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ABSTRACT OF DISSERTATION

HOPF BIFURCATION IN ANISOTROPIC REACTION DIFFUSION SYSTEMS

POSED IN LARGE RECTANGLES

The oscillatory instability (Hopf bifurcation) for anisotropic reaction diffusion equations
posed in large (but finite) rectangles is investigated. The work pursued in this dissertation
extends previous studies for infinitely extended 2D systems to include finite-size effects. For
the case considered, the solution of the reaction diffusion system is represented in terms of
slowly modulated complex amplitudes of four wave-trains propagating in four oblique direc-
tions. While for the infinitely extended system the modulating amplitudes are independent
dynamical variables, the finite size of the domain leads to relations between them induced
by wave reflections at the boundaries. This leads to a single amplitude equation for a dou-
bly periodic function that captures all four envelopes in different regions of its fundamental
domain. The amplitude equation is derived by matching an asymptotic bulk solution to
an asymptotic boundary layer solution. While for the corresponding infinitely extended
system no further parameters generically remain in the amplitude (envelope) equations
above the onset value of the control parameter, the finite-size amplitude equation retains
a dependence on a rescaled version of this parameter. Numerical simulations show that

the dynamics of the bounded system shows different behavior at onset in comparison to
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the unbounded system, and the complexity of the solutions significantly increases when the
rescaled control parameter is increased. As an application of the technique developed, an
anisotropic Activator-Inhibitor model with higher order diffusion is studied, and parameter
values of the amplitude equations are calculated for several parameter sets of the model

equations.

Travis A. Olson
Department of Mathematics
Colorado State University
Fort Collins, CO 80523
Summer 2010
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1 Introduction

There are two generic mechanisms through which a uniform equilibrium state of a physical
system may lose stability due to variation of an external control parameter: It can undergo
a stationary instability (steady state bifurcation), or an oscillatory instability (Hopf bifur-
cation). In this thesis we will consider reaction diffusion systems posed in two-dimensional,
large but finite, domains that undergo a Hopf bifurcation. By large domain we mean that
the characteristic wavelength of the marginally stable modes at the onset of the instability
is much smaller than the size of the domain in the two main directions.

This problem is part of the general area of pattern formation in extended systems, which
has grown into a major branch of physics and applied mathematics during the past decades,
with strong impact on fields as diverse as ecology, chemistry, engineering, as well as new

technologies and processes.

1.1 Mathematical Approaches to Pattern Formation

Since the seminal paper of Turing appeared in 1952 [58], it is well known that pattern
formation is intimately connected with instabilities encountered in systems of nonlinear
partial differential equations (PDE’s), and spontaneously broken symmetries arising in their
attracting solutions. Schematically, the PDE-systems considered in pattern formation can

be written in the form

ZZ‘ — L(V,R)u+N(V,u,R), (1.1)

where t is time, £ is a linear operator, R is an external control parameter, and V is the
gradient with respect to the unbounded variables x (usually one or two) on which the
solution-vector u dpends. Further, bounded variables such as the vertical coordinate in a
2D, infinitely extended layer, are taken into consideration by viewing the solutions u(zx,t) as
elements of an appropriate function space (Hilbert ot Banach space). The second term N
has to be understood symbolically, it stands for nonlinear terms that are at least quadratic

in u and its derivatives. The system (1.1) has v = 0 as a distinct solution corresponding to



a spatiotemporally uniform state (the basic state) of the underlying physical system, for ex-
ample the heat conduction state in Rayleigh-Beénard convection. The typical scenario is that
the basic state becomes unstable when R, usually a measure of energy flow, exceeds a critical
value R.. At the critical (onset or threshold) value the linearized operator £ has eigenvalues
on the imaginary axis. The associated non-decaying solutions of the linearized system at
onset, u; = Lu, are referred to as marginally stable modes. A generic zero eigenvalue gives
rise to a stationary instability (the marginally stable modes are time-independent) and a
generic imaginary eigenvalue to an oscillatory instability or Hopf bifurcation (temporally
oscillating marginally stable modes). Since (1.1) is translation invariant in time and space,
the marginally stable modes are spatial or spatiotemporal Fourier modes associated with
certain critical wave numbers. At leading order in terms of a small parameter € ~ R — R,
measuring the distance of the control parameter from its critical value, the solutions are
then represented as a superposition of the marginally stable modes. While the basic state
has general time and space translation invariance, the solutions above the onset usually

have lower symmetry invariance, which is referred to as spontaneous symmetry breaking.

Equivariant bifurcation theory The connection between spontaneous symmetry break-
ing and pattern formation has led to the development of equivariant bifurcation theory,
initiated by Sattinger in the 1970’s [50], and established as a branch of mathematics by
Golubistky and Stewart in the 1980’s, see [32]. In equivariant bifurcation theory the pat-
terns studied in unbounded systems are spatially or spatiotemporally periodic, in two and
higher dimensions the spatial periodicity is usually imposed by choosing a lattice. This
restriction enables one to reduce the PDE’s to a finite dimensional system of ordinary
differential equations (ODE’s), called ‘normal form’ or ‘amplitude equations,’ for the am-
plitudes of those marginally stable modes that satisfy the chosen periodicity constraints.
The application of equivariant bifurcation theorems then allows prediction of the spatially
periodic patterns that can be expected above the instability threshold, and to study their
stability against perturbations satisfying the same periodicity constraints, but not against

non-periodic perturbations or perturbations that are periodic with respect to another lat-



tice. For example, in 2D isotropic systems one often considers both hexagonal and square
lattices for the same system, but the stability of a hexagonal pattern against perturbations
in the form of square or rhombic patterns cannot be determined. Nevertheless, the impor-
tance of this approach relies on the fact that the structure of a normal form follows solely
from the symmetries of the PDE’s, the critical eigenvalue, and the marginally stable modes
taken into account, whereas the details of the particular system studied are revealed in the

specific values of the coefficients of the normal form.

Ginzburg Landau formalism The modulation or envelope approach, also referred to
as ‘Ginzburg Landau (GL) formalism,” takes both temporal and spatial modulations of
the marginally stable modes into account. Accordingly, the amplitudes of these modes are
treated as slowly varying in time and space, and their evolution is governed by time and
space dependent amplitude or envelope equations. This approach was initiated by Newell
and Whitehead [45] and Segel [51] in the late 1960’s in the context of fluid mechanics. In
the case of several marginally stable modes, the equations for their envelopes are coupled
canonical PDE’s of the Ginzburg Landau type. In the case of a generic stationary instability
in 1D, the envelope equation is the real Ginzburg Landau equation (RGLE) for a single,
complex envelope as described below. For 2D isotropic systems the derivation of GL-type
equations is problematic in the case of nonzero critical wave vectors, because then there
exists a continuum (circle) of critical wave vectors due to the rotation invariance of the
PDE’s. In this case one may choose again a lattice, and take only those marginally stable
modes into account that are periodic with respect to that lattice. Since the amplitudes
of these modes are still allowed to vary slowly in space, the class of solutions considered
contains spatially periodic as well as aperiodic functions, in contrast to the approach used in
equivariant bifurcation theory. Generally, the normal forms used in equivariant bifurcation
theory follow from the GL-systems when spatial variations are neglected, in which case the
GL-PDE’s reduce to ODE’s. However, a rigorous derivation of GL-systems in dimensions
two or higher, in the sense that all possible extended solutions are captured, is strictly possi-

ble only for anisotropic systems, which exhibit only a finite number of linearly independent



marginally stable modes. A more in depth discussion of these techniques can be found in

34, 42, 19].

Complex Ginzburg Landau equation The general ‘building block’ for Ginzburg Lan-
dau systems is the complex Ginzburg Landau equation (CGLE). In 1D the general (non-

rescaled) form of this equation is

(57 - )= (4t~ o

where A is a complex amplitude, 7" and X are (slow) time and space variables, ¢ is real,
and u, d, and a are complex coefficients. If reflection invariance X — —X is required, one
has to set ¢ = 0. For 2D isotropic systems, 88—;2 is replaced by the Laplacean, and for 2D
anisotropic systems by a general complex second order differential operator. The RGLE is
recovered when ¢ = 0 and u, d, and a are real. In this limit the equation is purely relaxative
and can be written as % = _% [19, 1], where F is a functional of (A, A) expressed in
terms of an integral, and §/§A denotes a functional derivative. The RGLE resembles the
equation derived by Ginzburg and Landau [30], see, also [54], in their phenomenological
theory of superconductivity. There are in fact a number of analogies between this theory
and the modulational theory of pattern forming systems, see [19]. The other limiting case
arises when ¢ = 0 and p, d, and a are purely imaginary, in which case (1.2) becomes the
conservative nonlinear Schrédinger equation. The convective term —c% can be formally
eliminated by setting B(X,T) = A(X — ¢T,T'), which means that the solutions are drifting
when ¢ # 0.

The CGLE (1.2) is one of the most extensively studied equations in physics. It has a
huge variety of solutions and transitions between them when the parameters are varied,
see [1] for a review. The most prominent features of the solutions are phase turbulence, a
weak form of “space-time turbulence”, and hole-mediated turbulence which is dominated

by the appearance of zeros of the complex amplitude A [1, 41]. The role of (1.2) as envelope

equation near instabilities is, however, limited to generic instabilities with nonzero critical



wave numbers in 1D translation invariant systems without reflection symmetry. In such sys-
tems instabilities generically exhibit an imaginary eigenvalue and the separation between
stationary and oscillatory instabilities disappears. All finite wave number instabilities are
described by a single CGLE with a convective term (group velocity ¢ # 0). By contrast, in
systems with a reflection symmetry there is a clear separation between stationary and oscil-
latory instabilities. In 1D, stationary instabilities lead to the RGLE, whereas for oscillatory
instabilities the marginally stable modes consist of a pair of counterpropagating travelling
waves, which means that two envelopes and accordingly a system of two coupled CGLE’s
are needed to describe this instability. In [38] it is shown that the two CGLE’s have to be

globally coupled to each other (see Section 2).

Weakly nonlinear analysis The main technique used for reducing a nonlinear PDE-
system to a GL-system near an instability is a weakly nonlinear analysis [45, 51]. In this
technique the method of multiple scales, see [37, 61], is combined with an expansion of
the solutions in terms of a small parameter ¢ ~ R — R., measuring the deviation of the
control parameter from the onset value. The envelopes are assumed to be small and slowly
varying. Specifically, since the envelopes are assumed to be O(e), the leading terms in the
expansion of the PDE’s are the linear terms and are O(e) as well, whereas the nonlinear
terms are O(e*) with & > 1. The slow variation of the envelopes is captured by assuming
that they depend on slow space and time variables, for example T' = €Pt, X = €%z, with
integers p,q > 1. The appropriate values for p,q are found by balancing certain terms
in the expansion, depending on the particular type of instability. For example, T' = €?t,
X = ex in the case of a stationary instability in 1D. For oscillatory instabilities one has
to use two different slow scales, see Section 2. The solutions are then expanded in an
asymptotic series in powers of €, with the leading term consisting of a superposition of
the marginally stable modes multiplied by their envelopes. Substitution of the expansion
into the PDE’s then leads to a hierarchy of linear equations for the higher order terms.
These terms are distinguished in ‘resonant terms’ and ‘non-resonant terms.” The equations

for the non-resonant terms admit unique solutions, whereas the equations for the resonant



terms (which are of the same form as the marginally stable modes) are singular and require
the invoking of solvability conditions related to a Fredholm alternative. The solvability
conditions finally lead to the system of GL-equations for the envelopes. In most cases of
interest, nonresonant terms occur already at O(e?), and resonant terms at O(e®). The
method has some resemblance to the averaging method widely used in Dynamical Systems
[2, 59], where zero averages are required to guarantee that certain equations have periodic
(and hence bounded) solutions.

If the envelopes are assumed to depend only on a slow time but not on space, the weakly
nonlinear analysis yields an ODE-normal form common in equivariant bifurcation theory.
Another approach to find this normal is a process called center manifold reduction and
normal form transformation, which does not utilize multiple time scales. The advantage
of the weakly nonlinear analysis is that the normal form is determined directly, without
the necessity of a subsequent near identity normal form transformation after the reduction
to the center manifold. Another reduction method used in equivariant bifurcation theory
is the so called Lyapunov Schmidt reduction, see [7]. This reduction yields a system of
reduced algebraic equations for amplitudes of specific (usually spatially or spatiotemporally

periodic) solutions.

Finite size effects In most papers on pattern formation it is assumed that there are one
or two unbounded space variables, and the GL formalism captures patterns of infinite extent
with respect to these variables. Infinitely extended systems are, however, idealized, since
any mesoscopic or macroscopic system in which pattern formation is observed is bounded.
The infinite extent idealization is often justified by arguing that the system is large com-
pared to the intrinsic wavelengths of the patterns emerging from instabilities [19], hence
the effect of distant sidewalls should be weak. Studies of sidewall effects have been pursued
in the 1970’s and 1980’s for 1D stationary instabilities in the context of Rayleigh-Benard
convection [12; 13, 24, 25, 29]. In this case the sidewalls mainly induce a selection mecha-
nism in that special “phase winding solutions” are selected, which are still contained within

the solutions set of the RGLE. Sidewalls have, however, a strong effect on propagating pat-



terns that are created in oscillatory instabilities. With broken spatial translation invariance,
ideal travelling waves cannot exist, since any wave propagating through a bounded domain
eventually encounters reflection at the boundary, as has been observed in convection ex-
periments on binary mixtures [40] (see Subsection 1.2). To include finite size effects in the
GL-description for oscillatory instabilities, Cross [10, 11] has phenomenologically (without
rigorous derivation) introduced a system of two locally coupled CGLE’s on a finite interval
with Robin boundary conditions containing a parameter that is interpreted as a reflection
coefficient. Another approach has been used in [17] by introducing imperfection terms
breaking the spatial translation invariance in the normal form for a Hopf bifurcation for
systems with periodic boundary conditions. These imperfection terms give rise to solutions
that are reminiscent of the so called blinking state observed experimentally [40]. In [18] the
normal form with these imperfection terms was derived from the system of Cross [10, 11]
via center manifold reduction, and in [22] a numerical bifurcation study of the full system
of Cross has been pursued showing a variety of complex wave states, including a period
doubling cascade to chaos, see, also [16].

A rigorous weakly nonlinear analysis of the effect of sidewalls on the GL description
of oscillatory instabilities in 1D systems with reflection symmetry has been performed by
Martel and Vega for the case of reaction diffusion equations [43]. The starting point of their
analysis is the globally coupled system of CGLE’s of [38]. Martel and Vega have shown that
the appropriate GL-equation for this type of instability is an evolution equation for a single
spatially periodic function with global nonlinear terms, which incorporates the envelopes of
the two counterpropagating waves in two parts of its fundamental domain, see Section 2.
The method used in this analysis is the method of matched asymptotic expansions [37, 36],
where a boundary layer expansion is matched to the bulk expansion. This paper plays a

key role for the analysis pursued in this thesis.



1.2 Oscillatory Instabilities in Physical Systems

The Hopf bifurcation is one of the basic mechanisms that leads to temporal oscillations
in parameter-dependent dynamical systems. It has been observed experimentally in a va-
riety of biological, chemical, and physical systems. A classical example is the Belusov-
Zhabotinsky reaction [3, 62], in which for the first time the possibility of concentration
oscillations in chemical reactions has been demonstrated (in this reaction the oscillations
are visible by alternating colors), as well as the possibility of concentration wave propaga-
tion if the reaction takes place in an extended container allowing diffusion of the substances
involved in the reaction.

In systems with few effective degrees of freedom, including spatiotemporal systems of
small spatial extent, the Hopf bifurcation leads to sustained limit-cycle oscillations. More
complicated dynamics has been observed in spatially extended systems. Experiments with
fluids, in particular convection experiments, have shown that a large variety of complex spa-
tiotemporal patterns can appear already slightly above the onset of an oscillatory instability

53, 4, 40, 35, 49].

Thermal double diffusive convection Thermal convection systems, where a fluid layer
is heated from below, may encounter a Hopf bifurcation at the onset of convection when
there is an additional restraint that acts stabilizing on the heat conduction state, and
operates on a slower time scale than the thermal expansion. In most experiments performed,
the restraint has the form of a second diffusion process [40, 35, 49]; convection in such
fluids is referred to as ‘double diffusive’ convection. Prototype examples are thermohaline
convection (diffusion of salt), convection in binary mixtures (concentration diffusion), and
magnetoconvection of an electrically conducting fluid in the presence of an external, vertical
magnetic field (diffusion of magnetic flux) [39]. In each of these fluids, the destabilizing
buoyancy is opposed by a stabilizing effect, for example, a salt gradient in thermohaline
convection, where the fluid is saltier on the bottom than on the top.

In order that in double diffusive systems the onset of convection is a Hopf bifurcation,



the second diffusion process has to be slower than the heat diffusion [9, 39]. In this case
the conduction state loses stability to overstable disturbances. Consider for example a fluid
parcel in a saltwater heated from below and containing a stabilizing salt gradient. If the
parcel is placed upwards through some disturbance, it rapidly gives up heat to the ambient
medium while maintaining its salt content. This makes it overdense relative to the ambient
medium, and the fluid parcel descends faster than it moved upwards, overshooting on its
downward excursion. In this way growing oscillations result. For small, 2D fluid layers that
undergo a Hopf bifurcation, linear theory predicts convection rolls which alternate in the
orientation of the fluid circulation (corresponding to standing waves). In large containers
one observes convection rolls propagating through the container (traveing waves), until they
are reflected at the boundary and propagate in the opposite direction resulting in ‘blinking

state’ solutions [40].

Electroconvection in Nematic Liquid Crystals Nematic liquid crystals are charge-
carrying fluids composed of long macro-molecules. They differ from ordinary liquids in that
their molecules are on average locally oriented along a preferred direction, called the director.
For electroconvection, the nematic is sandwiched between two parallel glass plates, treated
to produce planar (parallel to the plates) alignment of the director, and an ac-voltage
is applied across the electrode plates. Above a critical value of the applied voltage, an
electrohydrodynamic instability occurs that leads to various types of convection patterns.
The instability mechanism is that a bending of the director leads to charge accumulation
which in turn induces an electric volume force driving the fluid motion. In the original theo-
retical description (the so-called ‘standard model’ [5, 33]), the resistivity is assumed Ohmic,
with the result that only the destabilizing mechanism is included. As a consequence, the
standard model does not show a Hopf bifurcation in contrast to experimental observations
[26, 27, 28]. Tt was later noticed that the ionization-recombination process of the charge
carriers acts stabilizing on the basic state, since the electric volume force tends to recombine
the charged particles and hence to lower the volume force. In a macroscopic description, this

process is incorporated through a non-Ohmic resistivity, in which the conductivity becomes



a further field variable, similarly like the salt concentration in thermohaline convection. The
standard model extended by this additional field variable is referred to as ‘weak electrolyte
model’ [55, 56, 57]. The weak electrolyte model shows a Hopf bifurcation if the relaxation
time of the conductivity is larger than the relaxation time of the director-variable.
Electroconvection experiments have shown a variety of patterns above the onset, in-
cluding zig-zag stationary patterns, localized worm-like patterns, and alternating waves
[26, 27, 28]. Nematic liquid crystals provide one of the few convection systems where
extended spatiotemporal chaos [6] has been observed directly at the onset of convection
[55, 28, 15]. The Ginzburg Landau formalism for the Hopf bifurcation in systems posed in

infinitely extended domains has been applied to the weak electrolyte model in [56, 57, 20, 46].

1.3 Oscillatory Instabilities in 2D Anisotropic Systems

The subject of this thesis are oscillatory instabilities in 2D anisotropic systems. Our model
of the physical system assumes that we can describe the quantities of interest in terms of
two space variables and time, u = u(x,y,t). Even if the system is a three dimensional
system, for example a thin film, we assume that it is large in two of the dimensions and
the pattern formation can be sufficiently described by the extended directions. To keep the
problem as simple as possible, we consider systems of reaction diffusion equations posed in
a large rectangle with sizes L, and L, in the x and y directions respectively, with L, > 1
and Lg > 1, while the aspect ratio of the system is of order one (L,/L, = O(1)). Although
this is a restricted class of equations, the resulting envelope equation is canonical and holds
for any anisotropic system of PDE’s posed in a rectangle that encounters the instability
considered.

This large domain assumption is necessary to allow us to consider the behavior of the
large, but finite, domain separated into two regions, one near the edges where the boundary
conditions dominate, and the other in the bulk where the external control parameter dictates
the dynamics. The derivation of the bulk solution proceeds by considering the system as

infinitely extended in both spatial directions, with the only restriction that the solutions
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of the system remain bounded at infinity. For the instability type considered in this work
the marginally stable modes of the infinitely extended bulk solution at onset consist of four
spatiotemporally periodic Fourier modes corresponding to two pairs of counterpropagating
travelling waves. In order for this type of instability to be generic, the system must be
anisotropic.

A weakly nonlinear analysis of the infinite size case problem is performed in which the
solutions slightly above onset are represented as an asymptotic series in terms of a small
parameter €. The leading term of this series is a modulation of the marginally stable modes
by slowly varying (in time and space) amplitudes or envelopes. Solvability conditions at
higher orders lead to an evolution equation in the form of a set of four globally coupled
partial differential equations of the Ginzburg Landau type. These equations have been de-
rived for general systems by using symmetry arguments in [23], and parameter calculations
for reaction diffusion systems have been done in [21]. The physical meaning of the global
coupling is that the group velocities are finite (rather than asymptotically small) which
indicates fast energy transport that causes wave interactions to occur on average rather
than locally.

For the finite size problem, the asymptotic solution series of the infinite size case is
used to represent the solution in the bulk of the domain. A boundary layer solution is
then constructed at each of the four edges of the rectangle such that the solution decays
exponentially with increasing distance from each edge. The bulk solution and edge solutions
are then matched in an intermediate range between the bulk and the edges. The matching
conditions impose relations between the envelopes of the bulk solution which correspond to
wave reflections of the travelling waves modulated by the envelopes. The final result is a
globally coupled evolution equation for a single, doubly periodic function that captures all
four amplitudes in different regions of its fundamental domain.

The derivation of the reduced envelope equation is the main theoretical result of this
thesis. While propagation and interaction of the waves in the bulk are adequately described

by the equations of [21] for infinitely extended systems, these equations fail when the waves
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approach the boundary. Since every real system is confined, the equations of [21] can be
considered as valid only over a time range in which no wave reflections and interactions
take place at the boundary. For longer times any travelling wave created in an oscillatory
instability reaches the boundary, where finite size effects become dominant, and will lead to
states such as the so called ‘blinking state’ where the bulk solution alternates between trav-
elling waves in opposing directions as observed experimentally in convection experiments
[40]. The boundary interactions are particularly important when there is energy absorption
or injection at the boundary. In the approach used in this work, the effect of the bound-
ary conditions are incorporated into the evolution equations through dependence on two

reflection coefficients which incorporate the details of the boundary conditions.

1.4 Overview

In Section 2, previous work on oscillatory instabilities in extended systems, which is related
to this thesis, is reviewed. We first discuss in some detail Hopf instabilities in 1D reaction
diffusion systems, and outline the derivation of the globally coupled amplitude equations of
Knobloch and DeLuca [38]. In addition we present the modification of these equations due
to effects of a finite size domain by Martel and Vega [43]. Next we review the 2D infinite size
case where the system of globally coupled equations for the envelopes of the four travelling
waves is adapted from [23].

In Section 3 we describe the asymptotic analysis leading to the amplitude equations for
the Hopf instability in large rectangles. The main difference between the 2D and the 1D
cases is the subtle resonances that occur in the 2D case if a certain ratio of L,, Ly, the group
velocities, and the real parts of the diffusion parameters is rational. Explicit equations are
given for the generic irrational case as well as the case of a (1,1)-resonance. The work in
this section is related to [21, 23] for the 2D case in the same manner as Martel’s and Vega’s
work in [43] is related to [38] for the 1D case. In Section 4 we introduce a Neural Activator-
Inhibitor reaction diffusion model adapted from a book by Murray [44] that shows how the

theoretical work in Section 3 can be extended to systems that include higher order diffusion

12



terms. Section 5 discusses results of numerical simulations of the amplitude equations from
the bounded case and compares the resulting patterns with simulations of the infinite extent
case in [21]. Finally, Section 6 summarizes the results and discusses possible extensions of

this work.
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2 Hopf Bifurcation in Extended Systems

In this section previous work on Hopf instabilities in 1D and 2D systems that is related to
this thesis is reviewed in the context of reaction diffusion equations. The discussion of the

1D case in Section 2.1 also serves to introduce the basic ideas from pattern formation.

2.1 Hopf Bifurcation in 1D Reaction Diffusion Equations

Consider the system of reaction diffusion equations

@:Dazu

ot p@+f(uaR)a (21)

where u = (uq,...u N)T is a vector of concentrations measured as deviations from equilibrium,
D, is a N x N diagonal matrix with positive entries, f describes the reaction kinetics and
satisfies f(0, R) = 0, and R is an external control parameter, for example, temperature
or catalyst concentration. For all values of R, (2.1) admits the trivial v = 0 solution
corresponding to the spatially and temporally uniform equilibrium state. We begin by

discussing the idealized situation of an unbounded domain, where —oco < & < 0o, and u is

required to remain bounded when |z| — co.

2.1.1 Unbounded Domain

Let
M(R) = fu(0, R)

be the Jacobian of f at u = 0. The stability of the equilibrium v = 0 is determined by the
linearized system,
ou 0%u

~_D

5 = Drga + MR (2.2)

The trivial solution of (2.1) is (linearly) stable if all solutions of (2.2) decay exponentially
in time. Since (2.2) does not depend explicitly on ¢ or z, we look for solutions that are

superpositions of the form e?*e™*U, with U € CV. This excludes solutions in the form of
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diffusing Gaussians which may be important in other contexts. Substituting this into (2.2)
yields the eigenvalue problem

oU = K(p*, R)U, (2.3)

where

K(p*,R) = —D,p* + M(R). (2.4)

Thus, for a given value of R, u = 0 is stable if for all p the matrix K has only eigenvalues
with negative real parts. The modes e’’e®*U are called marginally, or neutrally, stable if
U is an eigenvector of K with eigenvalue o and Re(o) = 0. Marginally stable modes with
o = 0 are called stationary and marginally stable modes with o = 2 (2 € R) are called
oscillatory. Assuming that the condition for the stationary marginally stable modes with a
zero eigenvalue,

detK (p*,R) = 0,

can be solved for R = Rs(p?) this leads to a curve in the (p, R)-plane, which is referred
to as a stationary neutral stability curve [14]. Analogously, assuming that a condition for
the oscillatory instability with a purely imaginary eigenvalue can be solved for R = R,(p?),
the associated curve in the (p, R)-plane is called an oscillatory neutral stability curve. For

example, for N = 3, the characteristic equation for an eigenvalue ¢ of K is

0% + koo + ko + ko =0,

where the real coefficients k; depend on (p?, R), k; = k;j(p?, R). Then the condition for an

imaginary eigenvalue o = i€ leads to the equations Q2 = k; and —keQ? + ko = 0, giving

ko(p2> R) - kQ(p2> R)kl(p27 R) =0

as an equation for R,(p?), with the constraint ki(p?, R) > 0. For general N, the equation
for (p?, R) is the resultant of two polynomial equations in 2 found by substituting o = iQ

into the characteristic equation.
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Typically, the curves Rs(p?) and R,(p?) both have minima R, and R, and for

R < RC = min{Rsc, ROC}

the eigenvalues of K are either negative or have negative real parts for all p. The transition to
instability occurs when R is increased from below and exceeds R.. If R, = R, the system
encounters a stationary instability, and if R. = R,. the system undergoes an oscillatory
instability or Hopf bifurcation. The value p. for which the minimum is attained, R, =
Rse(p?) or Re = Roe(p?), is called the critical wavenumber and the corresponding marginally
stable modes are called the critical modes.

In the case of a Hopf bifurcation, the critical modes are of the form

u(z,t) = Upe™leFPer, (2.5)

where o, = iw is the critical eigenvalue and Uy is the associated eigenvector of K (p?, R.) with
respect to o.. The neutral stability curves for this case are sketched in Figure 1(a). Note
that the neutral stability curves are symmetric about p = 0 due to the reflection symmetry
x — —x of (2.2). For R = R, this linear system has the non-decaying modes (2.5) as
solutions, all other solutions decay exponentially. For R slightly above R., R = R. + AR,
the modes associated with wave numbers in certain intervals around +p. of width ~ VAR
are exponentially increasing and v = 0 is unstable against perturbations in the form of
these modes. The underlying wave numbers are called unstable wave numbers (see Figure
1 (b)).

For small AR > 0, solutions of (2.1) are represented in terms of small and slowly varying

complex amplitudes or envelopes A;(z,t) and As(x,t) in the form

u(z,t) = (A1(z,t)ePe® + Ag(z, t)e” P Upe™ + cc + HOT, (2.6)

where cc refers to the complex conjugate expression and HOT refers to higher order terms
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unstable wave numbers

(b)

Figure 1: (a) Neutral stability curves Ry(p?) and R,(p?) with the lower minimum on R,(p?).
(b) Bands of unstable wave numbers for R = R, + AR.

defined as follows. The assumption on the envelopes are that

O A;

‘<<|A|<<1 ‘ ‘<<’ ‘<<|Ay

%

and in addition it is assumed that AR < 1. The HOT in (2.6) are terms of higher order
than A; and A in this sense. According to (2.6), the envelopes A; and Ay modulate the
left and right travelling waves, respectively.

We briefly describe the derivation of the evolution equations for A; and As, and the
globally coupled equations resulting from them, following [38]. Fourier transformation of
the linear system (2.2) yields i{Qu = Ku where u is the Fourier transform of v with respect
to the Fourier variables (£2,p). Substituting the Fourier transform of the modulated left
travelling wave, AjeP<*+!], into this equation and projecting with the adjoint eigenvector
leads to

IAQAL(AQ, Ap) = (0(p®, R) — iw) AL (AQ, Ap), (2.7)

where A, is the Fourier transform of Ay, which is centered around (0,0) because A; is slowly

varying, and AQ = Q —w, Ap = p — p.. The eigenvalue o can be expanded about this
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critical value as

o(p?, R) = iw + apAR + ivyAp — dppAp® + - - -, (2.8)

with complex coefficients ag and dp,, and the ‘critical group velocity’
0
vp = aTr)Ima(pQ, R.)|p.-

Fourier inversion of (2.7) yields

0A; 0A; 0?

Tl Up—ax = (aoAR + dppiaxQ)Al + HOT,
and analogously one obtains

0A 0A 0?

St gy = (AR T dys ) Az + HOT.

These equations are not complete, since nonlinear terms and, in particular, coupling terms
are missing. The form of nonlinear terms can be inferred from symmetry considerations.
The original system (2.1) is invariant under spatial translations * — x + xg, the reflection
r — —x and time translations ¢ — t + tg. Applying these symmetry operations to the
modulated left and right travelling waves induces symmetry operations on the envelopes

(A1, Az),
t—t+to: (Al,AQ) — 6iwt0(A1,A2)

T —x+x0: (A, Ag) — (e Ay e Pe0 Ay)
T — —X: (Al,AQ) — (AQ,Al).
The evolution equations for (A1, A2) have to be invariant under these operations. The only

nonlinear terms up to third order that satisfy that invariance are (|A1|?A41,|A42]|?>4s) and
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(|A2|?A1,|A1]?As). Adding these generic nonlinear terms to the linear equations gives

0A; 0A; 0?

ﬁ *’Up% = (aoARerppw +€1|A1‘2+62|A2|2)A1 + HOT, (29)

Ay DAy s 2 2

— — = A — A A7) A HOT 2.1
ot + vp or (ao R+dpp8$2 +61| 2‘ —i—eg‘ 1’ ) 2+ HO , ( 0)

where the parameters e; and es; are complex coefficients computable from the nonlinear
terms in (2.1)

A complication of the system (2.9), (2.10) is that, assuming the generic case that v,
is O(1), 0A;/0x is of lower order than 924;/0x2. To deal with this, one introduces wave
variables to eliminate the first order wave operators on the left hand sides of (2.9) and
(2.10). Setting AR = ¢? and introducing the slow variables X+ and the ‘super-slow’ time
T,

Xi =e(ztupt), 7=¢t,
and expanding
Ay = eBi(Xy,7)+EBP (X, X 1)+ 0O(H)
Ay = €By(X_,7)+BP (X, X_ 1)+ O(),
the equation (2.9) is satisfied at O(e?), and at O(€?) it becomes

0 ok

aB(z)
L :(_7+a0+dpp@

0X_

—21)p —1—61]31]24—62\32\2)31.

or

In order for this equation to have a bounded solution B§2), the average with respect to X_

must vanish. This condition leads to an evolution equation for B,

831 (92 2 2
787’ = (ao + dppiaXz + €1|Bl| + e < |BQ| > )Bl, (2.11)
+

where

1 L
< |Bof? 5= EEI;OM/JBQ(X_,T)NX_
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denotes the average of |By|? with respect to X _. Analogously one finds

0B, 0? ) )
ar (a0 +dppa? +e1|Ba|? + e2 < [Bi]? > ) B, (2.12)

where < |By|? > is the average of |By|? with respect to X ;. The averaged terms are then
the direct result of the O(1) group velocity, v,. One can think of this as a wavefront of the
left travelling wave interacting with an infinite number of wavefronts of the right travelling
wave in terms of the super-slow time, and thus the left travelling wave cannot react with
any particular right travelling wavefront individually but can only interact on average with
the incident wavefronts leading to global coupling with the incident wave amplitude. The
system of globally coupled equations (2.11) and (2.12) has been first derived by Knobloch
and DeLuca [38], and has been applied to reaction diffusion systems and edge waves in [43]
and [48], respectively.

As a first approximation spatial variations are ignored leading to (2.11) and (2.12)

reducing to the ODE-system

dB
= (aw+ealBi’ +elBP)B, (2.13)
dB

TTQ = (ao + e1|Ba|* + ea| B1|*) By, (2.14)

which is known as the normal form for a Hopf bifurcation with O(2)-symmetry [31]. The
system (2.13), (2.14) describes solutions of (2.1) slightly above R, when periodic boundary
conditions with period 27 /p. are imposed. For generic values of e, ez, the only non-transient
solutions (up to symmetry operations) of (2.13), (2.14) are of the form (By, Bs) = (re**,0)
corresponding to ideal travelling waves, and (By, Bs) = (re**, re**) corresponding to ideal
standing waves, with different amplitudes r and frequencies € for the two wave types. The
travelling waves are stable if eq,. < e1, < 0, and the standing waves are stable if e1,, < 0 and
e3, < €2, (subscripts r and i are used to denote real and imaginary parts, respectively). If

none of these conditions are satisfied, both the standing and travelling waves are unstable.
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2.1.2 Bounded Domain

The case of a Hopf bifurcation of (2.1) posed in a large, but bounded, domain with generic
boundary conditions has been studied by Martel and Vega [43]. In this paper, (2.1) is posed
in a domain —L,/2 < x < Lp/2 where L, > 1, AR = p ~ L2, and |Aj] ~ |[Ay] ~ Lt
The solution in the bulk is represented as in Section 2.1.1. Near the boundaries the solution
is represented by boundary layer solutions that decay exponentially with increasing distance
from the end points, and ensure the boundary conditions are satisfied. The bulk solution is
then matched to the boundary layer solution in certain transition regions. As a consequence
of this matching, A; and As are no longer independent, but become related to each other

by translations in the wave variables. After several transformations and rescalings, and

utilizing a reflection principle, Martel and Vega arrive at the following globally coupled

equation,
oW i OPW ) 1/2 )
5 :b’l’an +d;)an2 + [N+ W] + e 2c;S(z)H/V(X—QZ—1,7’)| dz|W. (2.15)

The function W (X, 7) is periodic in X with period 2, where d/

o €1, and e are rescaled

versions of dpp, e; and ez. The coefficient b’l’p € C comes from higher order terms in the
expansion of o, and A € R plays the role of the rescaled bifurcation parameter due to
choosing the small parameter as e = 1/L,,. The variable X is a modified version of the slow

characteristic variable X, and the function ¢(z) is given by

(2log pp)py 2/ (pp — 1) if pp #1,
1 if p,=1,

¢(2) =

where 1, = p,e®, 0 < p, < oo, is a reflection coefficient derived from the boundary
conditions. Scaled and transformed versions of the envelopes A; and As are contained in
W in the regions —3/2 < X < —1/2 and —1/2 < X < 1/2, respectively.

An important consequence of the addition of boundaries is that the spatial translation

invariance * — x + xq is broken. Accordingly, the equation for W possesses only the phase
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shift invariance W — e’®W resulting from temporal translations. The reflection symmetry

x — —ux is revealed in the invariance of the equation under
W(X,7) = W(=1—X —cr,7)e " kX+r7)

where k = bY,;/d,,., v = (b],;/d2, ) Re(d},b],), and ¢ = (2/d},,.)Re(d],,b] ).

2.2 Hopf Bifurcation in 2D Reaction Diffusion Systems in an Unbounded

Domain

For this thesis we are concerned with the 2D extension of (2.1),

ou 9%u 9%u
o = Do T Pigy

ot p@ + f(u? R)> f(Oa R) =0, (216)

where D, and D, are diagonal matrices with positive entries, and D, # D, making the
diffusion anisotropic. The meaning of v, R and f is as in Section 2.1. The stability of the
trivial solution v = 0 is determined by the linearized system

ou 9%u 9%u

= Dy + Dagyy + M(R)u, M(R) = f(0. R), (2.17)

ot Pox2

and substitution of u = e?te®* W U € CV, yields the eigenvalue problem
oU = K(p*,¢*, R)U, (2.18)

with

K(anq27R) = _Dpp2 - qu2 + M(R) (219)

The eigenvalue problem (2.18) now involves two wave numbers p = (p,q) € R?, and the
neutral stability curves for the 1D case become neutral stability surfaces Rs(p?,q?) and
Ro(p?,¢?) in the 2D case. Note that in isotropic systems K only depends on |p|?, and the

1D discussion of the neutral stability minima can be directly carried over into the 2D case
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by identifying p? with |p|2. However, a minimum of the neutral stability curve R(|p|?)
or R,(|p|?) with |p|?> > 0 will now give a full circle of critical wave numbers due to the
rotational invariance. This is a high degeneracy for which, to the author’s knowledge, no
satisfactory Ginzburg Landau formalism that captures all non-transient solutions slightly
above criticality is available.

With the assumption of an anisotropic system, the minima of the neutral stability
surfaces generically occur at isolated wave numbers. Since the system has two reflection
symmetries, one of three cases will be present, a single minimum will occur at the origin, or
two minima will exist on a reflection axis (referred to as the ‘normal case’), or four minima
off both reflection axes (referred to as the ‘oblique case’). We assume that the critical value
of the control parameter . occurs on the oscillatory neutral stability surface at four critical

wave numbers (£p., £¢.) with p. > 0, g. > 0. This leads to critical modes of the form
u(x,y,t) = Uge = Periey (2.20)

where o, = iw is the imaginary eigenvalue of (2.18) at (p, g, 0), and Uy is the corresponding
eigenvector. At R = R, these four modes are the only non-decaying modes as solutions. For
AR = R — R, slightly above 0, the modes in the roughly elliptical areas around (£p., £q.)
with average diameter ~ v/AR will increase exponentially and the u = 0 state is unstable
with respect to perturbations in those modes. The corresponding wave number pairs (p, q)
are called unstable. Globally coupled envelope equations for this ‘oblique Hopf bifurcation’
in unbounded domains have been set up in [23], and are studied to some extent in [21, 46, 47].
In the following we briefly describe the derivation of these equations.

For small AR > 0, solutions to (2.16) are represented as a superposition of four modu-

lated oblique travelling waves in the form

u(z,y,t) = (A1€i(pcx+qcy)+A26i(_pcx+qcy)+A3€i(_p°x_qcy)+A4ei(pcx_qcy))erth—i—cc—i—HOT,
(2.21)

where Aj(z,y,t) are small and slowly varying envelopes. As in the 1D case the linear terms
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in the evolution equations can be inferred from the expansion of the critical eigenvalue,
o(p?,¢*,R) = iw + apu + 1pAp + ivgAq — alppAp2 — 2dp, ApAq — dqqu2 +oee,

where Ap = p —pe, Aq = q¢ — q¢, and ag, dpp, dpg, dgq are complex coefficients with dp,,
dpgr, dgqr forming a positive definite quadratic form (assuming a non-degenerate minimum
of Ro(p?,¢%) at (p?,¢?)). The coefficients v, € R and v, € R are the critical group velocities,

b 0
Up - %Img(p2,qz7RC)|pc? Uq = %Ima(pzvq2?RC)|Qc'

The leading nonlinear terms in the equations for the A; are derived again by symmetry
considerations. The system (2.16) is invariant under time translations ¢ — t + tp, two
spatial translations r — = + zg and y — y + yo, and two reflections * — —x and y — —y.
Applying these operations to the representation (2.21) of u induces the following symmetry

operations on the envelopes,

t—t+ty (A1, Ao, A3, Ay) — e™0(Ay, Ag, Ag, Ay)
T — x4z (A1, A, Az, Ay) —  (ePeT0Ay, 7P Ay e PeT0 Ay Pt Ay)
y—y+yo: (A1, Az, Az, Ay) —  (ePY0 Ay, ePe¥0 Ay, e~ Peo Az, e~ Peto Ay)
r— —x: (A1, A, A3, Ag) —  (Ag, A1, Ay, A3)

Yy — -y (A17A27A37A4) — (A47A37A27A1)7

and the evolution equations for Ay, Ay, A3 and A4 are invariant under these operations.
Up to cubic order there are five nonlinear terms that respect these symmetries for each
equation. With linear terms taken from ¢ and the nonlinear terms multiplied by generic

coefficients eq, - - - , e5, the evolution equation for A; can be written as

04,  0A  0A
ot P or 4 oy

4
_ (aou +D(00,0y) + Y ej|Aj|2)A1 + esAg A3 Ay + HOT, (2.22)
j=1
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where

D(0, Oy) = dpp? + 2dpg0y0y + dygg0?2.

The equations for Ay and A4 follow from (2.22) by applying the x— and y—reflections,

respectively, and the equation for As by applying the combined reflection
(z,y, A1, A2, A3, Ay) = (=, —y, A3, Ay, Ay, Ag).

The problem of the lower order first derivative terms is again dealt with by utilizing char-

acteristic wave variables. In [21] the following variables are used
Xy =e(ttajv,), Ye=cltty/v,), 7=t p=e,
and the A; are expanded as A; = eB; + eQBJ(-Q) + O(€?), with
By = Bi(X4,Yy,7), Ba=DBo(X_,Y,,7), B3=DB3(X_,Y_,7), Bys= By(X;,Y_,7),

which ensures that the O(e?)-terms in the equations for the A; cancel out. The wave

variables are no longer independent because of the relation
Xi+X_ =Y, +Y_ =2t

Accordingly, the second order envelopes BJ@) depend on three wave variables which can be
chosen arbitrarily from X1, Y. In [21] B§2) is considered a function of (X4,Y,, X_, 7).

With the above expansion, the equation (2.22) becomes up to O(e3)

0B oB . : , _
—2vp ax_ _  or + (ao +D(0x,, 0y, ) + Zej|Bj| )Bl + e5 B2 B3 By,

j=1

where 25(8X+,8y+) = 25(8X+/vp,8y+/vq). In order for this equation to have a bounded

)

solution B§2 , the average of the right hand side with respect to X_ must vanish, which
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leads, after some manipulations, to the following equation for B; with global couplings to
B2a B3a B4a

OB .
a—; = (ao +D(dx,d) + e1|Bi|?
tes < |Ba(2,Y,7)” > +e3 < [Bs(z — X,z = Y, 7)|* > +es < |Ba(X,2,7)]* > ) By

t+e5 < Ba(z — X,Y,7)Bs(2 — X, 2 = Y, 7)Bs(X,2 = Y, T) >, (2.23)

where the subscript ‘+’ has been dropped, and the brackets denote averages over z. Anal-
ogous equations follow for By, Bs, and By.
If spatial variations are ignored, the globally coupled system for By, ..., B4 reduces to

the ODE-system,

B = (ag + e1|B1|* + e2| Ba|? + e3|Bs|? + ea| B|?) Bi + e5s Bo B3 By,

B2 = (ag + e1|Baf? + e2| B1|? + e3|Ba|? + ea| Bs|?) Bs + e5B1 B4 Bs, o0
4Bs = (ag + e1|Bs|? + e2| B4l + es|B1|* + e4|B2|?) Bs + e5 B4 B1 Bo, |
B = (ag + e1|Ba|? + e2|Bs|* + es|Ba|? + ea| B1|?) Ba + e5 B3 B2 By.

This is the normal form for a Hopf bifurcation with O(2) x O(2) symmetry, and it follows di-
rectly from (2.16) when periodic boundary conditions on (x,y) with periods (27/pc, 27/q.)
are imposed. This case has been introduced and studied in [52] and [60]. The basic peri-
odic solutions correspond to the following wave types (amplitudes r and frequencies 2 are

different for different wave types):

Travelling waves: By = re®¥™, By = B3 = B, =0,

Standing waves: Bj = Bs = remT, By = B, =0,

Travelling rectangles in the z-direction: Bj = By = re¥™ By =B, =0,

Travelling recangles in the y-direction: B; = By = re’¥", By = B3 =0,
Standing rectangles: Bj = By = By = By = re®’7,

Alternating waves: Bj = iBy = Bg = iBy = re®*¥".
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The alternating waves are waves oscillating between the two oblique stripe patterns in the
directions (£pe, q.). Beyond the basic wave solutions, (2.24) admits more complex solutions
such as structurally stable heteroclinic cycles [52, 60], and recently a period doubling route

to chaos has been found numerically in a certain parameter regime [46].
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3 Reaction Diffusion System Posed in a ‘Large’ Rectangle

In this section we describe the derivation of the amplitude equations for a Hopf bifurcation
with four critical wavenumbers in the reaction diffusion system (2.16), when the PDEs are
posed in a large rectangle. An extension that includes higher order diffusion terms is given

in Section 4.

The problem for u = (u1,...,uyn)T is the following (derivatives are denoted here by
subscripts):
Uy = (Dpﬁi + ang)u + flu, p), (3.1)
in
—L,/2<x<Lp/2, —L4/2<x<Ly/2, (3.2)

subject to the boundary conditions,

Cout Epu, =0 at x==+L,/2, (3.3)

Cout Equy =0 at y==+Lg/2. (3.4)

The parameter p is the reduced bifurcation parameter, 4 = R — R., and C), Cy, E,, E, are

constant N x N-matrices. The assumptions on f are:

(1) f(0, ) = 0.

(2) Let f,(0, ) be the Jacobian of f at u = 0, and let

K(p*, % 1) = —Dpp® — Dyg® + fu(0, ).

Then K. = K(p?,q?,0) has a simple pair of imaginary eigenvalues +iw, with eigen-
vector K .Uy = iwlUy, for fixed wave numbers (£p., £¢.) with p. > 0, g. > 0. All other

eigenvalues of K. have negative real parts.

(3) For all (p?,q?) # (p?,¢?), the eigenvalues of K(p?,q?,0) have negative real parts.
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(4) Let Iy = f,,(0,0), and let Ug be the adjoint eigenvector of K. for iw, K;[Ug = —wUj,

with the normalization U;TUO =1. Let ag = USTFIUO. Then ag, > 0.

Assumption (1) means that u = 0 is a uniform steady state for all p. This assumption
can actually be relaxed as in [43], where nonhomogeneous boundary conditions are admitted,
giving rise to a steady boundary layer solution that decays exponentially in the bulk. Since
this generalization does not alter the form of the resulting amplitude equations, we consider
here the simpler case of homogeneous boundary conditions with basic solution u = 0.
Another possible generalization would be allowing the matrices C,, Cy, E,, E, depend on
the variables along the corresponding edges in a reflection symmetric manner, Cp, = Cp(y)
with Cp(—y) = Cp(y) etc. Also this generalization would not alter the form of the amplitude
equations, and we assume constant boundary-matrices for simplicity.

Assumptions (2) and (3) are the conditions for a generic Hopf bifurcation, and assump-
tion (4) guarantees that the instability occurs when p crosses 0 from below. Assumption
(4) is the standard transversality condition common in bifurcation theory. Two further
genericity assumptions on the linearized problem concern the first and second order terms
with respect to (p, q), and will be introduced below.

In the weakly nonlinear analysis of (3.1)-(3.4), f is expanded as
Fu, ) = (Fy+ Fopt Fapryu+ Bu, u) + C(u, u,w) + O(Jul® + Jupl + | ul,

where Fy = f,(0,0), F» = fuu(0,0), F3 = fuuu(0,0)/2 are N x N-matrices, and B =
fuu(0,0)/2 and C = fy4,(0,0)/6 are bilinear and trilinear operators corresponding to the

second and third order terms in the Taylor expansion of f(u,0), respectively.

3.1 Linearized Equation

For y = 0, the linearization of (3.1) about u = 0 has the plane wave solution e**¢!(Pe+av){7,.
This solution is extended to a solution e?te!P*+)/ by expanding the critical eigenvalue

o about iw, and the corresponding eigenvector U about Up, in terms of (Ap,Aq) =
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(p — Pes g — qc) and p. Substituting the expansions

o = iw+i(vp+ pbip) Ap +i(vg + pbig) Aq
+dppAp* — 2dp ApAq — dygAG* + (ag + aypu)p + - - (3.5)
U = U+ ApUsy + AqUiy + Ap*Usyy + 2ApAqU2p, + AGPUsg,

+uUs + p(ApUsy + AqUay) + pi2Us + - - - (3.6)

into the eigenvalue equation [K (p?, ¢, 1) — o I]U = 0, where [ is the identity matrix, yields

a hierarchy of linear equations for the expansion vectors in U

T(pzv qgaw)UO =0

T(pZ, 42, w)Up = (2peDy +ivpI)Uo
T2 42, w)Uig = (2g:Dq + ivg) Uy
T(P? qg,w)ngp = (2pcDyp +ivpI)Urp + (Dp — dppI) U
T2 @2 W) Uspy = (2peDyp +iv,1)U1y/2 + (2q:Dy + ivg 1)Uty /2 + dpy Uy
T(p? 2, w)Usgy = (2¢eDy +iv D)Usy + (Dy — dyg 1)U
T(p?,q2,w)Us = (agl — F)Up
T2, qz,w)Usp = (2peDy + iv,1)Us + (aol — Fo)Usy + ib1,Up
T(p?, q?,w)Usy = (2¢cDy + iv,)Us + (agl — Fa)Uyy + ib1,Ug
T2, ¢2,w)Us = (a1l — F3)Uy + (aol — F3)Us

where T(p?,¢%,Q) = (F1 — p*D, — ¢*Dy — iQl) is a singular matrix when (p?,¢2,Q) =

(p?, ¢?,w). Note that these equations are all of the form

T(p(Qza Qg7w)Ue = V; + O-eU()v

where U, is an expansion vector in U, o, the expansion coefficient for the same term in

o (e.g. Ue = Uspp, 0c = —dpp), and the vector V. depends on expansion vectors and
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coefficients of lower order. The solvability condition for U, is that V. + o.Uy be orthogonal
to Uy. This gives o, = —USTVe, and leads to a unique solution for U, if it is required that
U;TUB = 0. Applying the orthogonality condition leads to the following equations for the

coefficients occurring in (3.5),

v, = 2ipcﬁ0*TDon
Vg = QiQC%*TDqU()
—xT . =T
dpp = UO (2pCDp + ZblpI)Ulp + UU .DpU()
T . T .
dpg = Uy (2peDp+ivpl)Urg + Uy (2¢c.Dg + ivgD)Usp
T . =T
deq = Uy (2¢cDg +ibigI)Urg + Uy DyUp
a = U B,
bi, = Uy (2ipeDp —bipl)Us + Uy (iagl — iF)Usp
=T . 7T, . .
blq = UO (2chDq — bqu)Ug + UO (ZCL()[ — ZFQ)Ulq

a; = USTF3U0 +U(>;T(F2 - CLQI)U().

Note that these include the terms puAp, nAgq, p?, which are not taken into account in the
weakly nonlinear analysis of the unbounded problem. In the bounded case they have to be
included because the stability threshold is shifted from u = 0 to a small nonzero value of .

The additional genericity assumptions concerning the linearized system are
(5) vp # 0 and vq # 0.

(6) dppr > 0 and dpprdgqr — d2,, > 0.

Assumption (5) is our basic assumption of nonzero critical group velocities, giving rise to
global coupling terms. Assumption (6) states that the minimum of the oscillatory neutral
stability surface is non-degenerated, and leads to a non-degenerated diffusion term in the

amplitude equations.
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3.2 Bulk Solution

In the weakly nonlinear analysis of (3.1) without boundary constraints, one seeks a solution

of the form

m,n,k

with small and slowly varying coefficient functions U, = U_m,_n,_k. Setting

B = 62'(pcﬂﬂ+qcy+wt)7 Ey = ei(—pcm+qcy+wt)’ By = ei(—pcm—qchrwt)’ E, = ei(pcaf—qchrwt)’
to simplify the notation, the leading terms in (3.7) are the basic travelling waves,

u= Z Aj(t,z,y)EjUg + cc+ HOT,
j=1
where the A; are the small and slowly varying envelopes introduced in Section 2.2. The

coefficient functions U, are represented as formal power series in
(at, 635, 8y, Al, ey A4, Al, . ,A4,u),

with each term in the power series multiplied by a vector to be determined. A hierarchy of
equations for these vectors follows by substituting the series into (3.1).

In the Fourier series one distinguishes resonant Fourier terms, which are the basic waves
E; and Ej (m,n,k = £1), and non-resonant terms. A power series coefficient vector U, in

a non-resonant Fourier term with labels (m,n, k) satisfies an equation of the form
T(m*p?,n*¢?, kw)U, =V,

where V. depends only on lower order terms. Since (m?,n?,k?) # (1,1,1) in the non-
resonant case, the matrix on the left hand side of this equation is nonsingular and yields
a unique solution U,. For the resonant terms this does not work, because the relevant

matrix (T(p?,¢?,w) if k = 1) is singular. To handle the resonant terms, one supplements
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the procedure by evolution equations for the A; as described in Section 2.2, with initially
undetermined coefficients, up to the same order as the terms that are kept in the resonant
harmonics, and replaces Aj; by the right hand sides of these evolution equations. In this way
undetermined coefficients c. are introduced, and the equations for the coefficient vectors get
the form (for k = 1)

T(pga qz7w)Ue - ‘/e + CeU().

As for the linear problem, this fixes the coefficients ¢, in the evolution equations for the
envelopes by projecting with Uy, and yields unique coefficient vectors U, recursively at each
order that is taken into account.

The resonant terms needed in the expansion of u up to a prescribed order are the same

as the terms kept in the equations for the A;. We expand the equation for A; as

A1 = (vp + bipp) Are + (vg + bigp) A1y + dpp Aree + 2dpg Arey + dggAryy
+(CLOM + CL1[L2 + 61|A1|2 + 62|A2‘2 + €3|A3’2 + 64‘A4|2)A1 + 65A2Z3A4

+HOT, (3.8)

i.e., the expansion is carried out up to third order (one order higher in the linear terms than
in Section 2.2). The linear terms in this expansion do not involve non-resonant terms, and
coincide with the expansion terms of the critical eigenvalue. Nonlinear non-resonant terms
are created from the leading terms in u by the nonlinear terms in f. For example, the term

|A1]?A; is created through
C(A1UoEr, AyUgEr, A1UGEL) = |A112A1C(Uy, Uy, Up) En,
as well as from

B(AUoEL, |A1|*Uz) = |41 A1B(Uo, Ur) Ex,

B(AUGE:, AfUsE?) = |A1l*A1B(Uo, Us)En,
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which requires the determination of the vectors U; and U (notation from Appendix A.1)
associated with |A1|> and A? in the non-resonant 7°(0,0,0) and T(4p?,4q¢?,2w) Fourier
terms, respectively. In turn, the terms |A;|* and A% in these Fourier terms are created from
the leading terms by pairing A1 F1Uy with A1 E1Uq and Ay E1Uy in B, respectively, thus Uz

and Ug are the unique solutions of

T(O, O, O)U7 = _2B(U07 U0)7

T(4p%,4¢%,20)Us = —B(Uy, Up).

The resulting resonant term in w is |A1|24;UsE1, where Ug satisfies T(p2, ¢2,w)Us = Vg +
e1Up, with

Vé = _2B(U07 U7) - 2B(U07 UG) - 3C(U0’ U07U0)7

which determines e; and Ug. The other cubic resonant terms follow similarly, the details
are summarized in Appendix A.1.

The non-resonant terms needed to determine all cubic resonant terms involve products
AjALE; By, AjZkEjEk and their complex conjugates, which arise in the Fourier terms with
labels m,n,k = 0 or £2. Several of these vectors are related by symmetries, reducing the
total number of vectors at second (non-resonant) orders to seven (vectors Ug, Uy, Wiy,
Wij, Wj1, j = 2,3 in Appendix A.1). The resonant expansion vectors associated with the

coefficients ey, ..., e5 are denoted by Ug,...,Uis in Appendix A.1.

3.3 Boundary Layer Expansion

Near the edge y = —L,/2, the solution of (3.1)-(3.4) cannot be represented by envelopes

varying slowly in y. We set § = y + L;/2 and consider the problem

w = Dpugs + Dgugy + f(u, p), (3.9)
Cou—FEguzg = 0 at §=0, (3.10)
U = Upyk for ¥ — oo, (3.11)
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where uy, i is the bulk solution, and the approach in (3.11) is on an exponential rate. The
starting point is again the solution of the linearized problem for = 0, for which we seek a
solution in the form

US (2,5, 1) = U (G Pemei + ce,

that satisfies (3.10) and (3.11). Substituting this into the linearized equation of (3.9) yields
DgUy; + (—p2Dp + Fy — iwI)U° = 0. (3.12)

This equation has the fundamental solutions Upe™<¥ and 2(N — 1) solutions of the form
VE@) = WE(§)e™™ ¥, 2 < k < N, where Re\;y > 0 and the W(7) increase at most
algebraically as § — oo (generically they are constant). The Ay are the N — 1 remaining

roots of the characteristic equation,
det[\*Dy — p2D), + Fy —iwl| =0,

and )\% = —¢2. The superposition

N
U () = Up(e"7 + rge %) + >~ VF(5) (3.13)

k=2
takes the form of the basic waves when § — oo, and substitution into (3.10) gives a non-
homogeneous system of NV linear equations for (ry, a2, ..., an), which we assume to have a

unique solution with 7, # 0. The coefficient r; plays the role of a reflection coefficient.

The solutions U} are then extended to solutions of the nonlinear problem (3.9)-(3.11)
through a weakly nonlinear analysis in a similar manner as the bulk solution was derived,
except that the g-dependence is solved exactly. The solution is sought in the form of a

modulated Fourier series,

T S

m,k
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(m,k)

with small coefficient functions U that vary slowly in (z,¢) and are power series in f.

The leading terms are modulations in (z,t) of the ‘edge waves’ UY,
u= (M(x, U (§)eP® + Nz, t)Z/{O(g])e_ipcx>em +cc+ HOT, (3.14)

where M (z,t) and N(x,t) are again small and slowly varying envelopes. Each Fourier
coefficient is expanded in a formal power series in (0, d,, M, N, M, N, 1) with j-dependent
coefficients taking care of the boundary conditions at § = 0. This leads to a hierarchy of
nonhomogeneous boundary value problems for the expansion functions ¢/(¢) (g) of the form

DUy — (m*p2Dy + ikw U = VIO,

CU' —EU = 0 at =0,

and U(©)(§) has to remain bounded when § — oo. For matching purposes only the asymp-
totic behavior of these functions for § — oo is needed. The details are summarized in
Appendix A.2. The expansion at y = Ly/2 is found by applying the reflection y — —y.
The solutions near the edges © = +L,,/2 are obtained in the same manner as the solutions

near y = +L,/2, and lead to another reflection coefficient ry,.

3.4 Matching Boundary Layer Solutions and Bulk Solution

The boundary conditions for the bulk-envelopes Ay, ..., A4 follow from matching the bulk
solution to the boundary layer solutions. Considering again the edge y = —L,/2, the
variable § = y + L, /2 is treated as O(1)-variable in the boundary layer. For the matching,
we consider the limit 1 < § < s, where s > 1 is the space scale in the bulk such that

s|Ajy| = O(JA;]). In this limit, the leading terms in the bulk solution can be expanded as

= { [(Aro + Aryo)e P H99) 4 (Agg + Agyop)e’Pertaed) e iaelal?

[(Az0 + Agyog)ei(—pcx—qcﬂ) + (Ago + A4yog)ei(pcw—qc3§)] eichq/2}eriwt + cc+ HOT,
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where Ajo(z,t) = Aj(x,—Lg/2,t), Ajyo(x,t) = Ajy(x,—Lg/2,t), and in the higher order
terms the A; and their derivatives are evaluated at (x,—L,/2,t). Comparing the result-
ing bulk expansion and the boundary layer expansion from Appendices A.1 and A.2, and
requiring that they coincide up to the orders taken into account, leads to eight matching
conditions relating the A;y and A;,o to expressions involving the boundary envelopes M, N
and their derivatives, which are summarized in Appendix A.3. Eliminating the (M, N)-
terms from these matching conditions gives the following four boundary conditions for the

Aj at y = —Lq/2,

el gy = r,Ay + HOT, (3.15)

vg(€9F1 Ay +1qAry) = rllrgl* = Dl(er — en)|Ar* + (e2 — e3 — e5)|A2|*] A1 + HOT,
(3.16)
eltela Ay = r Ay + HOT, (3.17)

v (€% 9 Ay, + 14 Agy) = T4(Irg* — 1)[(e1 — ea)|A2|* + (e2 — e3 — e5)|A1|?] A2 + HOT.

(3.18)

With these boundary conditions, the matching conditions also provide evolution equations
for the edge-envelopes M (z,t), N(x,t). Boundary conditions for M, N at x = £L,/2 may
be found by matching the edge solution to a corner solution valid in some neighborhood of
the corners (z,y) = (£L,/2,—L4/2), but we don’t pursue this since our main interest in
this paper is the equations for the bulk-envelopes.

A similar matching procedure leads to the following boundary conditions at = —L,/2,

ePelr Ay = r,A; + HOT, (3.19)

vp(€PePr Agy +1pAre) = rpllrpl® = D(er — e2)| Ar]? + (ea — e3 — e5)|Aa[*] Ay + HOT,
(3.20)
eiele Ay = 1, Ay + HOT, (3.21)

vp(€Pelr Ay, +1pAsy) = 1p(Irpl? — (61 — e2)|Aal® + (es — e3 — e5)|A1]?| Ay + HOT.
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(3.22)

which involves the second reflection coefficient r,. Note that at the —L,,/2 boundary the e4
and ey exchange places when compared to the —Lg/2 boundary. The boundary conditions
at the other two edges follow from (3.15)-(3.18) and (3.19)-(3.22) via reflection y — —y and

r — —.

3.5 Rescaled Coefficients

We first apply some transformations to the envelopes A; that simplify the coefficients in
(3.8). The transformation A; = A;-ei(GOi“+ali“2)t removes the imaginary parts of ag and a;.

We then rescale ¢, z,y (and accordingly Ly, L,), ¢ and the A;- according to

2
t = dPPT t/ T = dppr x/ y = dPPT dqu / o vp / / Up "
= , = = -~ - = !

2

) - b - /’L ) ] B e
Up Up Up aordppr Vleir|dppr

Denoting the coefficients in the resulting transformed equation for A} by primes, these

coefficients are related to the original coefficients by

, ) [dppr vg ;o dpp /_ dgg 1 dpg
=L = =g =g d, = e

2
1 _opbip / _ vpbig / 1 / Ypdir / €j
, = )

lp — aordpm’ blq - agr4/ dpprdqqr7 aO - al - agrdm?r’ 63 - |6ir|
Omitting the primes, we then rewrite the equation for A; as
A = (1 +bipp)Ais + (vr + bigp) Ary + dppAiee + 2dpgArey + d + dggA1yy
4
+(,u + a1u2 + Z €j|Aj|2)A1 + €5A2Z3A4, (3.23)
j=1
where dpp, = dggr = 1, €1, = —1 (assuming the supercriticality condition e;, < 0 before the

rescaling), and v,,a; € R (v, = v;). Using polar forms for the reflection coefficients,
qufquLq — pqezaq’ Tpefzpcl/p — ppezap7
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the boundary conditions at y = —L,/2 are written in the form

Ay = pge’™1 Ay + HOT, (3.24)

vr(Aay + pg€®1A1y) = pee’®(p; —1)[(e1 — ea)|A1|? + (e2 — e3 — e5)[ A2 A1 + HOT,
(3.25)
Az = pge'® Ay + HOT, (3.26)

vr(Azy + pg€’®1Azy) = pge®(p = 1)[(e1 — ea)| Aaf* + (e2 — e3 — e5)|A1[*] A2 + HOT.

(3.27)

3.6 Slow Variables and O(1)-Amplitudes

We consider the case where L, and L, are large and of the same order, and write Ly = [L,,
with the aspect ratio [ = L;/L, of the rectangle of order one. The boundary conditions

shift the instability threshold to a nonzero value
He = —L;1 IOg(PZvTPp) + O(L;Q + (Lqu)_l + Lq_2)7 (3.28)

that is, the trivial solution A; = 0 becomes unstable for © > p. > 0 when plqup < 1. We
introduce a small parameter €, an O(1)-control parameter A so that the instability occurs

at A = 0, and slow space and time variables (£,7n,T') by setting

e=L," p=ppp, p=—clog(p)+A+0b), (&n.T)=ce(x,lyt).

In the slow space variables (£,7), the rectangle is rescaled to the square —1/2 < ¢,n < 1/2.
The variables (£,7n,T) are considered as new variables for the envelopes. The derivatives
then scale with €, 0y = €dr, 0, = €0t and 9, = leD,,.

We next express the A; in terms of O(1)-amplitudes Y7,

Ay =ep5 T2 1T 2Y explicy, (€ + T + 1/2) + iag(n + v, T + 1/2) + ieaT], (3.29)
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et
Ay=epp §+2p2+1/2Ygexp liap(—& + T +1/2) + iag(n + v, T + 1/2) +ieaT],  (3.30)

41
Az=ep, 12 pg "2 Ysexplioy(—€ + T+ 1/2) + iag(—n + v, T + 1/2) + ieal], (3.31)

1
Ay= Epf,“/Qp;”“/QYzleXP [iop(E+ T + 5) +iag(—n + v, T 4+ 1/2) + ieaT], (3.32)

where the parameters a and b are chosen so that the extra Y; terms introduced when taking

derivatives of the A; are eliminated,

—b+ia = —log(p)bi,(log(py) + icy) — llog(p)biy(log(py) +iay) + dyp(log(py) + iay)?

+l2(10g(/7q) + iaq)2 + 2ldpq(log(pp) + i) (log(pg) + icg). (3.33)

The evolution equation for Y; in the interior of the square, —1/2 < £, < 1/2, follows from

(3.23) as

Yir = (1 + 6b/1/p)Y15 + l(vr -+ Eblllq)Yln + Edpp}/l& + l26deq17m + 2l6dpq1/1§77
+6[)\ + e1p§§+lpgn+1\yl|2 + ezp;2£+1p3n+1|Y2\2
+ egp;2§+1p;27]+1|}/3|2 + e4p}2)€+1pq—27]+1’n|2]y'1

+ee5p;2£+1p(;277+1Y273Y4 + O(é%), (3.34)

where b7, and bY, are given by

lllp = —log(p)bip + 2dpp(log(pp) + icy) + 2ldpg(log(pg) + icy), (3.35)

1, =—1og(p)big + 217 dyy(log(pg) + icrg) + 2ldpg(log(pp) + icy). (3.36)

Note that when p, = p; = 1 and a;, = oy = 0 we have b7, = b], = 0. The equations for Y3,

Y3, Y4 are obtained by applying the reflections

(5777)}/17}/27Y}HY4) — (_577% Y27Y17§/4’Y3)7

(57777Y17Y27}/37Y4) — (_67 _777Y37Y;17Y17Y2)7 (337)
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(é‘un)Yh}/zaYS)Yﬁl) — (_§7777Y47Y37}/27}/1)'
to (3.34). The boundary conditions at n = F1/2 follow from (3.24)-(3.27) as

Y, = Y1+ 0(), (3.38)
Yz = Yo+ O(e%), (3.39)

Lo, (Yan + Yig) = £epp(pg — Dl(er = ea)ppt Vi[> + (e2 — e3 — 5)p, Yo 'IV1 + O(&?),
(3.40)

1o, (Yay + Yo) = Fepp(p2 — 1)[(e1 — ea))p, *|Ya|® + (e2 — 3 — e5)p2|Y1[*]Y2 + O(€?),

(3.41)

and analogously we find the following boundary conditions at £ = F1/2,
Ya=Yi + O(é?), (3.42)
Y3=Y1+O(¢%), (3.43)

Yoe + Yie =epy (02 — Dl(e1 — e2)p2|Vi[? + (ea — 3 — e5)p; ZYa2]¥1 + O(), (3.44)

Ye + Yie =£epy (02 — Dl(e1 — e2)p; |Ya> + (64 — €3 — e5)p2 Vi Vs + O(€2). (3.45)

We now expand the amplitudes Y} in powers of € and introduce a ‘super-slow’ time scale

3/3(57 m, T, T) = 1/J'O(ga mn, T, 7—) + €ijl (67 m, T, 7—)7 T = €T, (3'46)

and expand the evolution equations for the Y; and the boundary conditions up to O(e). At

O(1) equation (3.34) reduces to the first order wave equation,

Yior — Yioe — lopYi0n = 0, (3.47)
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and at O(e) we find

Yir — Yie — o, Yy = —Yior + b1, Y10e + 167, Y10n + dppYioee + 12dgqVion, + 2ldpgYioe,
P‘ + elpp£+1 27’+1‘Y10|2 + eap, —26+1 277+1‘Y20|2
+ esp, 2§+1p 277+1‘Y:30’2 + e4p12)§+1p;2n+1‘y40’2]}/10

+esp, 2 2T Yo Va0 Yo (3.48)

The equations for Yjo and Yj; for j = 2, 3,4 are obtained by applying the operations (3.37)
0 (3.48). These equations are valid in the interior of the square —1/2 < &,n < 1/2.
Substituting (3.46) into (3.38)-(3.41) and (3.42)-(3.45) leads to the following boundary

conditions

Yio = Yao =Yoo — Y30 =0 = Y11 — Yy = Yo1 — V34, (3.49)

Yion + Yaon = Yooy + Y0, = 0, (3.50)

lop(Yirg + Yarg) = Fpp(pg — Dl(er — ea)ppt[Yiol” + (e2 — e3 — e5)p, %[ Yao|*|Y10,(3.51)

lor(Yaiy + Ya1n) = Fpp(pg — Dl(ex — €a))p, *[Yao|* + (2 — 3 — e5)pp°[Y30|*]Ya0,(3.52)
at n =+1/2, and

Yio =Yoo =Yy — Y30 =0=Y11 — Yo1 =Yy — V34, (3.53)

Yiog + Ya0e = Yaog + Ya0¢ =0, (3.54)

Vite + Yore = Fpp(ps — 1)[(e1 — e2)p2f [Yiol* + (es — e3 — e5)p, *[Vao|*|Y10, (3.55)

Yaie + Yae = Foplpy — Dl(er — e2)p, > Yao|* + (ea — €3 — e5)pp°[Yio[*]Yao, (3.56)

at £ = +1/2.
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Since the functions Yjo satisfy homogeneous first order wave equations with respect

to the O(e)-variables (£,71,T), they depend on these variables through characteristic wave

variables
Xe=T=+E,:; Yi_Ti% (3.57)
as
YlO(f 777T T) = ZlO(X-f—vY-i-vT)v
Yoo(&,n,T,7) = Zoo(X_,Y,,T),
20(&,m ) 20( 5 T) (3.58)
Y30(§7777 ) = Z30(X—7Y—7T)7
Yio(&n,T,1) = Zyo(X4,Y_, 7).

This can be used to rewrite (3.48) in the form

DY = —Zior + b1, Z10x, + vr_lblllqzmn + dppZ10x, x, + Uy 2dggZ10v, v,
+2Ur_1dqu10X+Y+
HA+ e T2 Zio (X oy, Vi 1)+ eapy, 2 gl Zog (X, Yy )P
+espy, T p P Zao (X, YL, 1) 7 + eapss ™ o, 21 Zao (X4, Yo, 7) %) Z1o

tesp, X py 21 Zoo (X, Yo, 7) Z0(X -, Yo, 7) Zao (X4, Yo, 7), (3.59)
where D is the first order wave operator
D = 01 — 0t — lv,0y.

An important consequence of the boundary conditions is that the leading order envelopes

are no longer independent. The boundary conditions (3.49) and (3.50) imply the relations

ZlQ(X+7Y+,T) = ZQO(X+ + 1,Y+,’T> == Z]_Q(X+ + 2,Y+,T), (360)

Zao( X4, Yo, 1) =Z3o( Xy + 1,Y_,7) = Zyo(X+ +2,Y_, 7), (3.61)
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and from (3.53) and (3.54) it follows that

Z10(X 1, Y, 1) = Zuo(Xo, Y + 1/(1v,), 7) = Z1o(X4, Y +2/(lvy), 7), (3.62)

ZQ()(X_,KT) = Zg()(X_,Y + 1/(lvr),7') = Zgo(X_,Y + 2/(lvr),7'). (363)

We conclude that the leading order envelopes Zjg are periodic of period 2 in the X-variable,
and of period 2/(lv,) in the Y-variable. Moreover, they are related to each other by shifts

of half a period in one or both of these variables.

3.7 Application of a Reflection Principle

The continuity of the boundary conditions enables us to apply a reflection principle to
extend the four coupled equations over —1/2 < &1 < 1/2 to a single equation valid in

—o00 < &,n < 0o. This is done by first reflecting at the boundaries,

wi (&, T,7)=Y1;(§n, T, 7) if —1/2<6<1/2, —1/2<n<1/2,
w;i(&n, T,7)=Y2;(-1 - &0, T,7) if —3/2<¢<-1/2, -1/2<n<1/2,

wi(&n, T,7)=Y35(-1 & -1-n,T,7) if -3/2<€<-1/2, —3/2<n<-1/2,
wj(&n, T 7)=Ya;(§, ~1 =0, T,7) if —1/2<¢<1/2, -3/2<n<-1/2,

(3.64)

and then extending periodically over R?,
wi(E+2,n,T,7)=wj({,n+2,T,7) =w;({+2,n+2,T,7) =w;(&n,T,71). (3.65)

In this way the four equations for Yjp and for Y}; combine to single equations for the periodic

functions wg and wy. With the wave operator D, these equations can be written as

Duy = 0, (3.66)

Dwy = —wor + bl1/pUJ0£ + lbllqu)On + dppwoge + l2dqu0nn + 2ldpqwogey
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A+ erd(€,m|wo(€,n, T, 7)* + e2p (=€, m)wo (=1 — &, T, 7) [
+esp(—€, —n)|wo(—1 — & —1—n,T,7)
+ead (&, —n)wo (€, —1 — 0, T, ) [PJwo
t+esp(—&, —nwo(—1 =& n, T, m)wo(—1 =& =1 —n, T, T)wo(§, —1 —n,T,7),

(3.67)

where ¢(&,n) is given by

$&m) =pp o i —1/2<€n<1)2,

and extended periodically with periods 1 in & and 7 over R2.
The equation (3.66) implies that wy depends on (£,7,7) through the wave variables
X =X, and Y =Y. Thus we write

wo(fﬂ?; TaT) = W(X7 YaT)7 (368)
wl(fﬂ?,Tﬂ') = Wl(XaKTvT)’

The function W is periodic in X and Y with periods 2 and 2P, respectively, where P =

1/(lvy). The equation for W follows from (3.67) and is given by

Wir = —W; + b, Wx + Ur_lbllquY + dyp W x + v 2dggWyy + 207 dpg Wiy
+ A+ ed(& )W (X, Y, 7)?
+eap(—E, )W (T — X — 1,Y,7)?
+e3p(—&,—n)|[W (2T — X —1,2T - Y — P,7)|? (3.69)
+ead (& )W (X, 2T =Y — Pr)P]W
+esp(—=&, —n)W (T - X - 1,Y,7)

xWERT—-X—-1,2T-Y — P,7)W(X,2T —Y — P, 1),

where in the periodic function ¢, £ and 7 are replaced by ¢ = X — T and n = (Y —T)/P.
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In order that this equation admits a bounded solution as T — oo, the average with respect

to T must vanish. This condition leads to the following evolution equation for W,

W, = b, Wx + v, 0] Wy + dppWx x + 0y 2dggWyy + 20 dpgWxy
+[A+er < p(&n) > WX, Y, 7))
+ex < ¢(=&,n)|W (2T — X — 1,Y,7)|?
tey < o(—&—nWERT - X —1,2T - Y — P,1)|* > (3.70)
+es < P& -n)|W(X,2T —Y - P,7)> > |W
tes < (=& —nW (T — X —1,Y,7)

xW2T -X—-1,2T-Y - P,r)W(X,2T -Y — P,7) >

with ¢ = X — T and n = (Y — T')/P substituted in ¢. In (3.70), the brackets denote an
average over T',

< f(T) >= lim / (T dT".

T—oo T

This equation, and the more explicit versions given below, are the main theoretical result
of this thesis.

Equation (3.70) is a nonlinear evolution equation for W with four global coupling terms
in the form of T-averages. These averages can be understood as follows. In the ‘short’ time
scale, when T' = et ~ 1, the four wave-trains exhibit only linear propagation and reflections
at the walls. The propagation velocity is large (of the order ¢ 1) in the slower time scale
T = €2t ~ 1. Thus, in the slower time scale each wave-train ‘sees’ the other travelling waves
very fast in the other oblique directions, and reflecting many times at the walls, meaning
that only a weighted, averaged effect is felt in this time scale. The weights are revealed in
the function ¢ and arise from the fact that the wave-trains are amplified if p, < 1 (k= p or
q) or reduced if p > 1 as they travel, in order to compensate the instantaneous reduction
(if pr < 1) or amplification (if py > 1) at the walls.

For given (X,Y), (¢,n) = (X —T,(Y — T')/P) defines a trajectory in the (&, n)-plane.
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Since W, viewed as function of (£,7n,T), is periodic of periods 2 in both & and 7, this
trajectory can be considered as trajectory on a 2-torus. When P = 1/(lv,) is irrational, a
single trajectory fills the torus densely, and the average becomes simply an average over the

fundamental domain. In this case the equation for W can be written more explicitly as

Wr = b, Wx + 0, 0], Wy + dppWxx + v; 2dggWyy + 20 dpg Wy
1/2 ,
[)\+61|W|2+62/ py WX —2¢ —1,Y, 1) d¢’
/2
/2 p1/2 ,
+ 63/ / 2%+t *2" Hw(x —2¢ —1,Y —29/P — 1,7)|?d¢’dy/
1/2 1/2
+e4/ pTTW(XY — 29 P — 1,7)Pdy | W

1/2 1/2 )
res / / oW (X~ 2¢ 1,V 7)
1/2 1/2

—2 — LY —2/P - 1,")W(X,Y —2/P—1,7)d¢'dy/,  (3.71)

where
;g =1 1) ¢ = o (pg = 1) o o, 1)
dlogpplogp, 2logp, 210g,0p

Regarding the rational cases, we consider only the case of a 1 : 1-resonance, lv, = 1,
in some detail. Trajectories in this case will traverse all four primary sub-boxes B; (B;
denotes the box in which Yj is placed) and then close up. If we let § = X — Y, then if
—1 < 0 mod 2 < 0, a trajectory will traverse the boxes in the order By — By — B3 — By.
If —2 < # mod 2 < —1 it will traverse the boxes in the order By — By — B4 — Bs. In

either case, the equation for W (X, Y, 7) is as follows,

Wy = b, Wx + v, 0], Wy + dppWxx + vy *dggWyy + 207  dpgWxy + AW

1

45 [ {10z = WP + eapl 2.2~ W (X — 2~ 1Y.7)P

+e3p(—z,—2+OW(X =22 —1,-Y +2X — 2z — 1,7)?
+esp(z,—2 + 0)|W(X,-Y +2X — 2z — 1,7)]*|W (3.72)
+esp(—z,—z+0O)W(X —22—-1,Y,7)
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X (X =22~ 1,-Y 42X — 22 ~ Ln)W(X,~Y +2X — 22— 1,7) } dz,

but the function ¢ has to be evaluated differently for the two cases.
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4 Neural Activation-Inhibition Model

In this section we apply the methods of Section 3 to a reaction-diffusion model that has been
introduced and studied by Dangelmayr and Oprea [21] and extends a neural Activation-
Inhibition model introduced by Murray [44]. The model of [21] contains fourth order diffu-
sion terms which require an extension of some of the formulae defined in Section 3.

The original model given by Murray is used to describe the light and dark patterns in
mollusk shells which emerge through intermittent deposition. It is assumed that the color
of secretion is determined by activation via sensing the coloring of the existing color at the
deposition edge and accumulation of inhibitory material existing in the secretory cell. The
difference between the activation and inhibition inputs from surrounding cells determines
the net neural stimulation for that cell. Hence, the pattern evolves based on the existing
pattern and additional chemical conditions in the mollusk.

We briefly describe Murray’s model which is given by the following equations,

oP 0%pP AP
= = S(MyP)—P—0Q —dy——r —dy——
ot S(MoP) @-dogz — by
oQ

% _ P —

where P(z,t) and Q(x,t) are amounts of activation and inhibition substances provided
by 1D arrays of cells (cell position x), and d,e > 0. The neural activation mechanism is
described by a sigmoid function S(MyP) that depends on a parameter My controlling its
steepness. Lateral activation and inhibition are described by the two diffusion terms in the
P-equation. Since both coefficients, dy and d;, are assumed positive, the first diffusion term
is destabilizing and the second is stabilizing.

The sigmoid form assumed for S(MyP) implies that the equations for P, @ have a unique
spatially and temporally uniform solution (P*,Q*), given by Q* = dP*/e and S(MyP*) =

(14 d/e)P*. Using incremental variables P = P* 4+ w1, Q = Q* + ug, expanding S(MP)
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in a Taylor series about P*, and truncating the series at third order gives

8’1/4
ot = Ruy — ug + bu? — cul — dourer — ditizess,
(9’1@
— = dui; —eu
at 1 29

with coefficients R, b, ¢ > 0 depending on .S and its derivatives. The parameter R is related
to the steepness of the sigmoid function and is treated as the main bifurcation parameter.

In [21] the following 2D extension of the u = (uy, us)? system has been introduced,

2 3 1 1
P Ruy —ug + bul — CU] — Ulgx — Ulyy — §d1ulxa:a::c - d2ulzxyy - §d3u1yyyy
tU — )

duy — eug — (c1 — 1)ugge — (€2 — 1)ugy,
(4.1)

which includes fourth order diffusion terms in u; and second order diffusion terms in uo,
with a scaling of (z,y) such that the second order diffusion terms of u; are scaled to unity.
To have a globally stable situation the d; must satisfy d; > 0 and did3 — d3 > 0. The
diffusion terms in wuy are allowed to be stabilizing (¢; < 1) or destabilizing (¢; > 1).
A generalized form of (4.1) posed in our rectangle is

u 2 2 :

pri D(=0;, =0, )u+ f(u,R) in — L,/2 <z <Ly/2,—L¢/2 <y < Ly/2, (4.2)
with the diffusion operator

1 1
D(-03,-0}) = —Dp0; — D0 — 5Dgpa,ji — D020, — 5ngag, (4.3)

where D, Dy, Dap,, D), and Dy, are diagonal matrices. The fourth order terms in (4.2)

require us to impose two sets of boundary conditions at each edge,

Cpru+ Eppg =0 at  +L,/2 (4.4)
Cpoligy + Epotipe, =0 at  £L,/2 (4.5)
Caput Epuy, =0 at =£Lg/2 (4.6)
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Coptlyy £ Eggtiyyy =0 at  +£L,/2. (4.7)

Note that for the model (4.1), the boundary conditions (4.5) and (4.7) must not involve ug,
that is, only the (1,1) components of Cpa, Ep2, Cq2 and Eg are allowed to be nonzero. For

the specific model (4.1), f and the diffusion matrices are given by

Ruq — ug + bu% — cu:{’

flu,R) = , (4.8)
duy — eus
1 0 1 0
_Dp = 5 Dq = )
0 (c1—1) 0 (c2—1)
dl 0 d2 0 d3 0
D2p = ) qu = ’ D2q =
0 O 0 0 0 0

The stability of u = 0 is determined by considering the linearized system
2 2 1 4 202 1 4
[F'(R) — Dyp0; — Dy0, — §D2p8x — Dp,0;0, — §D2q8y]u = ug. (4.9)

with
-1
F(R) = fu(0,R) =
d -—e
for (4.1). Using the usual ansatz u = U exp(ipz+iqy+ot) and solving the related eigenvalue

problem for the minimum R to produce a purely imaginary o gives the values at the Hopf

bifurcation. The general eigenvalue problem is

4 4
p q
[F(R) +p°Dy + ¢*Dy — 5 Dap - P’¢* Dy — 5D2q}U =oU. (4.10)
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which in the case of (4.1) becomes

4 4
Ruy — ug 4 p?ut + ¢*uy — di 5run — dap?qPur — ds%un

=ou. (4.11)
duy — eug + (c1 — 1)p?us + (c2 — 1)q?us
To find (p?, ¢%, R.) from (4.11) we consider the matrix
4 4

R+p*+¢° —dily — dop?® — dz%; -1
K(p*,¢",R) = e 02
d —e+ (a1 — )p? + (ca — 1)g?
(4.12)

The matrix K has an imaginary eigenvalue if TrK = 0 and detK > 0. The condition
TrK = 0 can be solved for R leading to

1 1
R.(p*,¢%) = e — c1p* — c24* + §dlp4 + dop®q® + §d3q4-

It is easy to see that if dsc; — docy > 0 and dycy — dacy > 0, the surface Rc(pQ, q2) has a

unique minimum R, at (p?, ¢2), given by [21]

1
(P2, q2) = m(dgq — daca, dicy — dacy) (4.13)
2
dlc% + dgc% - 2d26162
R, = — 4.14
2(dyds — d3) (4.14)
Letting
—1 - 1 -
o (c1 — 1)(dzcr d2§231+ (222 )(dica — dacy) and o? — d — B2
143 — Qo
and assuming d > E?, the matrix K (p., q., R.) simplifies to
9 o E -1
K(pz, qz, Re) = (4.15)
E’+w? —-E
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and has eigenvalues +iw and left and right eigenvectors

1 — 1
Uy = : UOT:2—(w—z’E,z’).
w

E—iw
Exploiting the fact that K(p? ¢%, R) is a 2x2 matrix we have o, =TrK and o; =(detK —
(TrK)2?/4)Y/2. This allows us to find the critical wave velocities from the p — p. and ¢ — ¢.

coefficients of o;, and the diffusion terms from the second order coefficients of o,

Up = QPCE(Cl_l)/Wa

Vg = 2qCE(02_1)/w7

i 2dpZ(er — 1)°

dpp = dlpg + w[ 2 - E(dlp?; +ec1—1)],
ipeqe  2d(c1 — 1)(ca — 1)
d = dopeqe — FEds),
Dq 2Pcqc + W [ wg 2]
i 2dg?(ca — 1)?
dqq = dSQS + w[qC(ng) - E(d?)qs +c2— 1)]

We next consider the bulk solution for the general system (4.1). The expansion is
the same as in Section 3, and the expansion vectors satisfy the same hierarchy of linear

equations, except that the matrix T is now
1 1 ,
T(v*,¢* Q) = Fi + "Dy + ¢° Dy — p' 5 Dap = p*0" Dpg — ¢ 5 Dag — 101,

and the vectors on the right hand sides involving the diffusion matrices have to be extended

by the additional diffusion matrices. We list only those equations that have been modified,

which are
T(pz, qzﬂ*‘))Ulp = (_2pch + QPZ)DQ;D + 2pcq(2;qu + ’wpI)UO
T(p2,¢2, @)Uty = (=2¢eDyg + 202qeDpg + 24 Dog + ivg 1)Uy
T(Pz, qf, W)UQpp = (_2pch + 2p§D2p + 2pcqupq + iva)Ulp

+(=Dp + 3p2Dap + ¢*Dpy — dpp) Uy

93



T(pz, qng)U%q = (=2pDp + ZpE’sz + QPCC_IEqu + ivpl)U1q/2
+(—=2¢cDy + 2p2qeDpg + 262 Dag + ivgI ) Uty /2
+(2pcqeDpg — dpgl)Uo
T(p2, g2, w)Uagq = (—24cDq + 2020eDpg + 242 Dag + ivg 1)U
+(—=Dg + P2 Dpq + 3¢2 D2y — dggI)Uo
T(ng qng)U4p = (_Qpch + 2P§D2p + QPCQSqu + iUpI)U?) + (aol — FQ)Ulp + b1, U

T(p? q2,w)Usy = (—=2¢eDy+ 2p2q.Dpy + 2¢2 Doy + ivgI)Us + (aol — Fo)Uyy + ib1Up.

For (4.1) the operators occurring in the hierarchy have the simple forms

R. —1 1 0
F = ) Fy = ’ Fs = 0,
d —e 00
buljulk —CU; UKL
B(ujauk) = ) C(ujvuk’ul) =
0 0

The coefficients for the Ginzburg Landau equations also have the same form as in Section
3, except for modifications coming from the additional diffusion terms. We again list only

those coefficients which are modified,

*T
(=2peDy + 202 Doy + 2962 Dy ) U

vy = iUo
dpp = U;T(—Qpch + QpZ’sz + 2pcq§qu + ivp ) Up + U;T(_Dp + BpEsz + qupq)UO
dpy = Uy (=2peDy + 205 Dop + 2peq2 Dpq + ivp1)Usg /2
+T; " (—2eDy + 20%¢eDpg + 263 Dag + iv,DU1, /2 + 2peqeU DpgUo

=T . =T
by = iUy (—=2peDp+ 2p2 Doy + 2peq® Dpy + iv,I)Us + iU, (aol — F2)Uy,

The parameters vy, dgq and b4 can be found through the symmetry operation p < q.
It is straightforward to find explicit expressions for the coefficients in the A; equations

for the model system (4.1). The linear coefficients have already been computed from the

o4



eigenvalue . To obtain the nonlinear coefficients we need to find Ug, U7, W11 — W13 and

W21 — W23. Since

_ b _ —c
B(Uy,Uo) = B(Up,Uy) = , C(Uo, Uy, Ug) = ,
0 0
these are all of the form
W . _2b TQQ(p27q2,Q)
"7 det T(p%,¢%,Q) d ’

where Tho(p?,¢2, Q) is the (2,2) entry in the T(p?, ¢?, Q) matrix. Using these vectors, Up

and Uy in the general formulae for e; — e5 we get

% z'E) ( 2eb? VT (4p2,4¢%,2w) 3 )
e = - — — — =C
! w' d—eR. det T(4p?,4¢2,2w) 2

iE. . 2eb®  20°Ty(4p2,0,0)  20°Thp(0,4¢2,2w)

= (1-=
e = U= R ™ Qe T(4p2,0,0)  det T(0,4g%, 20)  °°)
e = (1- g) ( 20 20°Taa(4p7,4¢2,0)  20°T22(0,0,2w) 3¢)
L w’'d—eR, det T(4p2,4¢2,0)  det T/(0,0,2w)
B 2eb? 20°Th(0,4¢%,0)  2b%The(4p?%,0,2
er = (1- ¢ € 22(0,4¢¢, 0) _ b2 (4pz, 0, 2w) ~3¢)

U)(d —eR,  det T(0,4¢2,0)  det T(4p2,0,2w)
% iE) ( 202 Tho(4p2,0,0)  20%Th2(0,44%,0)  2b°Ths(0,0, 2w)
e et PR — J— J— J—

b w’' det T(4p2,0,0)  det 7(0,4¢2,0)  det T(0,0,2w)

— 3c).

For the specific values of the fourth order diffusion parameters

dy = 22.3862, dp = 13.0021, ds = 20.6642,

and ¢ = 1 and e = 1.5, and varying the parameters b, d, c¢; and cy as below we obtain
numerical values for the corresponding Ginzburg Landau coefficients in Table 1. Note that
the parameter set L3 has c1,co < 1 as stabilizing parameters which implies v, v, < 0.

We now consider the boundary layer expansion for the general problem (4.2), (4.4)-(4.7)
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Ly Lo L3 Ly
b 0.1729 0.1500 0.1650 0.2
d 2.4144 2.4 2.3 2.6
cl 1.2 1.5 0.8 1.5
Co 1.3 1.1 0.6 1.5
R, 1.4540 1.4477 1.4850 1.4347
Pe 0.1640 0.2385 0.1725 0.1979
qc 0.2145 0.1321 0.1016 0.2190
w 0.4707 0.4895 0.1402 0.6919
Up 0.2064 0.7160 -0.7428 0.4165
Vg 0.4048 0.0793 -0.8752 0.4609

dpp | 0.6020-2.4734i | 1.2731-4.7422i
0.4573-1.34081 | .4096-1.1653i
dgq | 0.9503-3.8484i | .3605-1.2043i
e1 | -1.2875+3.1314i | -1.2632+3.3814i
ey | -3.2190+7.5421i | -2.9067+8.1088i
e3 | -2.9585+8.2732i | -2.9377+8.1548i
e | -2.9356+8.0792i | -3.0271+6.6482i
es | -2.9761+8.3283i | -2.8958+8.0288i

N@&
;S

0.6658-3.0314i
0.2278-.1153i
0.2133+2.6990i
-2.4793-2.4121i
-5.1571+23.9691i
-93.54464-90.5574i
-2.9140+7.80881
-2.9064+8.1372i

0.8765-2.7438i1

0.5634-1.01581

0.9909-2.9501i
-1.3598+-2.4312i
-2.9103+5.47161
-2.9124+5.6948i
-2.9009+-5.5444i1
-2.9573+5.7893i1

Table 1: Calculated amplitude equation parameters for the Activator-Inhibitor model

u = (—Dp0%— Dq(‘?; — %Dgpﬁi - quagag — %ngag)u + f(u, p),

at Yy~ _Ll]/27
quu - quuQ = 0 at g = O,
Copugy — Euggy = 0 at =0,

U = Upyk for y — oo.

Using the edge ansatz from Section 3 we get the following ODE for 4°,

1 4 .
(—Dy + p2Dpg)US; — 5D2qu° + (p2D, — %Dgp + P —iwDU° = 0.

999y

The roots of the characteristic polynomial are found from

1 e :
det](=D + pEDp)\? = 5 DagX" + (9 Dy — T2 Dy + 1 — iwwI)] = 0.
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If Dyy is of full rank there will be 4N roots of this polynomial. In the case of (4.1), Dy,
has only a single nonzero entry in the (1,1) entry leaving 6 roots coming in three pairs, one
pair will be £ig. and the two other pairs, &A1, £Ag2, have ReAy; > 0, thus only the roots

with the negative sign can be used leaving

Uo(g]) = Uo(eich + rqe_ich) + rqlvqole_Aqlg + rqqu%e_)“ﬂg, (4.19)

where qul and V;IOQ are the eigenvectors corresponding to the eigenvalues —A41 and —Ag2.

We then apply the boundary conditions to solve for the boundary parameter r,. Letting

10 pr 0 ps 0
Cq = -[27 Cq2 = ) Eq = ) Eq2 = 3

0 0 0 B 0 0

gives us three equations for rq, r41 and rg. Denoting the eigenvectors by Vi1 = [’Ul,wl]T,

Va2 = [v2, wa]? the equations to be solved are

(1 — Brige + Tq(l + 51iqc))ulc + (1 + ,31)\q1)7“q11)1 + (1 + 51)\(12)7“(127)2 =0
(1 — Baige + 1¢(1 + Baige))uze + (1 + Badgi)rgrwr + (1 + farge)rgow2 =0

—q2 (1 = Bsige + 1q(1 + Bsige) )ute + A2y (1 + BsAgr)rqrivr + Adp (1 + BsAg2)rq2v2 =0

In the general case, if Dy, is of full rank, this system becomes a system of 4N equations.

Considering the parameter set L4 above, the three eigenvalue and eigenvector pairs are

1
+qei = £0.2190i, Uy = ,
1.4564 — 0.6919i

1
~Ag1 = —1.9883 + 0.0912i, V1 = ’

1.4448 — 0.65073
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051 1 1 -0.5 0.25
B 1 -1 -1.3 5.3
85 1 1 1.1 4.83
rq | -0.9085+0.4179i | -0.5701-0.3743i | -0.8824+40.4807i | 0.0594+4-0.9943i
Table 2: Values of r, using parameter set Ly for four values of 3;
1
—Ag2 = —0.3805 + 1.77107, Vo =
—70.7820 — 83.33901
For the case of 81 = 82 = 3 = 0 the reflection coefficient is r, = —1. Some values of r, for

L4 have been calculated for various values 3; # 0 and are given in Table 2.
The hierarchy of differential equations for the functions U7 (j) in the general case coin-

cides with the equations from Section 3, except that the differential operator is now

1 1 .
T(p*,Q) = Fi +p* Dy = Dy0j = p* 5 Doy + p* Dy — 5 Doy — i1

and the right hand sides involving diffusion matrices have to be extended again. We list

only the modified equations, which are

~ 3

T(p2 U = (~2pDy — 2p.Dyyd2 + 4%D2p)u0

=02 2 2 p3 1 2 p2
T(pe,w)U* = (=2peDyp = 2peDpg0j + 477 Dop)Ul’ + (=Dp = Dy + 6?CD2p)Z/{O
~ 3

T2, wU* = (=2pDyp — 2pDpgd2 + 422 Dy )us® — s’

2

This leads to the persistent parts of the edge expansion as stated in the general case with
lower order diffusion, and the analysis can proceed as described in that section leading to

the boundary conditions for the envelopes.
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5 Simulations

To demonstrate the pattern dynamics provided by the non-local evolution equation for the
doubly periodic function W (X,Y,7), we construct visualizations of the patterns resulting
form the simulation for the generic irrational case of (v, ¢ Q. For practical reasons we also
require that L,, Ly, p. and g. are such that the basic wavelength is at least two grid lengths
in each direction and that o), = a4 = 0. In addition we consider b&’p = b'l’q = 0 and for the
visualization we assume a = 0 in the rescaling of A; to Yj.

The method used to simulate the equation is based on the pseudo-spectral method,
where one exploits the one-to-one nature of the function values at a finite number of grid
points and a finite Fourier series. This correspondence allows us to calculate the derivatives
in Fourier space, while calculating the local and averaged terms in wave-variable, (X,Y),
space through the use of fast Fourier transforms. The solutions are calculated in Fourier
space using Matlab’s routine ODE45, a fourth order Runge-Kutta method with variable
step size.

The use of a spectral method is warranted by the fact that the function to be computed
is two-periodic, and spatial derivatives are turned into scalar multiplication of the Fourier
coefficients. If M? Fourier modes are used, we start by introducing an M x M random,
complex matrix as initial condition in wave-variable space for the system. Since ODE45
works on vectors, we must convert the grid point values into Fourier modes through a
two-dimensional FFT, and then vectorize the matrix before we input it into the Matlab
solver. This is done by taking each column and adjoining it to the bottom of a growing
column vector V((k—1)M + 1 : kM) = u(:, k) (using Matlab notation). The intermediate
calculations for each step are done by reconstituting the M x M matrix. The input Fourier
mode matrix is used to calculate the derivatives via scalar multiplication. The computation
of the local terms and the averaging terms is done in physical space by taking the Fourier
mode matrix and calculating a two-dimensional inverse fast Fourier transform. In (X,Y)
space the local term is simply a scalar multiplication at the grid points, while the averaged

terms are sums over the appropriate dimensions of the matrix divided by the total lengths.
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The average over the X-dimension is a sum across the rows, and the average over the Y-
dimension is a sum across the columns, with each of them divided by M /2. These vectors
are then turned back into M x M matrices by adjoining each vector with itself in the
appropriate way, and then using scalar multiplication to create the corresponding matrix
in (X,Y) space. The overall average term is the sum of the entire matrix divided by M? /4,
and consists of a single number which multiplies the matrix values. The final average can be
turned into matrix multiplication as u*u’ u/(M?/4) which simplifies the calculation. These
terms in (X, Y") space are then summed and transformed back into Fourier space and added
to the derivative terms, vectorized, and then fed into the ODE45 solver for the next step. A
final two-dimensional inverse Fourier transform captures the solution at the grid points in
wave-variable space for visualization. To build the visualization we translate our solution in
wave-variable space to the solution in the slow space variables, W (X, Y, 1) — wo(&,n, T, 7),
and then split wo into the four O(1) envelopes Yo which are then scaled to the approximate
A; and thus reconstruct the resultant pattern.

In the first subsection we focus our simulations on comparing the bounded case with the
infinite extent case, so we begin by simulating parameter regimes that have been explored
in the infinite case to compare the resulting solutions. We assume perfectly reflecting
boundary conditions, p, = p, = 1, for these simulations and consider no phase change at
the boundary, o; = 0, representing a reflection off of a free boundary.

In the next subsection we explore the effects of pi, # 1 which represent energy injection
or absorption at the boundary. We explore several sets of parameter values and allow the
reflection parameter to vary between 0.1 < pr < 2 and observe the changes in the resulting
pattern.

For all simulations in this paper we set

L,=57, Ly=53, p.=075 ¢.=08 w=11 M =32
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5.1 Effects of the Bounded Domain: p, = p, =1

We begin by considering the case of perfect reflection at the boundaries. Perfectly reflecting
boundaries cause the critical value of the control parameter to be unchanged. For all
explored parameter values the basic pattern is a standing (pulsating) rectangle (SR) pattern
that is stable at the stability threshold. This pattern has |W| constant in time and space
and a Fourier spectrum consisting of a dominant constant mode (mode number (17,17) in
our Fourier mode plots). As A increases, SR becomes unstable and the resulting patterns
are determined by the specific parameters for the Ginzburg-Landau equation. The Fourier
modes are listed as (Y-mode,X-mode).

First, a set of parameters is studied for which the differential equations for the A;,
obtained by ignoring spatial variations in the envelope equations (the ‘normal form’), shows

a period doubling sequence to chaos [21],

(617 €2, Im(€3), €4, 65) =

(—1 — 1.18064, —0.923 — 0.55384, 1.3613, —0.2223 — 3.3025i, —0.4647 — 0.2472i),
(dppy dpgy dgg, vr) = (14 0.01084,0.4364 + 0.0149i, 1 + 0.0276i, 1.13),

and Re(es) is varied. The period doubling route to chaos in the normal form occurs as
Re(es) goes from —0.641 to —0.644. For the W-equation, a period doubling route to chaos
was not specifically observed in the simulations run for this thesis. This may be because the
proper values of A have not been found, or the nature of the coupling at the boundaries has
precluded the period doubling sequence from occurring. However, for this set of parameters
and Re(eg) = —0.6422 (referred to as PD) the system is sensitive to the values in the initial
random matrix. While all patterns described below occurred in all simulations of PD, the
transition from the TR-crash to the V-stripe pattern (described below), and the loss of
stability of the V-stripe pattern occur at different values of A depending on the specific run.

This may constitute chaotic solutions predicted by the infinite extent case with a shift in
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Figure 2: Plot of main modes of PD (averaged over 7 < 7 < 8) for 1 < A < 30

parameter values due to the finite domain, or may be some other, not yet discovered, cause.
This is an avenue for further study, but is beyond the scope of this thesis. One random
matrix was used to generate the wave-pattern graphs in this subsection (labeled PD*) and
another was used to generate Figure 2 and form the basis of the discussions.

The SR pattern is stable up to A = 10. For all values of the rescaled driving parameter
A < 10, |W| and |A;| are constant in space and time. This can be seen in the Fourier
spectrum of the W solution at A = 10, which has nearly all of its energy in the constant
mode as can be seen in Figure 2.

The first instability of the SR pattern occurs at A = 11 and leads to a cycle in which
the standing rectangle develops a ‘wobble’ that grows until a short period of a horizontal
travelling rectangle (TR) pattern is observed. This then decays through the wobble state
back to the standing rectangle as seen in Figure 3. The wobble is created when the am-
plitudes have their minima at alternating sides of the cell, and the travelling rectangle is

caused by (Aa, Az) having minima at locations where (A4, A4) have maxima and vice versa.
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Figure 3: Wobble-TR pattern (left) and |A;| (right) for PD* with A = 11 at (a) 7 = 3.5219
and (b) 7 = 3.5296

Then the variations of the amplitudes decay until they are nearly identical leading back to
the standing rectangles. The directions of the horizontal travelling wave state do not show
a pattern from one cycle to the next but waves travelling in both directions are observed.
The |W| solution is uniform in the Y-direction, however in the X-direction it shows a time
varying oscillation around the average value of 0.41. In this oscillation, minima occur in the
center when the maxima are at the boundaries and vice versa, and oscillate between values
of 0.39 to 0.43 with a period of 7 = 1.44. The Fourier spectrum of this case still has most
of its energy in the constant mode, but the (17,16) and (17,18) modes begin to show slight
gains in energy as can be seen in Figure 2.

For 12 < A < 15 the pattern shows a splitting of the domain into left and right parts.
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Figure 4: TR-crash pattern (left) and |A4;| (right) for PD* at A = 12 for (a) 7 = 3.302 and
(b) 7 = 3.304.

In each, opposing travelling rectangle patterns occur that alternate directions, first moving
towards the vertical center axis, and then away from it (referred to as TR-crash) as seen
in Figure 4. There are periods where all four amplitudes have minima in the middle and
maxima near the boundaries leading to standing rectangles that simply decay, spatially,
towards the y-axis in the center. At other points in the cycle, (Az2, A3) have maxima when
(A1, A4) have minima on one side leading to right travelling rectangles on that side while
the situation is reversed on the other side leading to left travelling waves on that side. In
these periods one observes, alternatively, travelling rectangles colliding in the center of the
cell or travelling rectangles emerging from the center of the cell. The |W| solution is, again,

uniform in the Y direction, however, it presents a travelling sine wave in the X direction

64



with two spatial periods over the domain. The spectrum for the W solution of PD on the
range of 12 < X\ < 15 has most of its energy in the (17,16) and (17,18) modes at equivalent
magnitudes. In this region the constant mode rapidly decreases as seen in Figure 2.

For 16 < X < 18 the (17,16) mode decreases while the (18,16) mode increases leading
to a pattern that is a slight variation of SR, where there is some motion of the rectangles
around the cell during minima-maxima exchanges of the standing rectangles. It is during
this transition that the |W| solution changes from being uniform in the Y-direction to
having oblique rolls, creating the next pattern.

For 19 < X\ < 24 the pattern shows symmetry across the y-axis but begins to show
motion in the vertical direction leading to alternating V-stripe patterns of diagonal waves
in each half plane as seen in Figure 5. These are interspersed with brief phases where the
SR pattern can be observed. The V-stripe can be seen when maxima for (A;, As) coincide
with minima for (Ag, A4) leading to a region of oblique standing waves. The corresponding
oblique standing waves can be seen when (A, A4) have maxima in the same region where
minima for (Aj, As) occur. The solution |W| has a slow travelling periodic component as in
the TR-crash case, however it is now consisting of an oblique roll. In this region the (17,18)
and the (18,16) modes dominate with the former shrinking and the latter growing, as can
be seen in Figure 2. Above A = 25 the patterns become increasingly complex with many
modes with non-trivial magnitudes. For PD*, the V-stripe pattern was stable past A = 37
and the |W| solution showed a spatially and temporally periodic wave in the Y direction
leading to the X-oscillations developing an undulation. For PD* at A = 37 the Fourier
spectrum is noticeably variable in time with the constant mode oscillating between zero
and 180 and smaller oscillations noticed in other modes. The maximum peaks, averaged
over 7 < 7 < 8, occurring in the (17,16) mode with a magnitude of 1400, and the (17,18)
mode with a magnitude of 1300, then the (17,14), (18,16), (18,18), (17,20) modes are all
over 200.

For the next set of parameters considered in this thesis, referred to as CAW, chaotic
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alternating waves are observed in the unbounded systems [47]. The parameters are

(817 €2,€3,€4, 65) =

(—1 — 0.7048i, —1.1805 — 1.2256i, —1.0579 — 1.9018i,1.1001 — 1.4069i, —1.9091 — 1.49261),
(dpp» dpgy dgq, vr) = (0.9347 — 1.1142i,0.2071 — 0.4659i, 0.3437 — 0.1956i, 1.13).

One interesting aspect of this set is that e4 has a positive real part making it a destabilizing
parameter. For this set of parameters the solution shows a mirror symmetry across the two
axes where a minimum rotates in each quadrant of the main state giving rise to alternating
diamond and ‘X’ patterns (DX) as in Figure 7. The dominant modes of the Fourier spectrum
of CAW over 1 < A < 30 are displayed in Figure 6. The figure shows that the constant
mode is dominant through A = 9 and for 10 < A < 25 the (16,18) and (18,16) modes are
dominant leading to stationary oblique rolls with two periods in the |W| solution over this
range. For A > 26, the patterns are highly complex and difficult to categorize while the
Fourier spectrum shows several significant peaks indicating a complex pattern for W.

The composition of the DX pattern through the amplitudes is similar to that of the V-
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E 1 Ly EU

e1 -1+ -14-0.54i -1+ -1+
€2 -2.5-1.11 | -2.,5-1.11 | -1.1-1.11 | -2.5-1.11
es -3.4-2i -3.4-2i -2.4-2i -3.4-21
e4 -5.7-1 -5.7-1 -5-1 -5.7-1

es | -3.5-0.5i | -3.5-0.5i | -3.5-0.5i | -3.5-0.5i
dpp | 140.2i 0.9-4i | 1-0.2i 0.9-i
dpy | 0.240.03i | 0.6-3i | 0.8-0.3i | 0.2-0.02i
dgqg | 0.1540.03i | 1.6-7i | 0.9-0.3i | 1.242i

Table 3: Parameter sets from [21]

stripe pattern in that there are regions with alternating maxima and minima of (A, A3) and
(A2, Ay) leading to standing waves. The primary difference between the V-stripe pattern
and the DX pattern is the presence of four regions of standing waves in the main cell instead
of two.

Lastly we study four parameter sets considered in [21]. For all four parameter sets,
travelling waves are stable normal form solutions, but in the setting of the infinite extent
amplitude equations they show different types of instabilities. The parameter values are
given in Table 3 and are referred to as E, I, E; and EU corresponding to the instabilities
observed in [21]. The parameters dp,, and dgq are here not rescaled to 1 which then implies
that the rescaled group velocities simplify to v, = v4/vp. For these simulations, v, = 1.16
and v, = 0.87.

For I and EU we see similar behavior, although at different values of A. As A is increased,
the initial instability in both cases is the V-stripe pattern which then degrades to spatially
and temporally complex patterns.

For E and E; the initial, categorizable, instability shows the DX pattern. For set E,
the SR pattern is stable until A = 9 where the pattern is highly complex. The DX pattern
then emerges and is stable over 10 < X\ < 38. The |W/| solution is similar to CAW over its
DX A regime.

While we did not see stable travelling waves in any of the simulations described in this

subsection, we did observe phases of travelling rectangles in parts of the domain for certain
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Figure 8: Plot of main modes of E (averaged over 7 < 7 < 8) for 1 < A <40

values of the parameters. To see what happens to travelling waves, an initial condition in
the form of a travelling wave was entered for the parameter set above, but in the long run
the persistent pattern was unaffected. This can be explained by the perfect reflections at
the boundaries translating, for example, an A; wave into an A4 wave at the y = —L,/2
boundary. Since these travelling waves have wavefronts in oblique directions the pattern
resulting from this interaction is a travelling rectangle in the —x direction. Consequently,
any travelling wave pattern is likely to decay to travelling rectangles which, for small driving,
turn into the predominant standing rectangles. The Fourier spectra show a preference for
the constant mode for small A confirming that the standing rectangles are stable for small
driving. The modes that appear as A increases depend upon the specific parameters of
the system leading to different behaviors once the standing rectangles become unstable.
Increasing A activates more Fourier modes and causes time varying spectra leading to more

complex wave patterns.

5.2 Effects of the Bounded Domain: p,,p, # 1

In this subsection we explore the role of the parameters p, and p,. We consider the case

of pp, = pg = px and study two parameter sets that show distinct patterns in the perfectly
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reflecting case. First, the PD set for the wobble-TR state at A = 11, then for a random
matrix that shows the V-stripe state at A = 37. Secondly, the E set for the DX state at
A = 15. In each case we vary pg over the range of 0.1 < pr < 2 in increments of 0.1.

The action of the boundary parameters p, and p, affect the solution of the W equation
by scaling the averages. If p, < 1 the averages become smaller, thus, when Re(e;) < 0
the averaged terms become less stabilizing and for p > 1 the averaged terms become more
stabilizing. For the same value of A, this effect means that |W| will, on average, be larger
for pr, < 1 and smaller for p;, > 1. It must be noted that changing p, and p, will have an
effect on 1. as seen in equation (3.28), increasing . when the boundary parameters are
less than one and decreasing . when they are both greater than one. Note that since A is
relative to u., changes in p. are adjusted for automatically in this method, thus simulations
at the same value of A are at different levels of driving for different values of py.

The boundary parameters also affect the A; when they are constructed from the O(1)
Y; amplitudes due to the (z,y) powers occurring as multiplicative factors which act like
“envelopes” on the A;. For example, if a = oy = @ =0, at x = L, /2, y = L,/2 we have
Ay = epppgYr and at x = —L, /2, y = —L,/2 we have A; = €Y;. Moreover, when p;, < 1 |A;]
will, on average, have a minimum in the upper right hand corner of the cell and the related
oblique travelling waves will be relatively small in that region. As |A;| becomes larger due
to the “envelope” the oblique travelling wave will also grow in magnitude as it travels to the
lower left corner where it is then reflected at a lower magnitude. This can be seen as energy
absorption at the boundary taking an incident wave and reflecting it at a lower energy. For
pr. < 1 the driving over the bulk is larger than R, which grows the reflected waves as they
travel across the cell until it interacts with the opposing edge. When pg > 1 is sufficiently
large, indicating a large energy input at the boundary, u. can be negative meaning that
the driving for the system may be below R. and still lead to persistent nontrivial patterns.
This can be described as small perturbations being amplified at the reflecting boundary
and then slowly decaying under a driving smaller than R, until they become incident with

the opposing boundary.
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We first consider the wobble-TR pattern of PD at A = 11. At pr = 0.9 the modification
of the pattern is an off-center diamond pattern that alternates sides during the TR phase
of the cycle as seen in Figure 10. As p; decreases to 0.1, the periods of standing rectangles
became shorter and the diamonds become more centered eventually becoming stationary,
centered in the center of the cell, as the bounding ‘p envelope’ dominates the A;’s. As
pr increases above one, the behavior is similar to that of pp < 1 with a diamond pattern
alternating sides with waves emerging from the corners and moving towards the center. The
centers of the alternating diamonds converge to the center of the cell as p; increases to two.
The || solution maintains the behavior of the perfectly reflecting case for all values of py
evaluated for this thesis. The Fourier spectrum of the |W| solution is qualitatively similar
to the spectrum for the pr = 1 case in the previous section where the constant mode carries
nearly all of the energy in the spectrum. However, the magnitude decreases as py, increases,
from 1405 at pr = 0.1 to 237 at pr = 2 as can be seen in Figure 9. The small values for
(17,16) and (17,18) are largest around p; = 1 and decrease for both smaller and larger py
indicating that they could be the cause of the off-center minima for the diamond pattern.

For the V-stripe pattern we use the same random matrix for simulations at all values
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of pr of PD such that the V-stripe pattern is stable at A = 37 when p;, = 1. For this
set of parameters we find the spatial average of |A;| an order of magnitude larger than
the previous patterns. Consequently, the smaller variations for pp less than one induce no
observable change to the pattern as these are dominated by the driving term. The first
discernible change as p; decreases occurs at pr, = 0.6 as a slight tendency of the rectangles
near the corners to move towards the corners with no noticeable change near the center.
The corners eventually have phases of waves moving towards the corners while the V-stripe
pattern persists in the middle of the cell for small pr = 0.1 as seen in Figure 12. The |W|
solutions at pp = 1 for this initial random matrix show the oblique rolls with two periods
in the domain and show small spatial and temporal variations along the directions of the
rolls. The Fourier spectrum of the |W| solution at pr = 1 (averaged over 7 < 7 < 8) has
dominant peaks at (17,16) and (16,18) as seen in Figure 11, with temporal variation in
several neighboring peaks. As p; decreases, the size and frequency of the spatial variations
increase and the frequency of the temporal changes increase in magnitude. However, the
size of the oblique rolls also increases, with |WW| showing larger maxima as pj decreases.

This keeps the ridges of the oblique rolls the dominant feature of the |A4;|, which causes the
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observed pattern to remain unchanged in the bulk.

Above pr = 1 the behavior changes more fundamentally. At pp = 1.2 the pattern shows
a TR-crash behavior with no hint of stationary oblique waves as can be seen in Figure 13.
The |W| solution fundamentally changes behavior with rolls in the X-direction replacing
the oblique rolls with two periods in the X direction and a slow temporal undulation of the
rolls in the Y direction. As can be seen in Figure 11 the dominant modes are transitioning
at pr = 1.1 and at py, = 1.2 the (17,16) and (17,18) modes are dominant and nearly identical
in magnitude while the (16,18) mode is significantly diminished. The (17,16) and (17,18)
modes are dominant in the pp = 1 case indicating X-periodicity with two rolls in that
direction and, at most, only slight Y variation, which is what we see for p > 1.2 indicating
the TR-crash behavior. As p; approaches 2 the TR-crash pattern continues with center-
moving oblique waves beginning to become more apparent at the corners. The V-stripe
behavior does not reappear for pp > 1. The Fourier spectra for A = 37, using this specific
initial random matrix, show time dependence for all p; and shows significant variation in
dominant modes as p; changes.

The last set of parameters we consider is £ which shows a DX pattern at A = 15 when
pr = 1. Once again, the first variation of the pattern is a tendency for the waves to move
towards the corners as p; becomes smaller than one. This becomes more pronounced and
becomes persistent as pi decreases to 0.1 as can be seen in Figure 15. For increasing p; above
one, the DX pattern is robust against small increases and shows the tendency to have some
motion of the rectangles from the corners towards the center during the shifts between the
diamond and X patterns. This tendency for center moving waves simply becomes stronger
as p, increases without eliminating the DX pattern up to py = 2. The |W/| solutions for all
values of pj studied show temporally constant oblique rolls with two periods in the domain.
This set of parameters shows a Fourier spectrum for W where the primary peaks are at the
(16,18) and (18,16) modes, and the energy decreases in magnitude as pj, increases as seen
in Figure 14. The magnitudes decrease consistently as py increases with no other modes

showing increases which reinforces the persistence of the DX pattern throughout the full
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range of the boundary parameter.

Varying the boundary parameter p; has an effect on the overall pattern. For patterns
where |W| is spatially and temporally slowly varying and small this is most evident in the
behavior of the patterns near the edges while the behavior in the center of the cell is nearly
unchanged. For patterns where |W| is relatively large with relatively dynamic spatial and
temporal behavior, such as the V-stripe pattern, a change in p; can change the nature of
the |[WW] solution leading to a change of the pattern in the bulk as well as causing travelling

oblique waves in the corners.
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6 Conclusions

In this thesis we constructed a globally coupled Ginzburg-Landau equation from a set of
coupled reaction diffusion equations posed in a large, but finite domain. We have shown
that boundary conditions have an effect on the coupling of the equations and developed
a method for finding solutions for the four main envelopes via a single, doubly periodic
function W(X,Y,7) obtained from the envelopes by applying a reflection principle. The
resultant patterns of the original system can then be determined via a simplified system for
W. Therefore the specific patterns observed, and over which intervals of external driving
these patterns are stable, can be found by studying the W-solutions. This is much easier
to pursue than computing the complex wave patterns of the original system.

Beyond this computational advantage, the importance (‘added value’) of our work lies
in the fact that the equation for W is canonical, and is valid for any anisotropic PDE-
system with two reflection symmetries that is posed in a large rectangle and encounters a
Hopf bifurcation with four oblique travelling waves. The derivation in this thesis was done
specifically for reaction diffusion systems with second order diffusion terms, however, the
same procedure is applicable to other system as well, including the weak electrolyte model
for electroconvection in nematic liquid crystals. A first step towards more general equations
has been made by including higher order diffusion terms in the Activator-Inhibitor system.

Due to the boundary conditions, which allowed us to reduce the four coupled evolution
equations to a single equation, the simulation of the amplitudes could be simplified to
simulating the single equation for W in the doubly periodic domain for the characteristic
wave variables using a Fourier-Galerkin approximation. The envelopes modulating the
initial unstable modes could then be extracted from W by performing a computationally
straightforward spatial transformation. In comparison to simulations of the unbounded
case, we have seen that the boundary interactions have changed the behaviors of solutions
in various parameter regimes. This exploration is by no means exhaustive and further
simulations need to be done to see whether the behaviors of the infinite extent case are

simply shifted to other parameter values, or precluded by the finite boundaries altogether.
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The W-equation derived for the finite size system contains a rescaled bifurcation param-
eter, A\, and an aspect ratio, [. These parameters are not present in the four globally coupled
Ginzburg Landau equations resulting for the unbounded domain, the parameter Re(ag) in
(2.23) can be rescaled to unity (which was done in [21]). In particular the variation of A
had a strong effect on the observed solutions in that their complexity increased when A
was increased. The reason is that the eigenvalues of the linearized W-system are discrete,
and more and more modes get excited (non-decaying in the linearized W-equation) when \
increases. On the other hand, for small A we always observed standing rectangles governed
by a single mode. Since for any finite A the number of excited modes is finite, it is tempting
to assume that the W-dynamics resides in an attracting invariant manifold (‘inertial man-
ifold,” see [8]), whose dimension increases when A crosses certain discrete values. On the
other hand, an inertial manifold for the W-system would correspond to an inertial manifold
for the original reaction diffusion system, and O(1)-variations of A correspond to O(e?)-
variations of the original bifurcation parameter. This sensitivity of solutions of a ‘finite size
Ginzburg Landau system’ on a rescaled bifurcation parameter can be expected for any type
of instability, and could provide a new approach for computing and characterizing inertial
manifolds in evolution equations posed in large domains under variation of a parameter.

Further extensions of this work include a numerical representation of the boundary layer
solution that can be added to the bulk solution to improve the simulation of patterns in the
entire domain. Another exploration is to pursue the derivation of the amplitude equations
for more general evolution equations. A more challenging extension is to consider more
general domains with curved boundaries. The bulk expansion is then still valid, but the
boundary layer expansion and the matching become more difficult. In particular, curved

boundaries will eliminate the ability to utilize a doubly periodic domain.

81



A Details of the Expansions in Section 3

A.1 Bulk Expansion

The complete expansion considered in the representation of the bulk solution as described

in Section 3.2 is given by,

w = {[(A1Ug + V)P tiaey 4 (Aol + Va)e Peatidey
F(A3Up + Va)e o0y | (A Uy + Vi)etiPer—iaey]eiot 4 ¢l
L {[(A))22Pem 20 | (A)2e2Per i) | (Ag)2eiPer—i20cy
+(Ag)2ePPe—i20ey)) 20T
+[(A1 A3 + Ag A )Wy 4 (Ag Age™0eY - Az Age 49 Wo
F(ALALEPT 4 Ay Age2Pem YT 5] 2 (A1)
+(A1A36i2pcl'+i2q«cy + A2A46—i2pcx+12qcy)w2l
+(A1 A + A3A4)612pc‘rW22 + (A1 Ay + Agflg)eﬂqcyW% + cc}

+[|AL|? + |A2|? + |A3]% + |A4|2]U7 + HONRT,

where HON RT denotes higher order non-resonant terms. The resonant term V; is expanded

as,

i = —iAlm(Ulp + HU4p) - Z'Aly(Ulq + MU4q) — A122Uspp — 2A12yUspg — AryyUsgq
1AL (Us + pUs) + A1 (|A1|2Us + |As|* Uy + |A3|2Uso + |A4|2Uny)

+AyA3AaUys + HORT,
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with HORT denoting resonant terms of higher order. The other resonant terms Vs, V3, V4

follow by applying to V; the symmetry operations,

(1:7y7A17A27A3)A4) — (_x7y7A27A17A47A3))
(x7y7A17A27A37A4) — (_:U> _y7A37A47A17A2)7 <A2)
(,y, A1, Az, A3, Ag) = (z,—y, Ay, A3, Ao, Ay),

respectively, leading to

Vo = 1A (Uip + pUsp) — iAoy (Urg + pUsq) — AowaUspp + 2422y Uspg — AayyUsgq
+pAs(Us + uUs) + Az(’A2|2U8 + ’Al‘QUg + |A4‘2U10 + ’A3|2U11)

—|—A3A4A1 Uis + HORT

‘/3 = Z.AA?)ac(lep + MU4p) + iA?)y(Ulq + MU4q) - A3$13U2pp - 2A3$yU2pq - A3yyU2qq
+uA3(Us + pUs) + As(|As[*Us + |Aa|*Ug + | A1[*Uro + |A2Un1)

+A4A1A2U12 + HORT

‘/4 = _iA4m(U1p + HU4p) + Z.14431(1']111 + ,UU4q) - A4sz2pp + 2A4myU2pq - A4yyU2qq
1AL (Us + pUs) + Ag(|A4|?Us + |A3|* Uy + | Ao |*Usg + |A1|2U1y)

+A1A2A3U19 + HORT
The evolution equations for Ag, Az, A4 follow from (3.8) also by the operations (A.2),

Aot = —(vp + pbip) Agy + (vg + pbig) Aoy + dppAzes — 2dpg ey + dggAzyy
+A2(/,LCL0 + #26L1 + 81’A2|2 + €2|A1|2 + €3|A4‘2 + 64|A3|2) + €5A3A4A1 + HOT

(A.3)

83



Ay = —(vp + pb1p)Azy — (vg + pbig) Asy + dppAsar + 2dpgAsey + dggAsyy
+As(pao + pPay + e As|® + ez Asl? + es|A1|* + es| A2|?) + es Ay A1 Ay + HOT

(A4)

Ay = (Up + ,ublp)A4I — (Uq + Mblq)A4y + dppA4¢w — 2dqu4zy + dqqA4yy
+A4(uao + u2a1 + 61’A4|2 + €2|A3|2 + 63|A2‘2 + €4|A1’2) + 65141142143 + HOT

(A.5)

Proceeding as explained in Section 3.2, shows that the non-resonant expansion vectors are

the unique solutions of the equations,

(A1)%-terms: T(4p%,4q2,2w)Us = —B(Uy, Up),

| A1|?-terms: T(0,0,0)0U; = —2B(Uy,Uy),

A1 A3 and A Ay-terms: 7(0,0,20)W11 = —=2B(Uy,Uy),

A1 Ay and AgAy-terms:  T(0,4q2,2w)Wis = —2B(Ug, Up), (A6)
A1 Ay and AsAz-terms:  T(4p2,0,2w)Wi3 = —2B(Ug, Up),

A1Az and AsAy-terms:  T(4p?,4q2,0)Wa1 = —2B(Uy, Uy),

A1Ay and AjAz-terms:  T(4p%,0,0)Wae = —2B(Uo, Uy),

A1 Ay and Ay As-terms: T(0,4¢%,0)0Was = —2B(Uy,Uy),

where T'(p?,¢?,Q) = Fy — p*D,, — ¢*D, — iQI. The resonant expansion vectors satisfy,

Ap|A1?terms: T(p?, 2, w)Us=e1 Uy — 2B(Uy, U7) — 2B(Uy, Ug) — 3C (U, Uy, Up),

A1 As|?-terms: T(p?, ¢2,w)Ug = eaUq — 2[B(Uy, Uy + Wao) + B(Ug, Wi2) + 3C(Uy, Ug, Up)],

Aq|As|®-terms: T(p?, ¢2,w)Uio = e3Uy — 2[B(Uo, Uz + Wa1) + B(Ug, W11) + 3C(Uo, Ug, Up)],

A AgPterms: T(p?, ¢2,w)Ui1 = esUy — 2[B(Uo, Uz + Waz) + B(Ug, Wi3) + 3C(Uo, Uo, Uy)],
(

A2Z3A4—termS:T(pg, qg,w)Ulg =esUy — 2[B(Uy, Wag + Wa3) + B(Uo, Wi1) + 3C (U, U(),U())],
(A.7)
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and the solvability conditions yield the nonlinear coefficients in the envelope equations,

er = ( B(Uy, Uz) + 2B(Ug, Ug) + 3C(Uy, Uy, Up)),

ea = 2U0 (B(Uy, Uz + Wao) + B(Ug, W) + 3C(Uy, Ug, Up)),

es = 20y (B(Uo,Ur + Way) + B(To, Wi1) + 3C(Us, Un, Uy)), (A.8)
es = 204 (B(Uo, U + Was) + B(To, Wis) + 3C(Us, U, Uo)),

es = 2U0 (B(Uo, Wag + Was) + B(Uo, Wh1) + 3C(Uy, Up, Uy)).

A.2 Expansion at the Edge y ~ —L,/2

The solution in the edge layer y ~ —L,/2 is expanded in terms of slowly varying envelopes

M (z,t) and N(z,t) similarly as the bulk solution in [43] in the form,

u = (MU —iM U + pd*) — Myold® + pM U + pld®)
+M|MPUS + MINPU? + MU™ + HORT)e?=" " + ¢
F[(NUC + iNL (U + ph*) — Noold? + uN (U + pd®) + N|Nu®
+N|MPU® + NU™ + HORT)e Per Tt 1 ¢(]
+[( M2ei2Per | N2 e—i?pca:)Z/{G 29t L A NWLei29t 4 NN W2 ei2Pe®

+cd + (IM* + IN*)U" + HONRT, (A.9)

where the expansion functions U7 (g) depend on the edge variable § = y+ L, /2, and HORT

and HON RT stand again for higher order resonant non-resonant terms, respectively. The
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nonhomogeneous differential equations for the coefficient functions in (A.9) are,

MN

M]MP:

M|N|?:

Mti

DgUy; + (—p2Dp + Fy — iwl)U'!
DgU3; + (=pzDyp + F1 — iwlU?
DU, + (—p2Dp + Fy — iwl)U?
DgUy; + (—p2Dp + Fy — iwl)U*
DgU3; + (=p2Dy + F1 — iwlU°
DgUS; + (—4peDy + F1 — i201U°
Dgul; + Fid’

DWW + (Fy = i2w)W!

DyW2, + (—4p2 Dy + F1)WV?

DUty + (F1 — p2Dp — iwl)U®

DU + (F1 — p2Dp — iwl U

DU + (Fy — p2Dy — iwI U™

2pe DA,

20Dy + DUO,

— fold? — 2By (ut, U?),

— fold + 2p . DU> — 2B (ul, U,
—f3U° — fold3 — 2By (u', U),
—2B(U°, U°),

—2B(U°,U°),

—2B(U°, U,

—2BU°, %),

—2B, (U7, U°) — 2B, (U, 1)
—3C1 (U, U0, "),

—2B1 (U + W2, U°) — 2B, (W, U°)
—6C; (U, U°,U°),

u.
(A.10)

The leading order coefficient function 2%() is determined as described in Section 3.3. The

higher order functions U7 (j) have to satisfy the same boundary conditions at ¢ = 0 and for

§ — oo (remain bounded) as U°(7).

For matching purposes we only need to consider the asymptotic behavior of the U7 (%),
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and using (3.13) we determine the asymptotic behavior of the U’ (7) as follows,

Z/[l = [—%(’L’ﬂUo + Ulq) + Ulp]eich + Tq[—%(—igUo + Ulq) + Ulp]e_ich + EST,
U = [50(igUo + Usg) + Usle®? + 7q[ 52 (=igUo + Usg) + Usle "7 + EST,
Us = (eX09  y2e21900)Us + r,Wiz + EST,
UT = (14 |rgH)Ur + (7,€2199 + 1 e 2909 Wo3 + EST,
wl = 27“qW11 + (62iqog] + Tge_Qiqog)ng + EST,
W2 = (14 |ry|?)Wag + (7909 + r e~ 21909 Wy + EST,
2 L.
U = [ Uy 4 Uyg) + Us + [y [PUn e

2 L~
g i TS (iU + Ung) + [rg[2Us + UnJe~ ™00 + EST,
2 .~
U = [l etes) (i 4 Uy) 4 Uy + [rg[2(Uno + Una)Jeie?

2 L~
+7q [z"rq'ei]%(—igw) + Ury) + |1g|?Ug + Ug + Upg)e™ "9 + EST,

U = Sl + Urg)e'®? + =2 (=il + Ung)e™ 0¥ + EST,

Vq

(A.11)
where EST denotes exponentially decaying terms. The functions in (A.11) evolve asymp-
totically towards expressions involving the vectors from the bulk solution. However, looking

at the equation for U?,
(Dy05 — p2Dp + F1 — iwlU* = 2p.DyU* + D,U° (A.12)

the right hand side of this equation depends on &' which, asymptotically, contains § linearly.

The explicit form of the equation for 2 is given by,

. Up - (¥ L
(D055 — p2Dy + F —iw)U? = [(1— 2pcv—py)DpU0 - v—prCDpUlq + 2pD,Uy e e
q q
Up . v o
+rq[(1+ 2pcv—py)DpUg — U—prCDpUlq + 2p.DpUyple "4V,
q q

To solve for U?, we use the ansatz U? = [H? + §K2 + §*s2Uple’®¥ + ry[H? — §K? +
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§?s2 Uple <Y, and find that s3 = s* = iv2/(202), where K3 = K2 = (vp/vy)[(vp/vq)U1q —
Uip), which implies H_% = H?. This is sufficient to show that these terms don’t contribute
to the boundary conditions. Since we concentrate on the Uy, terms for the second boundary
conditions at § = 0, the important finding is that, with K? = K?, we necessarily find that
the U4 terms in each must be equal, ie H 2 =H? = 1/2U1q+ other terms. Similar arguments
lead to equivalent forms for U* and U°.

Consequently, up to Uy and Uj4 terms, the edge expansion becomes,

o T,V . a
u = {Upe"Y (M -7 [(v—p + ipsg) My + so My, + (,uv—o — ,u255)M
q q

M|M|2 + €2 + |Tq‘2(63 + 65)
q q
o [ v . a
+qu0€_chy (M + Yy |:(1Tp + 2M54)Mm + 32Mmt + (M;O - ,U'235)M
q q
n [rql’e1 +e4

. el + |’I"q|264

)

|rq|2eg +e3+es

M|M|? +
Vq q
L) . iq
+U1qelqcy((7p - Z,UV4)M:E — VoM s + (,UTO + M2V5>M
q q
2 2
e + |rg] €4M|M]2 n €2 + |rq|*(es3 + es5)
Uq q
L) . iq
+qu1qe_chy((U—p — ipuvg) My — voMy, + (,uv—o + M2y5)M
q q
Z,|7“q\262 +e3+es

)

+

MINT?)

2
i|TQ‘ €1 +€4M|M’2 4

Yq q
+HORT}eipcI+iwt

+ M\NP)

- . v . a
+{Upe"Y (N — y[ — (U—p + ipsg) Ny + soNyy + (MFO — u255)N
q q

2 2
n e1+ |7l 64N|N|2 N ea + |rql*(e3 + es5)

Uq q

o - U B a
+rqUpe "4 (N + y[ = (05 +ipsa) No + 52Npe + (uf — u’s5)N
q q

Irgl2ea + e3 + 65N‘M|2D

)

2
+ ‘rtI| 61+64N|N|2+

Uq q
e %) . ia
—I—Ulqezqcy( - (U—p — ipuvy) Ny — o Ny + (,uv—o + ,u21/5)N
q q
el + |rql%es

N|N’2 + ieZ + ‘rq|2(€3 + 65)
Uq q

+ N|M|2>
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a0

0 w .
—H“quqe_zqcy( — (=2 —ipuvy) Ny — aNge + (uv— + pPvs)N

Uq
|rql®er + e
jlral =1

+ v,

+HORT }e~Pertivt

+cc+ HONRT

N|N|? +

q
i|rq|262 +e3+es

N|MP)
q

(A.13)

A.3 Matching and Boundary Conditions

Comparing (A.13) to (A.1) as explained in Section 3.4 leads to the the following matching

conditions,
Ajeela/2 = N 4+ HOT,
Ayeitcla/2 — reM + HOT,
, (A.14)
Age~ela/2 = N 4 HOT,
Azelcla/2 = N+ HOT,
and
—idyye 0 = PN v My p M = ivaMy + vsptM
q q
e1+ |rql?es o, €2+ |rgl*(e3 + e5) 2 1
+i———L—=M|M|* +i ! M|N|* — —M; + HOT
Uq q Vq
(A eitlal? = rq[—iZ—pMm YoMy + uzj—OM i M, + vt M
q

2
rql7e1 + e4
Ll

Vq
idgyeinlal?
Uq
2
.e1 1+ |Tql°eq
et In
Uq
iAgyezqoLq/2 =
Uq
,]rq]261 + ey
il LT

Vq

M|M|? +

N|NJ? +i

N|N|? +

q
Z,|’I”q|2€2 +e3 + €5

M|N|? — LM, + HOT
q Uq

XY ia .
i—L Ny + vo Ny + uU—ON + ivguNy + vsp® N

q

2 .
ez + Irql"(es + 65)NyMF ~ N, + HOT
q Uq

v iq
Tq[i—2 Ny + v2Nyy + MU—ON + ivapuNy + vsp N

q
Z,‘TquQ +e3 +e;5

N|M|? — LN, + HOT
q Uq
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Equations (A.14) and (A.15) combine to give two pairs of boundary conditions for the bulk

amplitudes,

ettela A, = rqA1 + HOT,
vg(€9ha Ay + rgAry) =rq(Irg|* — D[(e1 — ea) A1|Ar|* + (e2 — e3 — e5) A1 A2|*] + HOT,
eldela Ay =1, Ay + HOT,

vg(e'%ha Agy + g Any) =1q([rgl* — D[(e1 — 1) 2| Ao|* + (€2 — €3 — e5) A2| A1 [*] + HOT.
(A.15)

Analogously the set of boundary conditions at the edge = —L,/2 is obtained,

etPelp A, =rpA1 + HOT,
vp(e®Pelr Ay + 1y Ary) =1 (Irp)? — 1)[(e1 — e2) A1 |A1|? + (e4 — e3 — e5) A1|A4|?] + HOT,
eiPelp Aq = rpAs + HOT,

vp(eichPAgx + rpAay) :7"1,(|7“p|2 —1)[(e1 — 62)A4|A4|2 + (eqg —e3 — 65)A4|A1\2] + HOT,
(A.16)

and the boundary conditions at y = L,/2 and « = L,/2 follow from symmetry considera-

tions,

eldela Ay =r Ay + HOT,
vg(€'% 1 Ay + rqAsy) =rq(rg|* — D(—e1 + ea) Ag| A]* + (—e2 + e3 + e5) Aa| A3[*] + HOT,
¢i4ela Ay =1, Ay + HOT,

’Uq(eichqAQy + T'quy) :Tq(‘T’qP — 1)[(—61 + 64)A3‘A3’2 + (—62 +e3 + 65)A3|A4‘2] + HOT,
(A.17)
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and

etPelp A, =rpAs + HOT,
vp(ePele Ayy + 1pAsy) =mp(|1p)? — 1)[(—e1 + e2) Aa|Aa|? + (—eq + e3 + e5) Az| A3|?] + HOT,
ePele Ay =r,As + HOT,

Up(eipCLpA4z + TpAgw) :’l“p(|7“p|2 — 1)[(—61 + 62)A3|A3|2 + (—64 +e3 + 65)A3‘A2|2] + HOT.
(A.18)
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