorem was originally proved by Charney and Stern (1962) for linear distur-
bances on a three dimensional quasi-geostrophic flow with somewhat restricted vertical
boundary conditions that were later generalized by Pedlosky (1964) and Bretherton (1966 ).
Charney and Stern’s approach was based on that of Rayleigh (1880) in that they assumed
an exponential disturbance time dependence and integrated over the volume of the fluid
to arrive at the necessary conditions for instability. Bretherton (1966) and Eliassen (1983)
have shown how the requirement for exponential time dependence may be relaxed by con-
sidering the Lagrangian concept of particle displacements about the mean flow, originally
considered by Taylor (1915). Hoskins (1976) proved the theorem for semigeostrophic the-

ory with a constant Coriolis parameter using Charney and Stern’s approach. Eliassen
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(1983) proved the theorem for a linear set of equations in isentropic coordinates on t
B-plane using the geostrophic momentum approximation. However, he introduced the a
proximation into the linearized equations. Thus his set of equations cannot be integrat
into the nonlinear regime.

Here, we use Eliassen’s approach to prove the Charney-Stern theorem for our ser
geostrophic equations in transformed (geostrophic) space; on the j3-plane in section 6
and on the sphere in section 6.2. The argument is identical in both cases. First, we u
the linearized geostrophic potential pseudodensity equation (o*, where the subscript g h
been dropped) to derive an equation for the geostrophic meridional eddy flux of o™ in terr
of the time derivative of an expression involving the meridional gradient of the zonal me:
0*/f and the mean of the geostrophic particle displacements squared. Secondly, we u
the linearized invertibility relation to write the geostrophic eddy flux of ¢* in terms of t!
divergence of a geostrophic Eliassen-Palm (E-P) flux. Combining the two expressions,
obtain the conservative (adiabatic and frictionless) form of an equation that Andrews a
McIntyre (1976, 1978), McIntyre (1980) and Andrews (1983) have termed the generaliz

Eliassen-Palm relation. This equation in its general form can be written as follows

aa—f-l—V-F:D, (5.

where F' is the E-P flux, A is the density of E-P wave activity and D is zero for conservati
motion. Edmon et al. (1980) and McIntyre (1980) have discussed this equation with
quasi-geostrophic theory. Andrews (1983) has discussed it for the primitive equatio
on a f-plane in isentropic coordinates. Integrating our conservative form of (5.1) ov
the volume of the fluid, we obtain that the time derivative of the volume integral of
vanishes, since the boundary fluxes of the E-P flux vanish. Thus, for a growing disturban
the meridional gradient of 3*/f must have both signs, which proves the Charney-Ste:

theorem.
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5.1 The Charney-Stern theorem generalized to semigeostrophic theory on
the 3-plane

Consider a zonal current on a cyclic -plane in the absence of friction and diabatic

effects. Using overbars to denote the dependent variables for the basic current, we have

oM _ oM -
ay f(Y)uy’ W = H(p), (52)
or in geostrophic space
oM* _ oM _

The semigeostrophic potential pseudodensity equation on the 3-plane can be written as

(5.4)

do* _a_( o aM')+_3_(a‘ BM")_
aT " 9x s

Fox Uy oy f¥) ox
where the subscript g has been dropped. When linearized about the above basic state

(5.4) becomes

lij 1 oM* 8 o  OM™ 9 a*
(6T FY) oY ax) Tt X oy (f(Y)) =0, (5:5)
where the prime indicates a deviation from the basic state and
aA, =/
5% =f(Y)v;. (5.6)

Let us introduce the northward geostrophic particle displacement 7/, defined by

p (2 L oM 9,
% = (BT f(Y) 8y ax) 7 (5.7)

Using (5.6) and (5.7), we can write (5.5) as follows

o 1 oo\ . 0 *\(8 1 oMY ,_
<6T Fv) oy ax)" ”(Y)(ay f(Y)) (6T FY) oy ax)” 0, (58)
which can be integrated to obtain

o + f(Y )<6Yf? )) '=0. (5.9)

Multiplying (5.9) by f(Y')v, and taking the zonal average at fixed ¥, we obtain by using
(5.7)

177+ 1) (37705) (5‘?_,,— - ﬁ%%‘%) 7=0,  (510)
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which can be written as

The linearized invertibility relation will allow us to write f (Y)W, which is the
geostrophic meridional eddy flux of potential pseudodensity multiplied by the Coriolis
parameter, in terms of the divergence of a geostrophic E-P flux. Thus, when we integrate
(5.11) over the entire domain the second term vanishes since the boundary fluxes vanish,
and for a growing disturbance @ (f~1(Y)3") /0Y must have both signs. This proof of the
Charney-Stern theorem follows Eliassen’s (1983) generalization of it and does not make
any assumptions as to the spatial or temporal structure of the disturbance. The definition
(5.6) of the Lagrangian field 77/ makes the description of the wave disturbance simpler in
that it allows one to avoid assumptions on its exact nature. This is in agreement with
McIntyre (1980) who states: “It has become evident in recent years that the underlying
theoretical structure of the subject” (namely wave mean flow interactions) “becomes im-
measurably clearer if one describes wave disturbances in terms of particle displacements
about the mean flow, in place of the more usual eddy velocity fields”.

The invertibility relation can be written as

9(z,9,p)

3(X,Y.0) +0" =0, (5.12)

which is in a form slightly different from (2.46), but this is the form that is convenient
to linearize. We can separate the dependent variables into basic state ones and ones that

represent deviations from the basic state. We have Z = X since 9, = 0,

/ !

! ’Ug ’ ’U.g
z=- and = . 5.13
7Y Y= ) (319
Starting the linearization, we obtain
a(g + y’,ﬁ + p,) 3(:::', 67 ﬁ) - x/ __
3, 0) + 3(X.Y,0) +6"+0" =0. (5.14)
Noting that
5 = 950 (5.15)

- 8(Y,e)
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allows us to write (5.14) as

v _ 08 _0y.,p) 8P
3X ~ 9(Y,0) _ a(Y,0)’

which is the linearized invertibility relation. Let us multiply (5.16) by f(Y)v, and take

(5.16)

the zonal average using (5.13), to get
) + f(Y )y, ( )

3Y 90 ~ 90 3Y P09y “avge,) O

%7 = 109 (55

Regrouping terms, we can also write (5.17) as

1055 = 5 (32507 - eI VTT ) + 5 (5207 - 52577 )

+03 (52000 ~ P gy (92T ()% ) + 75 (5200 ) =55 (F2I( )% ).
(5.18)

Using the zonally averaged thermal wind equation we can show that the four terms in the

last line of (5.18) vanish. First, we use (5.6) to write

6= -v35 (¢ /00%) + y(é %)

it

-5y (gg)f(y)”')* 756 ( )
=-v [z (F67) - 565% (o7 )]

RS W]
000X \ 0Y dY 0X

, 00 0 (OM™ By g [(OM*
“Yavax ( 96 ) P50 5% ( ) (5.19)
where in the last line we have used
=, _ aMtl
I'p =« 30 (5.20)
and
3M"
2 = _
- (£ - 26m,) ' = =, (5:21)

which are easily derived from the linearized hydrostatic and geostrophic relations. Sec-

ondly, the zonally averaged thermal wind equation can be derived by noting that

g=Y+ f?;’)’ (5.22)
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taking the © derivative and using (5.3) to get

- (fz(Y) - 2'3,&9) 5(_;_. - ;5{; (5.23)

Using (5.23) in (5.19), we are left with
(g2 onn \ K0T D (BM*') ) (6M*’) )
6= (£()-20%) $55¥5% (36~) ~ 567 7% \ o7 (5:24)

Using (5.20) and (5.21), we obtain

G = (£2(v)-26%,) 5 % (y % + zf%)
o 0 ,, .
= (1Y) - 28%;) 55 55 (WP) = O, (5.25)
and (5.18) can be written as
— 0 (/07 — 0P —_ a (0p — 0y —
107957 = 52 (5m V7 - 3517 ) + 55 (V7 - R f (V7).
(5.26)
We can now define a geostrophic E-P flux F as
0p 6
P = (9L f(VV7 - oL, Sow ~ s (VAP ), (52)

where we have used (5.13) to write y’ in terms of uj. Combining (5.11) and (5.26) us-
ing (5.27), we obtain the adiabatic and frictionless form of the generalized geostrophic

Eliassen-Palm relation (5.1),

O RS

where V indicates the del operator in the meridional plane. Let us integrate over the (Y, 0)

plane. As before (chapter 2) we shall assume that the meridional boundary conditions for
our 3-plane are that v vanishes at both the northern and southern boundaries, thus the
meridional boundary fluxes vanish. The boundary flux at the top vanishes since according
to (2.48b) both 85/3Y = 0 and p’ = 0 at the top. We shall now apply the lower boundary
condition, (2.48c). For the basic state flow we have @gIl — M = 0. Differentiating with
respect to Y, we obtain

oM* Oty T 0p

8Y uQ 8}’ OB;a—Y = 0. (5.29)
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Differentiating (5.22) with respect to Y and using it in (5.29), we get

oM* _ 8y ﬁ2 r ap

or, by using the geostrophic relation for the basic flow (5.3), we obtain

=0,

y
F(Y)a gay+0 35 0 at O=05s. (5.30)

For the perturbation flow on the lower boundary, we have M*' — % u; — ©gIl' = 0.

Multiplying this expression by v}, taking the zonal average and using (5.6), we obtain
r——
B vul + O—v’ =0 at ©=0g. (5.31)

Combining (5.30) and (5.31) , we conclude that

9

Y f(Y)T at  ©=0p. (5.32)

Thus, the lower boundary flux also vanishes and the result of integrating (5.28) over the

entire (Y, ©) plane is

e / / £(Y) ( o f(Y)> 177dyde = o. (5.33)

Now, f3(Y) is always positive and for a growing disturbance 72 is positive ‘thus requiring
that the meridional derivative of the inverse potential vorticity takes on both signs within
the fluid. This last requirement is equivalent to demanding that the meridional derivative
of potential vorticity has both signs within the fluid which is exactly the Charney-Stern
theorem of necessary conditions for instability.

5.2 The Charney-Stern theorem generalized to semigeostrophic theory on
the sphere

The derivation of the spherical case proceeds in a manner identical to the one on the

B-plane. Again we consider a zonal current in the absence of friction and diabatic effects.

Using overbars to denote the dependent variables for the basic current, we have

M _ _5¢,0 e i, %%’- = II(p), (5.34)

E@b T cos®
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or in geostrophic space

aM* o u? oM=
200 = —20Q sm@ug + m, -'56- = H(p) (535)

The semigeostrophic potential pseudodensity equation on the sphere can be written as

dc* 7] ( o* BM") o ( o* 3M*)=0, (5.36)

oT + adA \ 2Qsin @ adsin @ N afsin® \ 2Qsin ® adA

where the subscript g has been dropped. When linearized about the above basic state

(5.36) becomes

(_a_ 1 oM* 6)0,,+3M‘ ] ( 5 ):o, (5.31)

T ~ 20sind adsin® adA adA adsin® \2Qsin
where the prime indicates a deviation from the basic state and

aM*I

—_— = i ’. .
Teos 3O 2Qsin @ v, (5.38)

We introduce the northward geostrophic particle displacement 7', defined by

e= |27 — ’
%= (5T 20 sin ® adsin ® aBA) 7 (5.39)

Using (5.38) and (5.39), we can write (5.37) as follows

8 1 oM* 98 o
oT 2Qsin® adsin ® adA

. ] a* i) 1 oM* 9\,
T22sin® cos & <aasin<1> msin«b) (a_T' " 2Qsin @ adsin @ aaA) 7=0 (540

which can be integrated to obtain

i) a*
* 4+ 2Qsi ( ) ! = 0. .
o' + 2Qsin ® cos ® pr ey v L 0 (5.41)

In what follows it is convenient to introduce the function 7(®), where
(@) = 2Qsin ® cos . (5.42)

Multiplying (5.41) by 7(®)v, and taking the zonal average at fixed @, we obtain by using
(5.39)

7(¢)5_3?;7+72(f1>)( 0 __=& )n’(a L _oM'_ 9

adsin® 2Qsin aT — 2Qsin ® adsin @ aaA) 7 =0, (5.43)
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which can be written as

9 (.2 d &* 1— W :
aT (7 (@) (a@sin@ 2Q sin <I>> 577,2) +7(®) vjo* = 0. (5.44)

The linearized invertibility relation will allow us to write 7(@)@5‘7, which is the
geostrophic meridional eddy flux of potential pseudodensity multiplied by v(®), in terms
of the divergence of a geostrophic Eliassen-Palm flux. Thus, when we integrate (5.44) over
the entire domain the second term vanishes since the boundary fluxes vanish, and for a
growing disturbance 8 ((2Qsin ®)~15") /a0 sin & must have both signs.

The invertibility relation can be written as follows

3(\,sin ¢, p) .
3(h,sn0,0) T =0 (545)

We can separate the dependent variables into basic state variables and variables that

represent deviations from the basic state. We have A = A since %, = 0,

v, v, u! cos ®
"= - I = ——2 ing = —L——. .

A= 2Qsin®acos @ ay(®) and sin ¢ a2Qsin @ (5.46)

Starting the linearization, we obtain

d(sing +sing’,p+p)  IN,sing,p) ., .
3(sin 3, 0) dAsns,0) T T =0 (5.47)
Noting that

IC LY ) (5.48)

T " 9(sin®,0)’

allows us to write (5.47) as

o 0N Bsind,F) O(Ginép)
/ =77 _ )
=9 9K 9(sin®,0) 08(sind,0) (5:49)

which is the linearized invertibility relation. Let us multiply (5.49) by 7(®)v; and take

the zonal average using (5.46), to get

Op Osing’ 9p Osing’
! okl — / -_—— AT =
1(®)vgo* = 1(2) v (asin ® 00  000Jsin <I>>

dsing Op  Osind 3p’) (5.50)

i — —
+7(q))v9( 00 Jsin® dsind JoO
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Regrouping terms, we can also write (5.50) as

7] (ﬁsmqb

7(@) 'U’ o =

dsin ® ()77 - 5‘57(‘§)1)’sm¢)

b/} 0p 7 m¢
+5§ (asinqﬂ(q’)v’Sl ¢ - 7(2 )v’p’)

0 (0Osing
5 (567@%) - 73 m@( 90 7(@)”3)

Osin ¢ ) 35
+pl(99 (Bsmfl) (@ )v’) sm¢ (3&“@ (‘I>)v;) (5.51)

Using the zonally averaged thermal wind equation we can show that the four terms, which

. .4 0
t+sing dsin

we give the symbol H, in the last two lines of (5.51) vanish. First, we use (5.38) to write

op
Osin ®

0 dsin ¢ dsin ¢
_plasind) ( (@)1/) + ”’ae (8sin¢>7(¢)v§)

p_ 0 (6M">_@i(6M")]
Jsin ® a0A \ 00 00 adA \9sin ®

_ dsing 3 (0M*’)_ dsing 9 (aM-')
00 adA \Osin®/ 0Osin®adA \ 00

H= smqfa 9 ( 7(@)1}3) + sin¢'-a—si—l-3 (-gg'y(é)v_{,)

= -—sind)’[

. op 0 [OM~ Osing 0 ( oM~
- ' _
= —sind S B a0 ( 90 ) 50 2o 8sin¢>)’ (5.52)
where in the last line we have used
- aMtl
r_
Iy = n o, (5.53)
and
a2Q oM™
( 33 )S’“¢ dsin®’ (5:54)

which are easily derived from the linearized hydrostatic and geostrophic relations. Sec-

ondly, the zonally averaged thermal wind equation can be derived by noting that

iy cos ®

sing =sin® + m, (555)
taking the © derivative and using (5.35) to get
20 _\ dsing T 0p
- Qt 2 _ a ) = ——, .
((a2 an @) 2cos3 2" 50 k Osin ® (5.56)
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Using (5.56) in (5.52), we are left with

= ((G2Qtan )2 -2 a2Q) _ ) Kasmqﬁ ¢, (BM")

c0s38 ) T 90 00
Osin @ oM~
) plaaA (Bsin <I))' (5.57)
Using (5.53) and (5.54), we obtain
_ 2 a2Q _ ) Osing (. 00 Jsin ¢’
= ((a2ﬂtan¢1>) 2c083@ug 30 sin ¢ PN +p A
_ 2, 20 ,)3sm¢ d ,
- ((a?Qtan 8) -2, ) S8 — (sindy) = 0, (5.58)
and (5.51) can be written as
i} dsin ¢
! o !
(@0~ = o— @( ¥(@)W, P - 97(@)1! sm¢)
i aﬁ i 6m -7
+3® (Bsin @7(‘1))1/95”“# ~ dsin @7(@)%?) ' (5-59)

We define a geostrophic E-P flux on the sphere G as follows

dsin ¢ 8p cos?d—— 9p cos’d—— Bsing
G= ( 1(2YF vP - Uyly "Osin® a e Ut T dsind (<I>)v’g
(5.60)

where we have used (5.46) to write sing’ in terms of u;. Combining (5.44) and (5.59)
using (5.60) gives us the conservative generalized geostrophic Eliassen-Palm relation on

the sphere,

9 (. 9 &\l G-
3T (" ®) Fens (2Qsin®) 57 ) +V-G=0, (5.61)

where V indicates the del operator in the meridional plane. We now integrate (5.61) over
the meridional plane, from pole to pole. The boundary flux at the top vanishes since
according to (3.54b) both 95/dsin® = 0 and p’ = 0 at the top. We shall now apply
the lower boundary condition, (3.54c). For the basic state flow we have @gIl — M = 0.

Differentiating with respect to sin ®, we obtain

oM* z Ot _o I 9p
dsin®  99sn® B 9sin®

=0. (5.62)
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Differentiating (5.55) with respect to sin ® and using it in (5.62), we get

oM™ _ _ Osing i} T op _
Osin® +a2Qta,n‘I>ug—a2Qta.n‘I>ugasin§ sin @ cos?2 @ B osin®

or, by using the geostrophic relation for the basic flow (5.35), we obtain

a2tand® u Osin ¢ G)r %

- = = . 5.6
99sin ® K Osin® 0 at ©=0s (5.63)

For the perturbation flow on the lower boundary, we have M* — % uy — ©gIl' = 0.

Multiplying this by v}, taking the zonal average and using (5.38), we obtain
g vjul + O—U’p’ 0 at ©=0s. (5.64)

Combining (5.63) and (5.64), we conclude that

0p cos’d
dsin® a

Tyl - g:w YOTF=0 at ©=0p (5.65)

Thus, the lower boundary flux also vanishes and the result of integrating (5.61) over the

entire (sin ®,0) plane is

2 15 -
aT /./ (@ )aasm<I> (29 sin @) 27 cos #d%d0 = 0. (5.66)

In order for the disturbance to grow, 72 must be positive and 8 ((2Qsin $)~15*) /dsin &

must have both signs, i.e., the meridional derivative of the inverse potential vorticity must

have both signs which proves the Charney-Stern theorem.



Chapter 6

TOWARDS A GLOBALLY VALID BALANCED THEORY

As was discussed in chapter 2, section 2.2.4 for the §-plane case and in chapter 3,
section 3.2.4 for the spherical case, semigeostrophic theory breaks down on the equator.
The equator represents a singular point in the meridional structure equation; a point where
v, becomes infinite. When considering the two dimensional zonally symmetric case, v, is
identically zero and one gets around the problem of the singular point. However, there
can be no flow across the equator. Thus it is of very limited interest to study flows close
to the equator and semigeostrophic theory should be viewed as basically a midlatitude
theory.

In this chapter zonally symmetric balanced flow in the equatorial region will be stud-
ied. Specifically we are interested in studying how the distribution of potential vorticity
on isentropic surfaces changes with time as a tropical heat source is allowed to act. Under
undisturbed conditions the potential vorticity increases monotonically northwards, from
negative values south of the equator to positive values north of it and isolines of constant
potential vorticity are straight and vertical. Deep convection induces a positive potential
vorticity anomaly at low levels and a negative anomaly aloft. The following question arises.
Are the requirements of the Charney-Stern theorem ever fulfilled, i.e., does a reversal of
the potential vorticity gradient on isentropic surfaces ever develop? This would set the
stage for instability and the breakup of the ITCZ into tropical waves. Indeed, McBride
and Holland (1989) observed a fairly regular breakup of the ITCZ into individual weather
systems during the 1987 monsoon season in Australia. Perhaps this regular breakup of
the ITCZ can in part be attributed to its own powers, i.e., the ITCZ carries the seeds of

its own destruction.
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Again, potential temperature is the vertical coordinate. As a horizontal coordinate we
use potential latitude, which was introduced by Hack et al. (1989). The potential latitude
can be thought of as an angular momentum coordinate and it allows for cross equatorial
flow while having the advantage of being a vortex coordinate. In section 6.1 the advantage
of the coordinate transformation will be explored. The development is very similar to the
study by Schubert and Alworth (1987) of the tropical cyclone where they use potential
temperature and potential radius, which is also an angular momentum coordinate. Similar
to the semigeostrophic derivations in chapters 2 and 3 everything reduces to one prognostic
equation in ¢*, the potential pseudodensity, and an invertibility principle which allows
one to diagnose the field of M*, the Bernoulli function, and thus derive the wind- and
massfields. In section 6.2 friction is neglected and a simple heating function thought
to represent the ITCZ is introduced which allows one to solve the prognostic equation
analytically. The potential pseudodensity equation was also solved analytically in the
tropical cyclone study of Schubert and Alworth (1987) and the semigeostrophic study of
a squall line on an f-plane by Schubert et al. (1989). Our simple study indicates that
indeed the latent heat release thought to represent the ITCZ produces potential vorticity
gradient reversals on the time scale of 2-3 days both at low levels, on the poleward side
of the ITCZ, and at upper levels, on the equatorward side of the ITCZ. Thus, the ITCZ
can be thought of as a very dynamic phenomenon — one which sets the stage for its own
destruction.

Section 6.3 offers some speculation on the direction and framework for future work
in deriving a globally valid three dimensional balanced theory. This theory would not be
restricted by the limitations of semigeostrophic theory which arise from the geostrophic
momentum approximation and its neglect of curvature vorticity compared to shear vor-
ticity and it would be valid anywhere on the earth. Specifically the zonally symmetric
balanced theory would be a two dimensional special case of the full three dimensional

theory.
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6.1 Zonally symmetric theory and the potential latitude/potential tempera-
ture coordinate :

The equations for zonally symmetric, balanced flow can be written

%% - (29 sing + "t‘;" d’) v=F, 6.1)
(29 sin g + “t‘;“"b) u+ aagi =0, (6.2)
%% =10, . (6.3)
oo (S ) = o
where
%=%+v£$+é% (6.5)

is the total derivative, F' represents the effects of friction and all other definitions are
the same as in chapter 3. Specifically (6.1)—(6.4) can be obtained from (3.1)-(3.4) using
the assumptions that all fields are independent of longitude and that the zonal flow is
balanced.

6.1.1 Conservation relations

The zonal momentum equation (6.1) can also be written in the angular momentum
form

_g_t_(Qa cos? # + ucos ¢) = F cos ¢. (6.6)

In the absence of friction the absolute angular momentum is conserved. The ITCZ is
highly nonconservative, however as we shall see in the next section, transforming to a
type of angular momentum coordinate simplifies the dynamics considerably.

The kinetic energy equation can be derived by combining (6.1) and (6.2) to get

— + v—— = uF, (6.7)

where K = %uz is the kinetic energy per unit mass. Combining (6.7) with the continuity

equation (6.4) gives

(oK) O(ovcospK) (obK) oM
ot acos pa¢ 6 tov adp ouF. (6:8)
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Using the continuity and hydrostatic equations the kinetic energy equation can be written

8(cK) 08(ovcosd(K +gz)) O (Ué(K‘l' gz)) ] op\ _
a acos ¢ + a8 " o6 ( _) =o(uF -aw), (6.9)

“t
where w = Dp/Dt.
For deriving the thermodynamic energy equation, multiply (6.4) by ¢,T to obtain

9 (ov cos ¢c, T) .9 0
a cos ¢ 00

where Q = I14. Adding (6.9) and (6.10) we obtain the total energy equation

%(UCPT) + (aecp ) =0(Q + aw), (6.10)

%(U(K + cpT)) + ov cos (K + M))

el
¢3¢

+2 (ob(K + M) - 6P ) = o(uF + Q). (6.11a)

60 ot

The lower boundary will be regarded in the same way as before. The bottom isentropic

surface g is the largest value of § which remains everywhere below the earth’s surface.

Assuming the top boundary fr is both an isentropic and isobaric surface and assuming

no topography and a vanishing § at the top and bottom, we can integrate (6.11a) over the

entire atmosphere to obtain

-(% //(K + ¢,T)oa cos pdpdl = / (uF + Q)oa cos pdpds. (6.11Db)
The equation for the absolute vorticity
_ . 0(ucos ¢)
¢ =2Qsin¢ — 2 008 930 (6.12)
is derived from (6.1) and can be written as either
D¢ O(vcosg) Ou @  O(Fcos¢) _
Dt Ca cospdp 00 adp  acospdd 0, (6.13)
or, in the alternative flux form,
(o P) lij ou
% +acos¢8¢ [(v P - 080+F)cos¢] 0, (6.14)

where P = (/o is the potential vorticity. Earlier remarks on the Haynes-McIntyre theo-
rem (1987) apply, i.e. the potential vorticity flux is exactly isentropic. Eliminating the
horizontal divergence between (6.4) and (6.13) gives

DP 8u 08 .00 O(Fcoso)

0— = —

Dt ~ 06 ad¢ C30 acos p0¢’
which is the usual form of the potential vorticity equation.

(6.15)
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6.1.2 Coordinate transformation

The potential latitude coordinate & was first defined by Hack et al. (1989) as

% Cos ¢
aQ(sin® + sin ¢)’

sin® =sin¢ - (6.16a)

which is equation (3.8a) in their paper. Comparing (6.16a) to (3.21) shows that the
coordinate used in three dimensional semigeostrophic theory on the sphere (chapter 3)
can be thought of as an approximate potential latitude. We obtain (3.21) from (6.16a) if
u is replaced by u, and if ¢ in the second term on the right hand side is replaced by &.

We can rewrite (6.16a) as
Qacos? & = Qacos? ¢ + ucos ¢, (6.16b)

which makes apparent the connection of potential latitude to the total angular momentum:
the potential latitude can be interpreted as the latitude to which an air parcel must be
moved (conserving absolute angular momentum) in order for its zonal wind component to
vanish. The advantages of using an angular momentum coordinate in balanced zonal mod-
els have been discussed by Shutts (1980). Since the argument of the inverse cosine function
must not exceed unity, we limit our attention to flows for which ucos ¢ < Qasin? ¢. Note
that this excludes westerly flows at the equator, but that frictionless flows which develop
by thermal forcing from an initial state of rest are never westerly at the equator.
Transforming from (¢, 8,t) space to (®,0,T) space, where © = § and T = t, gives

the following relations between derivatives

0 0% 9 0
i E%-*-?ﬁ’ (6.17)
8 0® 0
55 = 3_¢6_¢’ (6.18)
o 09 0 0
% = 2038 + 36" (6.19)

Another way of writing (6.18) is

o _(_¢ 9
cos 3¢ (QQsin (D) cos 309’ (6.20)
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since the vorticity can be expressed as

dsin®

(= QQsm‘I)asinqS.

(6.21)

We limit our attention to flows in which ® is a monotonically increasing function of
¢ so that (/(2Qsin ®) > 0. In regions where { > 2Qsin & the & coordinate provides
a natural stretching which is analogous to the stretching provided in similar situations
by the generalized geostrophic coordinate in semigeostrophic theory (chapter 3). From

(6.17)-(6.19) we can easily show that (6.5) can also be written as

D o0 .0 .0
i = oT <I>5-5 +056’ (6.22)

where (6.16b) in (6.6) allows us to write
a®d cos 20 sin & = —F cos . (6.23)

The advantage of (6.22) over (6.5) is the elimination of the divergent wind component v.
Introducing the potential pseudodensity o*, which as before is defined such that

Pg* = 2Qsin @, the Bernoulli function M*, and a function of the zonal flow u*, we have,

o* = (@) a, (6.24)
. cos ¢

u” = (cosd)) u, (6.25)

M*=M + %uz. (6.26)

The potential pseudodensity is the pseudodensity a parcel would acquire if { were changed
to 22 sin ® under conservation of potential vorticity. The new dependent variable u* allows
us to write transformation relations in more compact form such as the form we get when

(6.20) is applied to u cos ¢:

20 sin ¢ — %%% _ 2Qsin & (6.27)
2Qsin ¢ 20 sin  + 2 coed)” '
Now, (6.16b) and (6.25) can be combined to yield
D+ o3 Q
2% = — 2
Q Q-2 (6.28)

acos®
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Thus, as —9(u* cos ®)/(a cos 2d®) approaches 2Qsin ® the absolute vorticity becomes
much larger than the local Coriolis parameter, and as u*/(acos &) approaches 2 the
absolute circulation per unit area becomes infinite.

To ensure a one to one correspondence between & and ¢ we require that

Jsin ®
Jsing > 0. (6.29)
Writing (6.16b) in terms of sines, we get
1/2
sind = + (sin2d> - “;;’?) : (6.30)

We can find a condition on how to choose the sign in (6.30) by differentiating (6.30) and
using (6.29). We obtain,

Osin® _ 20sing - 25 | sin’g (1_ u cos ¢ )1/2>0
dsing 20 sin ¢ sin2 ® Qasin? ¢ )

(6.31)

Thus, when the term in brackets (the dimensionless vorticity) is negative we choose the
negative sign. Conversely, when the term in brackets is positive we choose the positive
sign.

With the new variables u* and M*, the balance equation (6.2) and the hydrostatic

equation (6.3) transform to

2Qsin @ . OM~
(—————-1__@1;;?)11 + 209 =0, (6.32)
oM
70 =11 (6.33)

Formally, (6.33) is identical to (6.3) while (6.32) is simpler than (6.2) in that (6.32) allows
only one u* for a given dM* /9.

We now want to derive the potential pseudodensity equation which will be the fun-
damental prognostic equation of the model. The o* equation is derived from the potential

vorticity equation (6.15). We first note that (6.18) and (6.19) can be combined to yield

ou 0 0

0
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which makes apparent the nomenclature vortex coordinates. Using (6.20), (6.23) and
(6.34) we can rewrite the right-hand side of (6.15) to obtain the potential pseudodensity

equation

Do*  , (8($cos®) ﬁ _
Dt T° ( 0800 a@) =0 (6:35)

In the absence of heating and friction o* is conserved. However, the ITCZ is highly
nonconservative. As we shall see, a midtropospheric maximum in 8 plays the crucial role
of a sink of o* in the lower troposphere and a source of ¢* in the upper troposphere. The
flux form of (6.35) will prove to be particularly useful. With D/Dt given by (6.22), the

flux form of (6.35) becomes

do* (o™ ® cos &) + bl Cal) -0
oT cos 0 00

(6.36)

The advantage of (6.36) is that, if the source terms & and § are known functions of
(®,0,T), then the problem of solving for the time evolution of ¢* is separate from the
rest of the dynamics. If ® and 6 are simple enough, (6.36) can even be solved analytically,
as was discussed by Schubert and Alworth (1987) and Schubert et al. (1989). Such

analytic solutions of (6.36) will be further discussed in section 6.2.1.
6.1.3 Invertibility principle

The potential pseudodensity o* is a combination of the mass field ¢ and the balanced
wind field u expressed in terms of the dimensionless vorticity (/2Qsin®. Since o is
related to M™ through hydrostatic balance (6.33) and ( is related to M* through gradient
balance (6.32) the complete flow field can be obtained from ¢* by inverting it to get M™.
To derive the invertibility principle we use the transformation relations (6.19) and (6.20)

in the definition (6.24) to obtain the Jacobian form

d(sing,p) . . _
d (sin®,0) to =0, (6:37)

which can be written as
d(sin ¢, 1)

ms.9) =0 (6.38)
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when noting that ['(p) = dII/dp. To derive the Jacobian in (6.38) it is easiest to express

the balance condition (6.32) in terms of ¢, @ and M™ as follows

0 (6.38)

2 *
2Qsin @ Qa (cos L ) oM

cos?d + acos 3D

and then take the derivatives. Using the hydrostatic and balance conditions we get

40?%5in? ® — sin @ cos® @

( 1 8M‘)] oM [ M 2
ad® \sin P cos® ® aldd 002 ad®do

.sin¢g ) oM™ 2
+To Snd (29 sin® — m) =, (6.392)

which is the desired relation between M™ and o*. If the upper isentropic surface @ = Ot is
also an isobaric surface with Exner function II7, the upper boundary condition for (6.39a)

is
oM™
ZIC]

=Ilr at O = 0Or. (6.39Db)

We now approximate the lower boundary condition by assuming that the geopotential
vanishes on the lower isentropic surface © = ©p, so that M = OII there. Using (6.26) to
express M in terms of M ™ and u, (6.25) to express u in terms of u*, (6.32) to express u*
in terms of M*, and (6.33) to express II in terms of M™, we can write the lower boundary

condition as

* = *y\ 2
2Qsin¢'(295in<b— oM )(@8M —M‘)+-;—(6M) =0 at O = 0p.

Qa? cos PJP 00 add
(6.39¢)
For the boundary conditions at the poles, symmetry requires
oM* T
7% = 0 at &= ia. (6.39d)

We can now summarize the results of our analysis as follows. If the time evolution
of the ¢* field can be determined from (6.36), we can then solve the diagnostic problem
(6.39) for M*, after which the wind field u* and the mass field II can be determined from
(6.32) and (6.33). This is all accomplished in (®,©) space. The transformation to other

representations, e.g., u(¢,8) or u(¢,p), is straightforward.
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The diagnostic problem (6.39) involves nonlinearities in both the partial differentia]
equation (6.39a) and the lower boundary condition (6.39¢). Because of the nonlinearities,
problem (6.39) must be solved using an iterative technique. Note that the coefficients I
and sin ¢ in (6.39a) are functions of M*, and must therefore be included in the iterative

procedure.

6.2 The breakdown of the ITCZ

We now want to use the idealized model developed in the previous section to study
the response of the zonally symmetric atmosphere to a deep tropical heat source. To
simplify the solution of (6.36) friction is ignored (& = 0). A heating function separable in
potential latitude and potential temperature is assumed. Its latitudinal part is of Gaussian
structure, the same as the one used by Hack et al. (1989). The vertical structure is a simple
sine function with a midtropospheric maximum and it is zero on both boundaries. Given -
this heating profile the prognostic equation can be solved analytically. Then equation
(6.39) need only be inverted when output is desired and thus efficiency is not a primary

concern.
6.2.1 An analytical solution of the ¢* equation

In the spirit of Schubert and Alworth (1987) and Schubert et al. (1989) we will use
the method of characteristics to solve (6.36). Let us consider the case where the heating

is a sine function in the vertical
8 = Q(®)sin(rZ), (6.40)

where Z = (O — Og)/(Or — ©p), and Q(®) is the Gaussian latitude distribution of the
specified heating and will be considered later. Multiplying (6.36) by § and using (6.40)

we obtain
—a—(éa‘)+s' ( Z)—‘?—(é =0 (6.41)
5T in(m 37 g’ )=0, .

where T(®) = Q(®)T/(Or — ©p). According to (6.41) the quantity fo* is constant

along each characteristic curve determined from dZ/sin(rZ) = d7. By integration of this
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equation we can show that the characteristic through the point (Z, 7') intersects the 7 = 0

axis at
Z0(2,T) = %tan'l [e'T tan (%Z-)] . (6.42)
Since fo* is constant along each characteristic, then
6(2,T)o*(2,T) = 6(Zo(2,T),0) 0*(Zo(Z, T),0). (6.43)

Assuming that the initial value of o* is the constant og, we can use (6.40) and (6.42) to

write (6.43) as

sin {2 tan™! [e'T tan (%)] }
sin(rZ) '

Although (6.44a) is indeterminate at the boundaries Z = 0 and Z = 1, use of I’'Hopital’s

" (Z,T) = oo (6.44a)

rule yields
el Z=1
0" (Z,T) =09 { (6.44b)
eT Z=0.
Equations (6.44) constitute the analytic solution of the frictionless version of the potential

pseudodensity equation when the diabatic source has the form (6.40). The complete
solution ¢*(®,©,T) can be plotted once (), and hence T(®), is specified. Since the T
clock runs faster where Q(®) is large, the largest anomalies in the o* field will occur in

the ITCZ.

For the latitudinal distribution of the heating we choose the form

Q(P®) = Q04a1r"%{erf[a(1 + sin ®.)] + erf[e(1l - sin 'I>c)]}_1 exp[—a?(sin ® — sin ®.)?].
(6.48)
By varying ®. and a we can consider simulated ITCZ’s centered at different latitudes and

with different widths. Through integration of (6.48) it can be shown that

1 rm/2
5/_1/2 Q(&) cos @ d® = Qo (6.49)

so that different values of &, and a all result in the same area averaged heating (Qo. In
particular we shall set @ = 15, 0 < &, < 30 degrees, O = 360 K and ©p = 300 K.
The latitude e-folding width of heating corresponding to a = 15 is 8 degrees which is in
agreement with Marshall Islands rainfall data (Yanai et al., 1973, Fig. 12) and has been
discussed by Hack et al. (1989). Choosing Qo = 0.30 K/day results in a peak heating
Q(®.) = 5.1 K/day.
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6.2.2 Results

The fields of 0*/o¢ computed from (6.44) at T = 2,3,4 days are shown in figures
6.1a-6.3a. The corresponding fields of potential vorticity P, normalized by 2Q/0q are
shown in the lower part of the figures (6.1b—6.3b). In the ITCZ, a region of low potential
pseudodensity develops at lower levels and a region of high potential pseudodensity at
upper levels. Due to vertical advection, the upper tropospheric maximum in o* begins
to get pinched off as a small o™ spreads throughout the troposphere. The convective
modification of the P field occurs within a background state which has a northward in-
crease of P. As convection continues the gradient of P becomes locally reversed in the
lower troposphere poleward of the ITCZ and in the upper troposphere equatorward of
the ITCZ. These features are consistent with observations made by Burpee (1972) in his
study of the origins of easterly waves in the lower troposphere of the north African region.
According to the Charney-Stern theorem, such zonal flows (i.e., those with a reversal in
the meridional gradient of the potential vorticity) are unstable. Thus, it would appear
that ITCZ convection alone can lead to the generation of unstable zonal flows. This may

be the cause of periodic breakdowns of the ITCZ.

6.3 Framework for future work

The task at hand is to extend the theory so as to fill the top right-hand box in figure
1.1, i.e., to derive a fully consistent globally valid three dimensional balanced theory.

The most general system of balanced equations is that of Charney (1962). However,
in its present form the equations are highly implicit in the dependent variables and the
dynamics are far from being reducible to the simple mathematical form of semigeostrophic
theory. Additionally, even though the balance equations include a full representation of
curvature effects, they are formally not valid in regions of large vorticity. A transforma-
tion to vortex coordinates should solve that. Because of the complexity of the nonlinear
balance equations the coordinate transformations might be expected to take the form of
differential relations. However, similar to semigeostrophic theory, the prediction and di-

agnosis of the balanced mass and wind fields would be performed in transformed space so
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that a transformation to physical space, and thus a solution of the coordinate differential
equations, would only be requiréd at times when output was desired. Within such a the-
ory the nonlinear balance system could be expected to blossom out in the same way that
the geostrophic momentum approximation system blossomed out within semigeostrophic
theory.

From the discussion in chapter 4, one expects Hamilton’s principle to be the ideal tool
with which to perform the task at hand. The problem is, how to formulate Hamilton’s
principle, i.e., how to define the Lagrangian of the system so as to arrive at the desired
result. Seliger and Whitham (1968) addressed a similar problem within the Eulerian
description of fluid dynamics. They were concerned with finding the simplest variational
principle that gave exactly the equations of motion of a certain system and no others.
They concluded that the Clebsch representation of the wind would lead to the simplest
principle, and the Lagrangian was simply the pressure. The Clebsch representation may
be written

v=Vx+S8Vn+aVp, (6.50)

where S is entropy, x,7, @ and 3 are scalar potentials. The vortex coordinates are equal
to a and 3. Independent variations of x, 5,7, @ and 8 lead to the equations of motion.
For our purposes the Clebsch representation seems especially promising, since we need to
approximate the wind of the system with a balanced wind. This is certainly worth further

study.



Chapter 7

SUMMARY AND CONCLUSIONS

Balanced models offer an alternative to the full primitive equations for studying the
rotational modes of atmospheric motions. The fact that these models filter out gravity
waves makes it easier to interpret the dynamical processes that are involved in many
weather phenomena; thus balanced models hold the promise of providing valuable insight
into the workings of our atmosphere. A requirement one strives to fulfill when developing
balanced models is that of keeping the fundamental conservation principles intact and thus
assuring that the models are consistent. However, the models will always be limited by the
severity of the approximations made to the momentum equations, the assumptions of the
underlying balance, and by how the earth’s rotation is represented. Again, the importance
of the transformation to vortex coordinates should be emphasized. Then the equations can
be expressed in closed form without any horizontal ageostrophic advection. Additionally,
these coordinates provide the natural stretching of regions of low vorticity and shrinking
of regions of high vorticity resulting in more symmetric length scales. Combining vortex
coordinates with the isentropic coordinate makes the divergent part of the wind entirely
implicit and the whole dynamics reduce to two equations, a prognostic equation for the
potential pseudodensity and an invertibility relation from which both the mass and the
wind fields may be diagnosed. This work is concerned with generalizing semigeostrophic
theory to take account of the variability of the Coriolis parameter. The assumption of
geostrophic balance in semigeostrophic theory makes it impossible to generalize it to the
entire sphere, but a hemispheric model was developed in chapter 3. A (-plane version
of the theory was derived in chapter 2. Chapter 4 described a powerful technique for

deriving approximate dynamical models. This technique involves applying Hamilton’s
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principle to an approximate Lagrangian while preserving the symmetries of the original
Lagrangian and thus guaranteeing the existence of the important cbnservation principles.
In particular it was shown how the theory in chapter 3 can be derived using this approach.
In fact a whole ensemble of balanced models was derived; each of those models had a
particular balance condition and a corresponding coordinate transformation, but all of
them satisfied the canonical momentum equations. Our choice of the models in chapters
2 and 3 was motivated by the appearance of the approximate momentum equations in
physical coordinates and their resemblance to the f-plane momentum equation's with the
geostrophic momentum approximation. Chapter 5 addressed the Charney-Stern theorem
which was then used in the following chapter to examine the periodic breakdown of the
ITCZ in a zonally symmetric atmosphere with a gradient wind balance. This work is but
a stroll on the road to a globally valid balanced theory, the two dimensional form of which
is this last model. Note that in the meridional direction we have a natural balance, so to
speak, guided by the angular momentum principle, and a corresponding vortex coordinate.
We are not so fortunate in the zonal direction.

Perhaps the primary virtue of the semigeostrophic 3-plane model developed in chap-
ter 2 over and above that of Salmon (1985) is that it is fully three dimensional in the
elegant and concise version of isentropic and vortex coordinates. The linearized version
of this model leads to a generalized Charney-Stern theorem for barotropic-baroclinic in-
stability and to Rossby wave solutions with a meridional structure different from that in
quasi-geostrophic theory. This model would seem to be ideal for studying the occlusion
process in synoptic scale baroclinic waves. Similarly, the semigeostrophic hemispheric
model developed in chapter 3 takes advantage of combining vortex and isentropic coordi-
nates, again reducing the dynamics to just two fundamental equations. Once more, the
linearized version leads directly to the Charney-Stern theorem. This theory would seem
ideal for studying large scale processes such as stratospheric dynamics. The only other
semigeostrophic spherical model known to us is that of Shutts (1988) which suffers from
a rather sevefe approximation to its kinetic energy and therefore is not as general. Ad-

mittedly, the computational problem poses somewhat of a challenge. The fundamental
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diagnostic equation of both models is a nonlinear second order problem with a nonlinear
lower boundary condition. It is of primary importance to have an efficient solver since
this equation must be solved at each timestep. Fulton (1989) used multigrid methods
(Fulton et al., 1986) to solve the invertibility for a two dimensional, f-plane problem.
This numerical technique holds great promise for the future Because it is fast, efficient
and should be able to handle the discontinuity introduced at the lower boundary. The
prognostic equation has to predict a discontinuous positive field, but as was mentioned
earlier, workable schemes do exist.

A globally valid three dimensional balanced theory would be extremely valuable since
it would combine all the balanced flow processes of the atmosphere under one hat, indepen-
dent of location, scale or curvature of the system. In that way it would unify midlatitude
and tropical filtered theories into one framework. For example, this theory could be used
to study the transformation of an easterly wave into a hurricane. It may be argued that
the equatorial atmosphere is inherently unbalanced and that Kelvin waves play a major
part in its dynamics. From that point of view, a filtered three dimensional theory is not
beneficial and one may resort to the long wave approximation theory which was derived
in the last section of chapter 4. In fact, the whole approach of potential vorticity thinking
is incomplete in the equatorial atmosphere, since Kelvin waves are devoid of potential

vorticity.
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Appendix A
ROSSBY WAVES ON THE S-PLANE

Here we consider solutions of

o Jo*M d 1 oM fA(Y)o*M oM

aT { axz /' V)gy ( FY) 8Y> * Tooo 907 [ TPox =0 (A-la)
oM
-a—(:)— =0 at 0= GT, (Alb)
oM

(‘)-(-?—OT—M =0 at 0 =0, (A.1¢)
M=0 when Y=Y, (A.1d)
M=0 a Y — oo, (A.le)

where Yy > — fo/8, which simply means that the 3-plane does not cross the equator.
To eliminate the vertical structure in (A.la) we define the vertical inner product
or
(u,0) = / 4(©)v(0)dO. (A.2)
©p

For any functions u and v, we seek a vertical transform of the form
V [u(0)] = w = (u, 1), (A.3)

where the kernel ¥;(0) of the transform is to be chosen so that

1 *°M
Foa‘o 002

1
——] + M =0, (A.4)
1

with ¢; a constant. Using (A.2) and (A.3) we can integrate the left-hand side of (A.4) by

parts twice to obtain

PM oM d¥;  1°7 or 42y,
ViIi—| = |V — — —= —_— . .
[392] [ 25 dOM]eB+/c->B dG)?Md@ (A.5)
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The boundary conditions (A.1b)—(A.1lc) then imply that the desired property (A.4) will

hold provided that we choose ¥;(©) and ¢; as solutions of the Sturm-Liouville eigenproblem

1 d2\1n 1

= A.
r00'0 207 + ‘I’z 0, ( 6a)
d¥;
—_—= = A,
) at 0 =07, (A.6b)
d¥,
@% -9 =0 at O = 0. (A.6c)

According to the Sturm-Liouville theory (A.6) has a countably infinite set of solutions
{e1, ¥:}§2,, the eigenfunctions ¥; are orthogonal in the inner product (A.2), may be chosen
to be real and they form a complete set. Thus any well-behaved function u(©) may be
expanded in terms of the eigenfunctions and we may write
0
u(0) = Zu,\p,(@). (A7)
=0
The coefficients in the expansion are given by u; = (u, ¥;) where the ¥; have been nor-
malized. Therefore the vertical transform pair is given by (A.3) and (A.7). Now (A.6) can

easily be solved and we get

1/2
7,(0) = cos [(—F"%l— (O — 0)] , (A.8)
I
where the ¢; are the solutions of
1/2 1/2
@?E")—eg tan [(r—""c-“-)—(eT - 03)] -1 (A9)
1 l

The ¢; can be interpreted as the gravity wave speeds corresponding to the different equiva-
lent depths h; satisfying ¢; = (ghi)'/2 where g is the acceleration due to gravity. However,
this is a balanced model and we have no propagating gravity waves.

Taking the vertical transform of (A.la) we get

a oM L_oMy _ () 1 p0M
aT{ r +1(Y)ay <f2(Y) aY) 2 }+ﬁ L=0. (A.10)

The B-plane circles the earth and the resulting cyclic boundary conditions and simple X
dependence allow us to define the zonal transform as the usual Fourier transform. Let us

define M;m(Y,T) as the zonal Fourier transform of M;(X,Y,T). The transform pair is
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— 2ma

M (Y, T) =3 f M(X,Y,T)e "™ X dX,
} , (A.11)

MXY,T) = 3 Mpne™X

m=-—co
where a is the distance from the earth’s rotation axis. Transforming (A.10) zonally we
obtain

0 [ and (1 0Min 2y ,
3T {fz(Y)a—Y' (f2(Y) —5},1—) + {—Lc(—lz—)- - m2] Mlm} +imPMim =0.  (A.12)

We will now design a transform to eliminate the meridional structure. Let us define

the meridional inner product

(vl) = [ 2"V *(¥)a, (A1)

for any functions p(Y) and ¢(Y') on [Yp, ). We seek a meridional transform of the form

T [p(Y)] = pn = (pIKn), (A.14)

where the kernel K£,(Y') of the transform is to be chosen such that the meridional transform

of (A.12), which completes the transformation to spectral space, has the following form

dMpn(T)

dT - 2-Vlmn.-/\’iln'z"l.(’I‘) =0. (A15)

Taking the meridional transform of (A.12) we get

/:{ oY )ay (fz(l},) aMT) + [— fzc(;’) - m2J Mr + imﬁM} Kof~3(Y)dY =0,
(A.16)

where the subscript T indicates a partial derivative with respect to T and where we have
substituted the subscripts Im, indicating that a vertical and a zonal transform have been

taken, with the hat over M. Integrating by parts twice and using the boundary conditions
(A.1d) and (A.le) we obtain

0 d 1 dK, 1 m?2 -
. {[Eﬁf“ (f’(Y)W) ¥ ("c'?' - f_”(Y)) ’C"] Mr + lf’(Y)MIC }

5./\;11‘ 1 © _
], = —
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Therefore the required property holds provided we choose the kernel K,, such that

d 1 dK, 1 m? mB ~
dY [_f2(Y) dY] + [—-C? - fg(Y) + sz(Y) Kn = 0, (A_]_ga)

with the boundary conditions

1
—_—K, = = Al
f2(Y),C" when Y =Y, (A.18b)
f—z(l}-;')"cn when Y - . (A.18C)

The above is a Sturm-Liouville problem, thus the eigenfunctions X, are orthogonal in the
inner product (A.13), may be chosen to be real and they form a complete set. We now
want to determine the eigenfunctions and eigenvalues. It is convenient to make a change

of variable as follows

Y=f(¥)=fo+5Y, (A.19)
then (A.18) becomes
2 d [ 1 dK, ] 1 mf3
Gl [.y2 ot [ 2 y + u)ﬂ] Kn =0, (A.20a)
y—lz-lCn =0 when Y= fo+3Y,, (A.20b)
3}-—2—16 =0 when )Y - . (A.25c¢)

Let us make (A.20) dimensionless by defining the units of time and length as follows

[time] = (1/c;8)Y/%,  [length] = (ci/8)/2. (A.21)

Then (A.20a) becomes

dQIC,, 2 dK,
a? " Yydy

+ [ m?-Y*+ =K, =0, (A.22a)

Defining
Kn(Y) =Y Fa() (A.23)
and writing (A.22) in terms of F, we get

d*F, 2
a2 +[ +—-—y2—5;—2' Fo=0 (A.24a)
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';%7}- 2=0 when Y= (aB)(fo+BY), (A.24D)
%fn =0 when Y- 0. (A.24¢)

This differential equation has the solutions (see Abramowitz and Stegun, 1965)
Fa(Y) = e ¥/2 yat1/2 [(o)(y2), (A.25)

where a = +3/2, LS‘“) denotes the generalized Laguerre polynomials, and

m
Ymn S it dn+2a+2 (A.26)

The boundary condition at infinity has been satisfied. Let us write
Ka(Y) = e ¥/ [AySLS?/”(y?) + BLS,-3/2>(y2)] : (A.27)

The other boundary condition will determine B in terms of A. When the K, are normalized
in the inner product (A.13), the value of A is derived. Choosing the interval for J to be

(0,00) is particularly convenient since then

Kn(Y) = Ae= Y 12y3 L3/ (Y?), (A.28)
and LS?/ 2 are orthogonal polynomials so that A can easily be determined. Note that this
corresponds to the 3-plane extending infinitly close to the equator, since then fy = —3Ys

or f(Ye) = fo+ A% = 0.

To summarize, the full solution of (A.1) is of the form
M~ e—y’/2y°‘+3/213$,°‘)()’2) cos [Ci'l(roao)l/z(er _ 0)] ei(mX+vT),

with the dispersion relation

- pm
B m2+§(4n+2a+2).

Vmn
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